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PREFACE* 



Tbe first object of the author of the following treatise has been to 
make the transition from arithmetic to algebra as gradual as possible. 
Th^ book, therefore, commences with practical questions in simple 
equations, such as the learner might readily solve without the aid of 
algebra. This requires the explanation of only the signs plus and 
minus, the mode of expressing multiplication and divi&ion, and the 
sign of equality ; together with the use of a letter to express the un- 
known quantity. These may be tinderstood by any one who has a 
tolerable knowledge of arithmetic. All of them, except the use of the 
Ui letter, have been explained in arithmetic. To reduce such an equation 
^ requires only the application of the ordinary rules of arithmetic ; and 
these are applied so simply, that scarcely any one can mistake them, 
*<^ if left entirely to himself. One or two questions are solved first with 
y little explanation in order to give the learner an idea of what is want- 
^ ed, and he is then left to solve several by himself. 
U> The most simple combinations are given first, then those which are 

Q more difficult. The learner is expected to derive most of his know- 
ledge by solving the examples himself ; ^erefore care has been taken 
to make the explanations as few and as brief as is consistent with 
giving an idea of what is required. 

In fact, explanations rather embarrass than aid the learner, because 
he is apt to trust too much to them, and neglect to employ his own 
powers ; and because the explanation is frequently not made in the 
way, that would naturally suggest itself to him, if he were left to ex- 
amine the subject by himself. The best mode, therefore, seems to be, 
to give examples so simple as to require little or no explanation, and 
let the learner reason for himself, taking care to make them more dif- 
ficult a^ he proceeds. This method, besides giving the learner confi- 
dence, by making him rely on his own powers, is much more interest- 
ing to him, because he seems to himself to be constantly maki^Noew 
discoveries. Indeed, an apt scholar will frequently make origii^Bx- 
plailatious much more simple than would have been given by the 
author. 



This mode has also the advantBge of exerclHing the Uarner in rea- 
■oning, instead of making him aliBtener, vflule the author reaaons be- 
fore him. 

The example* in the firet fift; pages iDvolve nearly all the ojwra- 
tiona, that are evei; required in eituple numerical equationa, with one 
and two unknown quantitiea. 

In the ninth article, the learner is taught to generalize particular 
oasea, and to form rules. Here he is first taught to represent known 
quantities by letters, and at the some time the purpose of it. The 
transition from particular cases to general principleB is made as gra- 
dual DH poasihie. At first only a part of the question is generaUzed, 
and afterwards the whole of it. 

When the learner understands the purpose of representing known 
quantities as well as unknown, by letters or general symbols, he is 
considered as fairly introduced to the subject of algebra, and ready 
to commence where the subject is usually commenced in other trea- 
tisos. Accordingly he is taught the -fundamental rules, as applied tc 
literal quantities. Much of this however is only & recapitulation in 
a general form, of what he has previously learnt, in a particular form. 

After this, various subjects are taken up and discussed. There is 
nothing peculiar in the arrDDgement or in the^ manner of treating 
them. The author has used his own language, and explained as 
seemed to him best, without reference to any other work. A large 
number of. examples introduce and illustrate every principle, and as 
ftr as seemed practicable, the subjects are taught by example rather 
than by explanation. 

The demonstration of the Binomial Theorem is entirely original, so 
(oT as regards the rule for finding the coeScienta. The rule itself is 
the same that has always been used. Tlie manner of treating and 
demonHiratiitg the principle of summing terita bg differtnct, is also 
originaL* 

Proportions have been discarded in algebra as well as in arithmetic. 
The author intended to give, in an appendix, some directions for using 
pro])<:>riioua, to assist those who tnight have occasion to read other 
treatise.'i on mathematics. But this volume was already too large to 
admit It. It is beUeved, however, that few will find any difficulty ia 
this respect. If they do, one hour's study of some treatise which ex- 
plains pro pertions will remove it. 

• ^ BMOB Joanil of PUIOHlib; ud the ARi, No. S, foi Mif, I89G. 



In order to study this work to advantage, the learner should solve 
every question in course, and do it algebraically. If he finds a ques- 
tion which he can solve as easily without the aid of algebra as with 
it^ he may be assured, this is what the author expected. If he first 
solves ft question, which involves no difficulty, he will understand 
perfectly what he is about, and he will thereby be enabled to encoun- 
ter those which are difficult. 

When the learner is directed to turn back and do in a new way, 
something he has done before, let him not fail to do it, for it will be 
necessary to his future progress ; and it will be much better to trace 
the new principle in what he has done before, than to have a new ex- 
ample for it. 

The author has heard it objected to his arithmetics by some, that 
they are too easy. Perhaps the same objection will be made to this 
treatise on algebra. But in both cases, if they are too easy, it is the 
fault of the subject, and not of the book. For in the First Lessons, 
there is no explanation ; and in the Sequel there is probably less than 
in any other books, which explain at all. As easy however as they 
are, the author believes that whoever undertakes to teach them, will 
find the intellects of his scholars more exercised in studying them, 
than in studying the most difficult treatise he can put into their 
hands. When the learner feels, that the subject is above his capacity, 
he dares not attempt any thing himself, but trusts implicitly to the 
author ; but when he finds it level with his capacity, he readily en- 
gages in it. But here there is something more. The learner is re- 
quired to perform a part himsdf. He finds a regular part assigned 
to him, and if the teacher does his duty, the learner must give a great 

many explanations which he does not find in the book. 

1» 
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Introdvction, 

The operations explained in Arithmetic are sufficient for 
the solution of all questions in numbers, that ever occur; but 
it is to be observed, that in every question there are two dis- 
tiiict things to be attended to ; first, to discover, by a course 
of reasoning, what operations are necessary ; and, secondly, to 
perform those operations. The first of these, to a certain ex- 
lent, is more easily learnt than the second ; but, after the 
method of performing the operations is understood, all the dif- 
ficulty in solving abstruse and complicated questions consists 
in discovering how the operations are to be applied. 

It is often difficult, and sometimes absolutely impossible to 
discover, by the ordinary modes of reasoning, how the funda- 
mental operations are to be applied to the solution of questions. 
It is our purpose, in this treatise, to show how this difficulty 
may be obviated. 

It has been shown in Arithmetic, that ordinary calculations 
are very much facilitated by a set of arbitrary signs, called 
Jjgures ; it will now be shown that the reasoning, previous to 
calculation, may receive as great assistance from another set 
of arbitrary signs. 

Some of the signs have already been explained in Arithme- 
tic ; they will here be briefly recapitulated. 

(=) Two horizontal lines are used to express the words 
" are equal to^^ or any other similar- expression. 

(+) A cross, one line being horizontal and the other per- 
pendicular, signifies " added to?^ It may be read and^ more, 
plus, or any similar expression ; thus, 7 + 5 = 12, is read 7 
and 5 are 12, or 5 added to 7 is eqvxd to 12, or 7 plus 5 is equal 
to 12. Plus is a Latin word signifying more, 

( — ) A horizontal line, signifies subtracted from. It is some- 
times read less or minus. Minus is Latin, signifying less. Thus 
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14 — 6 = 8, is read 6 subtracted from 14, or 14 less 6, or 14 
tmmj^ 6 is equal to 8. 

Observe that the signs + ^nd — aflfect the numbers which 
they stand immediately before, and no others. Thus 
14 — 6+8 = 16; andl4 + 8 — 6 = 16; 
and8 — 6 + 14 = 16; and, in fine, — 6+8 + 14= 16. In 
all these cases the 6 only is to be subtracted, and it is the 
same, whether it be first subtracted from one of the numbers, 
and then th%rest be added, or whether all the others be ^ded 
and that Be subtracted at last. 

(X) (.) An inclined cross, or a point, is «sed to express 
multiplication ; thus, 5' x 3 = 15, or 5 . 3 =^5. 

(-r-) A.horizontal line, with a point above and another be- 
low it, is used to express division. Thus 15 + 3 = 5, is read 

1 5 dimded by 3 is equal to 5. 

But division is more frequently expressed in the form of a 
fraction (Arith. Art. XVI. Part II.), the divisor l^eing made the 
denominator, and the dividend the numerator. Thus y = 5, 
is read 15 divided by 3 is equal to 5, or one third of 15, is 5, 
or 15 contains 3, 5 times. 

Example. 6x9 + 15 — 3 = 7.8— V + 14. 
This is read, 9 times 6 ajid 15 less 3 are equal to 8 times 7 less 

16 divided by 4, and 14. 

To find the value of each side ; 9 times 6 are 54 and 15 are 
69, less 3 are 66. Then 8 times 7 are 56, less 16 divided by 
4, or 4 are 52, and 14 more are 66. 

In questions proposed for solution, it is always required to 
find one or more quantities which are unknown ; these, when 
found, are the answer to the qUestior. It will be found ex- 
tremely useful to have signs to express these unknown quanti- 
ties, becatise it will enable us to keep the object more steadily 
and distinctly in view. We shall also be able to represent 
certain operations upon them by the aid of signs, which will 
greatly assist us in arriving at the result. 

Algebraic signs are in fact nothing else than an abridgment 
of common language, by which a long process of reasoning is 
presented at once in a single view. 

The signs generally used to express the unknown quantities 
above mentioned are some t>f the last letters of the alphabet, as 
ap, y, Zf &c. 
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I. Eqtiaiipni* 11 

1. 1. Two men, A andB, trade in company, and sain 267 
dollars, of which B has twice as much as A« Wliat is me share 
of each ? 

In this example the unknown quantities are the particular 
shares of A and B. 

Let X represent the number of dollars in A's share, then 2x 
will represent the number of dollars in B's share. Now these 
added together must make the number of dollars in both their 
shares, that is, 267 dollars/ 

a?-f 2a? = 267 
Putting all the «'s together, Sx = 267 

If 3 a? are 267, Ixis ^ eS 267 in the same manner as if 3 
oxen were worth $267, 1 ox would be worth | of it. 

x=z 89 = A's share. 
2 a? = 178 = B's share. ' 

2. Four men. A, B, C, and D, found a purse of money con- 
taining $325, but not agreeing about the division of it, each 
took as much as he could get ; A got a certain sum, B got 6 
times as much ; C, 7 times as Qiuch ; and D, as much as B and 
C both. How maiiy dol lars did each get ? 

Let X represent the number of -dollars that A got ; then B 
got 5 07, C 7a?, and D (5x+7x)= 12 x. These, added toge- 
ther, must make $325, the whole number to be divided. 

07 + 5a? + 7a? + 12a?= 325 
Putting all the x*s together, 25 a? = 325 

a? = 13 = A's share. 
5a?= 65= B's " 
7a? = 91=C'8 « 
12a?=156 = D's " 

JVb^e. All examples of this kind in algebra admit of proof. 
In this case the work is proved by adding together the several 
shares. If they are equal to the whole sum, 325, the work is 
right. As the answers are liot given in this work, it will be 
well for the learner always to prove his results. 

In the same manner pferform the following examples. 

3. Said A to B, my horse and saddle together are worth 
$130, but the horse is worth 9 times as much as the saddle. 
What is the value of each ? 

4. Three men, A, B, and C, trade in company, A puts in a 
certain sum, B puts in 3 times as much, and C puts in as much 
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as A and B both ; they gain $656. What is each man's share 
of the gain ? 

5. A gentleman, meeting 4 poor persons, distributed 60 
cents among them, giving the second twice, the third three 
times, and the fourth four times as much as *the first. How 
many cents did he give to each ? 

6. A gentleman left 11000 crowns to be divided between 
his widow, two sons, and three daughters. He intended that 
the widow should receive twice the share of a son, and that 
each son should receive twice the share of a daughter. Re- 
quired the share of each. 

Let X represent the share of a daughter, then 2x will repre- 
sent the share of a son, &c. 

7. Four gentlemen entered into a speculation, for which 
they subscribed $4755, of which B paid 3 times as much as A, 
and C paid as much as A and B, and 1) paid as much as B and 
C. What did each pay ? 

8. A man bought some oxen, some cows, and some sheep 
for $1400 ; there were ^n equal number ^ each sort. For 
the oxen he gave $42 apiece, ibr the cow» #30, and for the 
sheep $8 apiece. How many were there of each sort ? 

In this example the unknown quantity is the- number of each 
sort, but the number of each sort being the same, one charac- 
ter will express it. 

Let X denote die number of each sort. 

Then x oxen, at $42 apiece, will come to 42 a? dolls., and at 
cows, at $20 apiece, will come to 20 x dolls., and x sheep, at 
$8 apiece, will c<»ne to 8 a? dolls. These added together must 

make the whole price. 

' 42a?-f-20a?-|-8a?=1400 
Putting the a?'s together, • . 70 a? = 1400 

Dividing by 70, a: = 20 

Ans. 20 of each sort. 

9. A man sold some calves and some sheep for $374, the 
ealves at $5, and the sheep at $7 apiece ; there were duree 
times as many calves as sheep. How many vmxe there of 
each i 

Let X denote the number of sheep ; then 3 a? will denote the 
number of calves. 
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Then x sheep, at ^7 apiece, will come to 7x doHs., an J 3x 
calves, at $b apiece, will come to 5 times 3 x dolls., tb.at is, 
1 5 X dolls. 
These added together must make the whole price. 

7a?+16a: = 374 
Putting the a?'s together, 22 x = 374 
Dividing by 22, a; = 17 = number of sheep. 

3a:= 51 = " calves. 

The learner must have remarked by this time, that when a 

question is proposed, the first thing to be done» is to find, by 

^ means of the unknown quantity, an expression which shall be 

equal to a given quantity, and then from that^ by arithmetical 

operations, to deduce the value of the unknown quantity. 

This expression of equality between two quantities, is called 
an equation* In the last example, 7 a? -f- 1 5 j? = 374 is an equor 
turn. 

The quantity or quantities on the left of the sign := are called 
the Jirsi member, those on the right, the second member of the 
* equation. (7 x-^ 15 a?) is the first member of the above equa- 
tion, and 374 is the second member. 

Quantities connected by the signs + and — are called terms* 
7 X and 15 a? are terms in the above equation. 

The figure written before a letter showing how many times 
the letter is to be taken, is called the coefficient of that letter. 
In the quantities 7 x, 1 5 a?, 22 x:; 7, 1 5, 22, are coeflScients of x. 
The process of forming an equation by the conditions of a 
question, is called putting the question into an equtvion. 
' The process by which the value of the unknown quantity is 
found, after the question is put into an equation, is called sqIv^ 
wg or reducing the equation, 
^ No rules can be given for putting questions into equations ; 
, ' this must be learned by practice ; but rules may be found for 
solving most of the equations that ever occur. 

After the preceding questions were put into equation, the 

j^ ^ first thing was to reduce all the^ terms contain iig tJie unknown 

■^\ ^quantity to one term, which wa& doiie by adding the coeffi* 

* cients. As la? -j- 1 5 a? are 22 r. Then, since 22 x =;; 374, 1 « 

i, must be equal to ^'^ of 374. That is„ 

* When ike unJcnovm quantity in irne memhtr is reftueed to oh^ 
term^ and stands equal to a known quaiuuy m the oiher, its valu^ ^ 

I ■ ■ i 
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foundby dividing the hunon quantity by the. coefficient of the un- 
known quantity, 

10. A man bought some oranges, some lemons, and some 
pears, for 156 cents ; the oranges at 6 cents each, the lemon^s 
at 4 cents, and the pears at 3 cents ; there was an equal num- 
ber of each sort. Required the number of each. 

11. In fencing the side of a field, the length of which was 
460 yards, two workmen were employed ; one fenced 9 yards, 
and the other 6 yards per day. Ilow many days did they 
work f 

12. Three men built 780 rods of fence ; the first built 9 
rods per day, the second 7, and the third 5 ; the second work- 
ed three times as many days as the first, and the third, twice as 
many days as the second. How many days did each work ? 

13. A man bought some oxen, some cows, and some calves 
for $348 ; the oxen at $SS each, the cows at $18, and the 
calves at $4. There were three times as many cows as oxen, 
and twice as many calves as cows. How many were there of 
each sort f 

14. A merchant bought a quantity of flour fbr $132 ; for one 
naif of it he gave $5 per barrel, and for the other half $7 
How many barrels were there in the whole ? 

Let X denote one half the mrniber of barrels. 

15. From two towns, which are 187 miles apart, two travel- 
lers set out at the same time with an intention of meeting ; one 
of them travels at the rate of 8, the other of 9 miles each day 
In how many days will they meet f 

II. 1. A cask of wine was sold for $45, which was only | 
of what it cost. Required the cost. 
Let X denote the cost. 

Three fourths of x may be written | « or — . The latter ia 

4 

preferable 

4 



4 
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If I of X comes to 45 then — must come to J of 45, or 

4 " 

15, and a? will be 4 times 1*5 or 6C 

A better method. 

^ = 45 
4' 

3a? = 46x4=:180 
a? = 60 

Observe, that ~ is the same as J of 3 a?, Now if J of 3 a: 

is 45, Sx itself must be 4 times 45, or 180; S a? being 180, x 
must be | of 180, which is 60. 

2. A man, being .asked his age, answered, that if its half 
and its third were added to it the sum would be 88. What 
was his age f 

Let X denote his age , then, 

a? + ±+^=8 

Reducing the terms to a com- > ^4.^ i ^--38 
mon denominator, J ^ -^ ~6 

Adding them together, il£=88 

^of 11 a? being 88, 11 a? will be 6 times 88, 11 a? == 528 
Dividing by 1 J, a? = 48 

Ans* 48 years. 

3. If f of a hogshead of wine cost ^65 ; what will a hogs- 
head cost at that rate ? 

4. There is a pole i and | under water, and 5 feet out of 
water ; what is the length of the pole.? 

Let X denote the whole length. Then ^-f-— + ^ ^^^ ^ 
equal to tha whole length. Hence, 



a?= — + — +6 



Reducing to a common denominator. 



6 X 3 X I 2 X I « 

6 T"*"!""^ 
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Adding together, ^= ^+ 6 

Since the two members are equal, if — be subtracted from 

6 

both, they will still be equal ; hence, 

^=6 



6 
and « = 30 jlns. 30 feet. 

Proof. One half of 30 is 15, and one third of thirty is 10. 
Now 30= 15 + 10 + 5. 

There is another mode of reducing the above equation which 
in most cases is to be preferred. It is the same in principle. 

If both members of an equation be multiplied by the same 
number they evidently will still be equal. 

In the equation, 

2^3^ 
First multiply both members by 2, the denominator of one o 
the fractions, and it becomes, 

2* = a:+^+10. 
3 

Next multiply both meml era by 3, the denominator of tlie 

other fraction, and it beconi. s, 

6a? = 3a? + 2a? + 30 

or6j:=:5j?+^^* 
Subtracting 5 x from both members, 

a? = 30 as before. 

6. In an orchard of fruit trees J of them, bear apples, J of 
them pears, i of them plums, 7 bear peaches, and 3 bear cher- 
ries ; these are all the trees in the orchard. How many are 
there ? 

6. A farmer, being asked how many sheep he had, answer* 
ed, he had them in four pastures : in the first he had i of them, 
in the second i, in the third ^, and in the fourth he had 24 
sheep. How many had he in tlie whole ? 

7. A person having spent ^ and i rf his money, had $26| 
left. How much money had he at first ? 

8. A man driving his geese to-market, was met by another, 
who said g«Mi«} nioii* w, master, with your hundred geese ; said 
he, 1 have not a tiuiidred; but if 1 had as many more, and half 
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as many more, and two geese and a half, I should have a hun- 
dred. How many had he ? 

9. A and B haiang found a bag of moneys disputed about 
the division of it. A said that | and | and J of the money 
made $130, and if B could tell how much money there was, he 
should have it all, otherwise none of it. How much money 
was there in the bag ? 

10. Upon measuring, the com produced in a field, being 96 
bushels, it appeared that it had yielded only one third part 
more than was sown. How much was sown ? 

11. A man sold 96 loads of hay to two persons ; to the fitst 
I, and to the second | of what his stack contained. How ma- 
ny loads did the stack contain at first ? 

12. A and B tdlking of their ages, A says to B if |, |, and I 
of my age be added to my age, and 2 years more, the sum will 
be twice my age. What was his age f 

13. What sum of money is that whose \, J, and | part added 
together amount to £9 ? 

14. The account of a certain school is as follows : -^V of the 
boys learn geometry, f learn grammar, j\ learn arithmetic, 
^% learn spelling, and 9 learn to read. What is the number 
of scholars in the school f 

15. There is a fish whose head weighs 9 lb. his tail weighs 
as much as his head and half his body, and his body weighs as 
much as his head and tail both. Wh^.t is the weight of the 
fish? 

Represent the weight of the body by x. 

16. There is a fish whose head is 4 inches long, the tail is 
twice the length of the head, added to } of the length of the 
body, and the body is as long as the head and tail both. What 
is the whole length of the fisn f 

17. A and B talking of their ages, A says to B, your age is 
twice and three fifths of my age, and the sum of our ages is 54. 
What is the age of each ? 

18. A man divided $40 between two persons ; to the first he 
gave a certain sum, and to the second only | as much, iiow 
much did he give to each f 

Let w denote the share of the first, —will denote the share 

5 

2* 



18 JllgAra. II. 

of the second. These added together luust make ^40. 

a? + 1^ = 40 
^ 6 

Multiplying by 5, 6 a? + 3 j? = 200 

Adding too;ether, 8 a? = 200 

Dividing by 8, a: = 25 = share of the first. 

^= 15 = " second. 
5 

1 9. Three persons are to share $200 in the following man- 
ner : the second is to have two thirds, and the third three fourths 
as much as the first. What is the share of each i 

20. A farmer wishes to mix 100 bushels of provender, con- 
sisting of rye, barley, and oats, so that it may contain f as 
much barley as oats, and \ as much rye as barley. How much 
of each must jhere be in the mixture.'* 

21. Divide 40 apples between two boys in the proportion of 
3 to 2. 

The proportion 3 to 2 signifies that the second will have | 
as many as the first. 

22. A «;entleman gave to 3 persons £98. The second re- 
ceived hvo-cighths oi the sum given to tlie first, and the third 
one-fifth of what the second had. What did each receive i 

23. A prize of $ 1 280 was divided between two persons, in 
the proportion of 9 to 7. What was the share of each ? 

24. Three men trading in company, put in money in the fol- 
lowing proportion ; the first 3 dollars as often as the second 7, 
and the third 5. They gain $960. W^hat is each man's share 
ot the gain ? 

Observe, the second put in | of what the first put in, and the 
tliird put in f . 

25. Three men traded together ; the first put in $700, the 
second $450, and the third $950* They gained $420. What 
was the share of eacti f 

Observe, the second put in || J = 4|= f» of what the first 
pat in, &c. 



Proof. 34 
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III. 1. Two men, A and B, hired a pasture together for 
$55, and A was to pay $13 more than B. What did each 
pay ? 

Suppose B paid x dollars ; A was to pay 13 dollars more ; 
therefore he paid a? + 13. These put together must make the 
whole 55 dollars. 

a? + a?+13 = 55 
Putting the a7's together, 

2a? + 13 = 55 
It appears that 2 a? is not so much as 55 by 13, therefore tak- 
mg 13 from 55, 

2a! = 55 — 13 
2a? = 42 
Dividing by 2, a? = 21 == B's share. 

B's share is $21, and A's, being 13 more, is $34, 
a? + 13= 21 + 13 = 34 = A's share. 
21 = 55 the whole sum. 

2. A man bought a horse and chaise for $300 ; the horse 
cost $28 more than the chaise. What was the price of each ? 

3. A man bequeathed his estate of $12000 to his son and 
daughter ; the son was to have $2350 more than the daughter. 
What was the share of each i 

4. A fether who has three sons, leaves them 16000 crowns. 
The will specifies that the eldest shall have 2000 crowns more 
than the second, and that the second shall have 1000 more 
than the youngest. What is the share of each i 

Let X denote the number of crowns in the share of the 
youngest, then x + 1000 will denote the share of the second, 
and X + 1000 + 2000 will denote the share of the eldest. 
These added together must make the whole sum. 

ai + a?+1000 + a?-f 1000 + 2000=16000 
Putting together the x's and the numbers, 

3 a? +4000 = 16000 
It appears that 3 a? is not so much as 16000 by 4000, therefore 
subtracting 4000 from 16000, 

3 a? = 16000 — 4000 
3a? = 12000 
Dividing by 3, a? = 4000 = share of the youngest. 

The share of the youngest is 4000 crowns ; add to Uiis 1000, 
it makes 5000, the share of the second, 

a? + 1000 = 5000= share of the second 
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Add 2000 more, it makes 7000, the share of the eldest, 
X + 1000 + 2000 = 7000 = share of the eldest. 
Proof. The several shares added make 16000 crowns which 
is the whole estate. 

6. A draper bought three pieces of cloth, which together mea- 
sured 169 yards ; the second piece was 15 yards longer than 
the first, and the third was 24 yards longer than the second. 
What was the length of each i 

6. A gentleman bequeathed an estate of $65000 to his wife, 
two sons, and three daughters. The wife was to have $2000 
less thah the elder son, and $3000 more than the younger son: 
and the poi'tion of each of the daughters was $3500 less than 
that of the younger son. Required the share of each. 

The 1st example may be performed differently. Let x de- 
note the number of dollars paid by A ; B paid $13 less, there- 
fore X — 13 will represent the number of dollars paid by B. 
These added together must make the whole. 

x + x — 13 = 65 
Putting the j:'s together, 2 a? — 13 = 66 
It appears that 2 a? is more than 56 by 13, therefore add 13 to 
65 to make 2 j?, 

2x = 55+ 13 

2 a? = 68 

Dividing by 2, a? = 34 = A's share. 

This gives A^s share $34, from which subtract $13, and it gives 

B's share $21, as before, 

X— 13 = 21 = B's share. 

In the same manner perform the 2d and 3d. The 4th may 
be solved in a similar manner. 

Let the elder son's share be represented by x. The second 
son's share, being $2000 less, will be x — 2000. The young- 
er son's share, beins $ 1 000 less still, will be a? — 2000 — 1000. 
These added together must make the whole sum. 

X H- a;— 2000 -f r —2000— 1000 = 16000 
Putting the a?'s together and the numbers together, 

3 r— 5000=16000. 

It appears that 3 a: is more than 16000 by 5000, therefore add 
5000 to 16000, 

3 a? = 16000+5000 

3a? =21000 
Dividing by 3, x= 7000 
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The elder son's sliare is $7000, as before. The others may 
be easily found from this. 

Again, let x denote the second son's share. The elder son's, 
being $2000 more, will he x + 2000. The younger son's, 
being $1000 less, will be a:— 1000. These added together 
must make the whole. 

X + 2000 + X + X— 1000 = 16000 
Putting the a?'s together and the numbers together, 

3a:+ 1000= 16000 

3a? = 16000—1000 
2x= 15000 
x= 5000 
The second son's share is $5000, as before. From this the 
rest are easily found. 

Perform the 5th and 6th in a similar way. 

7. At a certain election 943 men voted, and the candidate 
chosen had a majority of 65. How many voted for each ? 

8. A person employed 4 workmen ; to the first of whom he 
gave 2 shillings more than to the second ; to the second 3 shil- 
lings more than to the third ; and to the third 4 more than to 
the fourth. Their wages amounted to 32 shillings. What did 
each receive } 

9. A cask, which held 146 gallons, was filled with a mixture 
of brandy, wine, and water. In it there were 15 gallons of 
wine more than there were of brandy, and as much water as 
both wine and brandy. What quantity was there of each f 

Observe, that after the question is put into equation, the pur- 
pose is to make x stand alone in one member of the equation, 
equal to a known quantity in the other member, then the value 
of X is found/ In the preceding examples in this Art. x has 
been found only in the first member, but connected with known 
quantities by the signs -f- suid — . In the solution of these equa- 
tions tlie first thing was to unite all the x^s into one term^ and all the 
knoum quantities into another. Then^ if the number which stood 
on tlie same side urith x, had the sign -j- before it, that number was 
subtracted from the other member ofilue equation ; hut ^it had the 
sign — before it^ it was added to the other member. Then the second 
member was divided by the coefficient of x, and the ansioer was ob- 
tained. 

10. A and B began to trade with equal stocks. In the first 
year A gained a sum equal to twice his stock and £27 over; 
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B gained a sum equal to his stock and £153 over. Now the 
amount of both their gains was equal to 5 times the stock of 
either. What was the stock f 

Let X denote the stock. Then A's gain was 2 a? + 27, and 
B's was j; -|- 1 53. These added together must make 5 times 
the stock, that is, 5 x. 

5or=:2a'+27 + a:-f-153 
Uniting the x*s in 2d member, and the numbers, 

5a? = 3a? + lS0 
Subtracting 3 « from both sides, 

2a? =180 
a?=: 90 

11. A young man being asked his age, answered that if 
the a^e of liis father, which was 44 years, were added to twice 
his own, the sum would be four times his own age. What was 
his age i 

12. A man meeting some beggars, gave each of them 4 
pence, and had 16 pence left ; if he had given them 6 pence 
apiece, he would have wanted 12 pence more for tha,t pur- 
pose. How many beggars were tliere, and how much mo- 
ney had he ? 

Let X represent the number of beggars. * 

13. A man has six sons, each of whom is 4 years older than 
his next younger brother ; and the eldest is three times as old 
as the youngest. Required their ages. 

14. Three persons. A, B, and C, make a joint contribution, 
which in the' whole amounts to £76, of which A contri- 
butes a certain sum, B contributes as much as A aiid £10 
more, and C as much as A and B both. Required their several 
contributioas. 

15. A boy, being sent to market to buy a certain quantity 
of meat, found that if he bought beef, which was 4 pence per 
pound, he would lay out all the money he was entrusted with ; 

,but if he bought mutton, which was 3J pence per pound, 
he would have 2 shillings left. How much meat was he sent 
for? 

16. A man lying at the point of death left all his estate to 
his three sons, to be divided as follows : to A he gave one half 
of the whole wanting $600 ; to B one third ; and to C the rest. 
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which was j^lOO less tlion the share of B. What was the whole 
estate, and what was each son's share ? 
Let X represent the whole estate. 

A's share will be ^ — 600 

2 

B's share . . — / 

3 

C?s share . . ~ — 100 

These together will be equal to the whole estate, which was 
represented by x. 

^—500+-^+^. — 100 = jc 

Uniting a?'s and numbers in the first memberi 

If— 600=^ 
6 6 

— is greater than-? by 600, therefore 

6 6^ 
*=600 



6 

X =z 3600 
The whole estate is j(3600 ; the shares are $1300, $1200, 
and $1100, respectively. 

17. A father intends by his will, that his tliree sons shall 
share his property in the following manner ; the eldest is to re- 
ceive 1000 crowns less than half the whole fortune ; the 
second is to receive 800 crowns less than i of the whole ; and 
the third is to receive 600 crowns less than J of the whole. 
Required the amount of the whole fortune, and the phare of 
each. 

18. A father leaves four sons, who share his property in the 
following manner ; the first takes 3000 livres less than one half 
the fortune ; the second, 1000 \ivre? ^es*» th?r one thlr! of llie 
whole ; the third, exactly one fourth , an<i the fourth lakes r^OO 
livres more than one fiflh of the whole. What was the whole 
fortune, and what did each receive P 
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19. In a mixture of copper, tin, and lead ; 16 IK less than 
one half of the whole was copper ; 1% IK. less than one third 
of the whole was tin, and 4 lb. more than one fourth of the 
whole was lead. What quantity of each was there in the mix 
ture ? 

20. A general having lost a battle, found that he had only 
3600 men more than one half of his army left, fit for action ; 
GOO more than one eighth of them being wounded, and the rest, 
which amounted to one fifth of the whole army^ either slain or -^ 
taken prisoners. Of how many men did his army consist be- 
fore the battle ? . 

21. Seven eighths of a certain number exceeds four fifths of 
it by 6. What is that number ? 

22. A and B talking of their ages, A says to B, one third of 
my age exceeds its fourth by 5 years. What was his age i 

23. A 'Sum of money is to be divided between two persons, 
A and fi, so diat as often as A takes i&9, B takes £4. Now it 
happens that A receives £15 more than B. What is the share 
of each i * 

24. In a mixture of wine and cider, 25 gallons more than 
half the whole was wine, and 5 gallons less than one third of 
the whole was cider. How many gallons were there of each ? 

IV. 1. A man having some calves and some sheep, and bft- 
ing asked how many he had of each sort, answered, that he had 
20 more sheep than calves, and that three times the number of 
sheep was equal to seven times the number of calves. How 
many were there of each ? 

Let X denote the number of calves. 
Then X'\-20 will denote the number of sheep. 
7 times the number of calves is 7 a? ; 3 times the number of 
sheep is 3 a: -f- 60 ; for it is evident that to take 3 times a; -f- 20, 
it is necessary to multiply both terms by 3. 
By the conditions these must be equal, 

7^ = 3a? + 60. 
Subtracting 3 x firom both members, 

4a? = 60 
a? = 15 = number of calves. 
9 -j- 20 = 35 = number of sheep. 

•fnt. 15 calves, and 35 sheep. 
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2. Two men talking of their ages, the first says, your age is 
18 years more than mine, ami twice your age is equal to uree 
times mine. Required the age of each. 

' 3. Three men. A, B, and C, make a joint contribution, which 
in the whole amounts to £276. A contributes a certain sum, 
B twice as much as A and £12 more, and C three times 
as much as B and £12 more. Required their several con- 
tributions. 

4. A man bought 7 oxen and 11 cows for ^591. For the 
oxen he gave $15 apiece more than for the cows. How much 
did he give apiece for each ? 

Let X denote the price of a cow. 

Then the price of an ox will be a? + 15« 

1 1 cows at X dollars apiece will come to 1 1 ^ dollars. 

If one ox cost a? + 16 dollars,. 7 oxen will cost 7 times x + 
15, which is 7 07 -f-» 106.. 

The price of the oxen and of the cows added together will 
make $691, the whole price. 

ll« + 7a?+106=:.591 
Uniting x% 18 a?+ 106 = 591 

Subtracting 106 from both members, 

18 a? = 486 
Dividing by 18, a? = 27 rr pricfe of cows 

ap •+- 16 = 42 = price of oxen. 

6. A man bou^t 20 pears and 7 oranges for 96 cents. For 
tl-e oranges he gave 2 cents apiece more than for the pears. 
What did he give apiece for each ? 

6. A man bought 20 oranges and 26 lemons for $1.96. For 
the oranges he gave 3 cents apiece more than for the lemons. 
What did he give apiece for each ? 

7. Two persons engage at play, A has 76 guineas^ and B 62, 
before they be^in. After a certain number of games lost and 
won between thein, A rises with three times as many guineas 
as B. How many guineas did A win of B ? 

Let X denote the number of guineas that A won of B. 

Then A, having gained x guineas, will have 76 -f- j? 

B, having lost x guineas, will have only 62 — x 

A has now three times as many as B, that is, 3 times 62 — .r, 
which is 166 — Sx, It is evident that both 62 and r must be 
multiplied by 3, because 62 is a number too large by cr, tliere- 
fore 3 times 62 will be too large by 3 x. 

3 



«S3 156 — 3a^---76 
« + 3a?= 156 — 76 
4a? = 156—76 
40? ss 80 
a?=s 20 

i^i». 20 guineas 
Proof. If A won 20 guineas of B, A will have 96 and B 32 
3 times 32 are 96. 

This equation is rather more difficult to solve than any of the 

E receding. In the first place I subtract 76 from both mem* 
ers, so as to remove it from the first member. Then to get 
307 out of the second member, which is there subtracted, I add 
3 X to both members ; then the ^'s are all in the first member, 
and the known numbers in the other. 

N. B. Any term which has the sign +, either expressed or 
understood, may be removed from one member to the other by 

g' ving it the Am — ; for this is the same as subtracting it fi-om 
>th sides. Thus x-\-Z=i\0 y x \a not so much as 10 by 3, 
we therefore say 0? == 10 — 3. Again, 6a? =: 18 + 3a?. Now 
bx va more than 18 by 3a?, therefore we may say 5 a?— -30? = 
18. 

Any term which has the sign — before it may be removed 
firom one member to the other by giving it the sign +. This 
is equivalent to adding the number to both sides. Thus 5 x 
— 3=17. In this it appears that 5 a? is more than 17 by 3 ; 
therefore we say 5 a? = 17 + 3. Again, 5 a? = 32 — 3 a:. Here 
it appears that 5 a? is not so much as 32 by 3a? ; therefore we 
say 5 0? + 3 -^ = 32. This is called transposition. 

Bence it appears that any term may be transposed from one mem' 
her to the other ^ care being taken to change the sign. 

In the last example, 76 was transposed fi-om the first member 
to the second, and the sign changed fi^cxn -|- to — ; and 3 a? 
was transposed fi'om the second member to the first, and the 
sign changed fi'om — to -f~* I^I^is has been done in many of 
the preceding examples. 

When a number^ consisting of tvoo or more termsy is to be mult^ 
pKedf all the terms must be multiplied^ and their signs preserved. In 
the last example^ 52 — a?, multiplied by 3, gave a product 156 — 
Sop. 

Q. A person bought two casks of wine, one of which held 
exactly three times as much as the other. From each he drew 
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4 gallons, and tlien there were four times as many gallons re- 
maining in the larger as in the smaller. How many gallons 
were there in each at first ? 

Let\r denote the number of gallons in the less at first. 
Then the number of gallons in the greater will be 3 a?. 
Taking 4 gallons from each, the less will be a? — 4 
And the greater . . . . 3 j? — 4 
The greater is now 4 times as large as the less ; 4 titties x 
— 4 is 4 a? — IG. 

4x — 16 = 3a? — 4 
By transposing 16, 4a? = 3a?-|-16 — 4 

By transposing Sx, 4x — 3a? =16 — 4 
Uniting terms, a? = 12 = less. 

3 0? = 36 = greater. 
Ans. Less 12 gallons, greater 36 gallons. 
Proof, 36 is three times 12 according to the conditions. 
Take 4 firom each, then one contains 32 and the other 8. 32 is 
4 times 8. 

9. A man when he was married was three times as old as his 
wife ; after they had lived together 15 years, he was but 'twice 
as old. How (Ad was each when they were married f 

10. A fermer has two flocks of sheep, each contiuning the 
same number. From one of these he sells 39, and from the 
otlier 93 ; and finds just twice as many remaining in the one as 
in tho other. How many did each flock originally contain ? 

1 1 . A courier, who travels 60 miles per day, had been de- 
spatched 5 days, when a second was sent to overtake him ; in 
order to which, he must go 75 miles per day ; in what time will 
he overtake the former ? 

12. A and*B engaged in trade, A with £240, and B with 
£96. A lost twice as much as B ; and upon settling their ac- 
counts it appeared that A had three times as much remaining 
as B. How much did each lose f 

Let X denote B's loss, then 96 — x will denote what he had 
remaining. 2 x will denote A's loss, and 240 — 2x what he 
had remaining, &c. 

13. Two persons began to play with equal sums of money ; 
the first lost 14 shillings, and the other won 14 shillings, and 
then the second had twice as many shillings as the first. What 
sum had each at first ? 
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14. Says A to B, I have 5 times as much money as you ; yes, 
says B, but if you will give me $17, I shall have 7 times as 
much as you. How much had each ? 

15. Two men, A and B, commenced trade ; A had $500 
less than 3 times as much money as B ; A lost $1500, and B 
gained $900, then B had twice as much as A.'. How much had 
each at first .'^ :r. .. , 

16. Prom each of 15 coins an artist filed the value of 2 shil- 
lings, and then offered them. in payment for their original value ; 
but being detected, the whole were found to be worth no more 
than $145. "What was their original value ? 

17. A boy had 41 apples, which he^ wished to divide between 
three companions, aj»'follows ; to the second he wished to give 
twice as many as to the first, and three apples more ; and to 
the third he wished^ to give three times as many as to the 
second, and 2 apples' more. How many must he give to 
each? 

18. A-person buys 12 pieces of cloth for 149 crowns : 2 are 
white, 3 are black, and 7 are blue. A piece of the black costs 
2 crowns more than a piece of the white, and a piece of the 
blue costs 3 crowns more than a piece of the black. Required 
the price of each kind. : , . . 

See exanaple 4 th of this Aft. / ' ' 

19. A man bought A barrels of flotir and 4 firkins of butter ; 
he gave $2 more for a firkin of biitter, than for a barrel of flour ; 
and the butter and flour bbthi^ cost the same sum. What did 
he give for each ? '*■ •' - 

20. A grocer sold his brandy for 25 cents a gallon more than 
his wine, and 37 gallons of his wine came to as much as 32 
gallons of his brandy. What was each per gallon f 

SI. A man bought 7 oxen and 36 cows ; he gave $18 apiece 
more for the oxen than for the cows, and , the cows came to 
three times as much as the oxen wanting $3. What was the 
price of each ? 

22. A man sold 20 oranges, some at 4 cents apiece, and some 
at 5 cents apiece, and the whole amounted to 90 cents. How 
many were theie of each sort ? 

If he had sold 13 at 5 cents apiece, then the number sold at 
4 cents npiece would be 20 — 13, or 7. 
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In the same manner, if he sold x oranges at 5 cents apiece, 
then he sold 20 — 4? oranges at 4 cents apiece, x oranges at 
5 cents apiece wonld come Xof>x cents, and 20 — x oranges at 
4 cents apiece wonld come to 4 times 20 — x cents, which is 
80 — 4 a; cents. 
These added together must make 90 cents, therefore 

6a? + 80— 4a? = 90 
By transposing 80 and uniting terms, d? = 10 at 5 cents. 

• Am. 10 of each sort 

23. A man dying left an estate of $2500 to be divided be- 
tween his two sons, in such a manner, that twice the elder son^s 
share should be equal to three times the share of the second. 
Required the share of each. 

Let X denote the youngejr son's share. 
Then 2500 — x will denote the elder son's share. 
Twice the elder son's share is 5000 — 2 a?. 
By the conditions, 3 a? = 5000 — 2 « 
By transposition, 5 a? = 5000 
Dividing by 5, a? = 1000 

2500—1000 = 1500 

Am. Elder son $1500, younger son $1000. 

24. Two robbers, after plundering a house, found they had 
35 guineas between them ; and that if one of them had 4 gui- 
neas more, he would have twice as many as the other. How 
many had each ? 

25. A man sold 45 barrels of flour for $279 ; some at $5 
and some at $8 per barrel. How many barrels were there 
of ec^ch sort f 

26. A man sold s(»ne oxen and some cows for $330 ; the 
whole number was 15. He sold the cows for $17 apiece, 
and the oxen for $32 apiece. How many were there of 
each sort i 

27. After A had lost 10 guineas to B, he wanted onlr 8 
guineas in order to have as much money as B ; and togetner 
Uiey had 60 guineas. What money had each at first ? 

Let X be the number of guineas A had. 
Then 60 — x will be the number B had. 
A lost 10 to B, therefore A's is diminished by tO, and B's 
increluied by 10, which makes A's x — 10, and B's 70 — '«• 

3« 
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• By the conditions, x — 10 +8 = 70 — x 
Transposing and uniting, 2 d? = 72 

a? = 36 = what A had. 
60 — 36 = 24 = what B had. 

28. Divide the number 197 into two such parts, that four 
times the greater may exceed five times the less by 60. 

29. Two workn^en were employed tc^ether^for 50 days, at 
5 shillings f>er day each. A spent 6 pence a day less than B 
did, and at the end bf the 60 days he found he had saved twice 
as much as Bji arid the expense for two days over. What did 
each spend per day? 

Let X denote what A spent per day (in pence). 
Then 60 — x (6s. being 60d.) 'will be what he saved pei 
day. 

B saved 6d. less than A. 

.Therefore 64 — a?.witl:be what B saved per day. 
Multiplying both by 60, the number of days, 

• A saved 3000 — 60 x, and B saved 2700 — 60 a?. 

By the conditions A saved" 2 x more than twice what B 
saved. 

Therefore 3000 — 50 a: = 6400 — 100 a? + 2 a; 

Transposing and uniting, 48 a? = 2400 

X =r '60 = what A spent. 
60 4- 6 = 66 = what B spent. 

V. 1. Two persons talking of their ages, A said he was 
26 years older than B, and- that one half of his age was equal 
to three times that of B wanting 36 years. What was the age 
of each f 

Let X denote the age of B. 

Then the age of A will be a? + 26. 

J of a? + 26 is expressed i±^ 

2 

Hence we have 3a?— 36 = ±±^ 

2 

Multiplying by 2, 6 a? — 70 = a? + 25 

By transposing a? and 70, ^ ^ — a? = 26+ 70 

Uniting terms, 5 a? = 96 

Dividing by 5, a? = 19 = B's age» 

a? -f- 25 = 44 = A's age 
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Kote. Since i of a? "4- 25 is 3 a? — 35, a? -f- 25 must be twice 
3 a — 35. 

2. Two men talking of their horses, A says to B, my horse 
is worth $25 more than yours, and f of the value of my 
horse is equal to f of the value of yours. What is the value 
of each ? 

Let X denote the value of B's horse. 
Then the value of A's will be x -f-25. 

1 of a? + 25 is ?±^ I is 3 times asmuch, tiiat is ^^^ + ^^ 

5 5 

By the conditions, 3 g^3 x + 75 

^ 4 5 

Multiplying by 5, li^ = 3 a? + 75 

4 

Multiplying by 4, 1 5 a? = 12 a? + 300 

3a? = 300 

a? = 100 

Am. A's $125, B's $100. 

Proof. The first condition is evidently answered. With 

regard to the second, f of 125 is 75, and | of 100 is 75. 

3. Two men talking of their ages, one says, ray age is now 
I of yours, but in twenty years fi-om this time, if we live, it will 
be ^ of yours. Required the age of each. 

Suppose the age of the elder x. 

Then the younger will be —. 

r • .. . TC 

In 20 years the age of the elder will be a? + ^^> ^^nd of the 

younger — + 20. 
4 

By the conditions lf±i^ = ^ + 20 

5 4^ 

Multiplying by 5, 4 a? + 80 =:r 1^5+ 100 

4 

Multiplying by 4, 16 a? + 320 = 15 :c + 400 

'^'JKo?^^''' ] 16^-15^ = 400 -320 

a? = 80 = age of elder. 

3a? 

_ = 60 =s age of younger. 
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4. A man being asked the value of his horse and chaise, 
answered, that the chaise was worth $50 more than the 
horse, and that one half of the value of the horse was equal to 
one third of the value of the chaise. Required the value of 
each. 

5. Two persons talking of their ages, the first says, | of my 
age is equal to ^ of yours ; and the difference of our ages is 10 
years. What are their ages i 

6. There are two towns situated at unequal distances from 
Boston, and on the same road. They are 30 miles apart. | 
of the distance of the second fi'om Boston is equal to ^ of 
the distance of the first. What is the distance of each fi-om 
Boston r 

7. A man being asked the value of his horse and saddle, an- 
swered, that his horse was worth $114 more than his saddle, 
and that | of the value of his horse was 7 times the value of 
his saddle. What was the value of each ? 

8. A hare is 40 rods before a greyhound, but she can run 
only \ as fast as the greyhound. How far will ciach of them 
run before the greyhound will overtake the hare ? 

d. A gentleman paid 4 labourers $136 ; to the first he paid 
3 times as much as to the second wanting $4 ; to the third one 
half as much as the first, and $6 more ; and to the fourth 4 
times as much as to the third, and $b more. How much did he 
pay to each i 

10. A man bought some cider at $A per barrel, and sbme 
beer at $7. There were 6 barrels more of the cider than of 
the beer; and } of .the price of the beer was equ|il to ^ of the 
price of the cider. Required the number of barrels of each. 

11. Two men commenced trade together \ the first put in 
;04O more than the second, and the stock of the first was to that 
of the second as 14 to 5. What was the stock of each f 

14 to 5 signifies the second is /^ Of the first 

12. A man's age when he was married was to that of his 
wife as 3 to 2 ; and when they had lived together 4 years, his 
age was to hers as 7 to 5. What were their ages when they* 
were married ? 

13. A and B began trade v^th equal sums of money. In the 
first year A gained i&40, and B lost £A0 ; but in the second, 
A lost one thiid of what he then had, and B gained a sum less 
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by £40 than twice the sum A had lost ; when it appeared that 
B had twice as much money as A. What money did each be- 
gin with ? 

Let X be the number of poimds each had at first. Then x 
4- 40 will be the sum A had at the end of the first year ; and 
X — 40 the sum B had. 

The second year A lost J of what he then had, consequently 

he saved | ; his sum will then be '. X_, 

3 

B gained twice as much as A lost wanting £40 ; his will be 

X — 40 + ! — 40. 

^ 3 

B had now twice as much as A, 

li^ii^ ^ ^_ 40 + ?^+i2- 40. 

3 3 

Multiplying by 3, 

4» + 160 = 3a?— 120 + 3 a: + 80 — 120, 
Transposing tuid uniting, 

— r= — 320. 
Transposing again, 320 = a?, 

Ans. £320. 
j^ote. In this example the result had the sign — in both 
members, but by transposmg it has the sign -{-. It would 
have been the same thing if the signs had been changed with- 
out transposing. The result would have come out right if the 
first member had been made the second, and the second first, 
in the first equation. 

14. A person playing at cards, cut the pack in such a man- 
ner, that I of what he cut off were equal to | of the remainder. 
How many did he cut off f 

15. Divide $183 between two men, so that 4 of what the first 
receives, shall be equal to j\ of what the second receives. 
What will be the share of each ? 

16. A man sold 20 bushels of grain, rye and wheat ; the rye 
at 5s. and the wheat at 7s. per bushel ; | of the rye came to 

as much as 4 of the wheat. How much was there of each ? 

• II, 

17. What number is that from which if 5 be subtracted two 
tliirds of the remainder will be 40 ? 

18. A man ha^i a lease for 99 years ; and being asked how^ 
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much of it was already expired, answered, that two thirds of 
the time past was equal to four fifths of the time to come. Re- 
quired the time past, and the time to come. 

19. It is required to divide the number 50 into two such 
parts, that three fourths of one part added to five sixths of the 
other may make 40. 

20. Two workmen received equal sums for their work ; but 
if one of them had received 18 dollars more, and the other 3 
dollars less, then | of the wages of the latter would have Ijeen 
equal to i of the wages of Ae former. How much did each 
receive ? 

31. A certain man, when he married, found that his age was 
to that of his wife as 7 to 5 ; if they had been married 8 years 
sooner, his age would have been to hers as 3 to 2. What were 
their ages at the time of their marriage ? 

VI. 1. Divide the number 68 into two such parts, that the 
difference between the greater and 84, may be equsJ to three 
times the excess of 40 above the less. 

Let X =: the less. 

Then 68 — a; = the greater. 

68 — X must be subtracted firom 84. Observe that 68 — x 
is not so great as 68 by x. Therefore if I subtract 68 fi*om84, 
I shall subtract too much by the quantity <r, and I must add x 
to obtain the true result. 

Then we have 84 — 68 + a? for the difference between 84 
and 68 — x. 

The excess of 40 above the less is 40 — cr, and 3 times this 
is 120 — 3(r. 

By the conditions, 84 — 68 + a? = 120 — 3a; 

Transposing and uniting, 4 j? = 104 

Dividing by 4, a? = 26 = less. 

68 ^- 26 = 42 = greater. 

JVbie. In this question 68 — x was subtracted firom 84. In- 
stead of Xy now put its value, 68 — 26. Now 68 — 26 = 42, 
that is, the number to be subtracted from 84 is 42, and the an- 
swer must be 42. When 68 is subtracted fi^om 84, the result 
is 16, which is too small by 26, the value of cr; to this it is ne- 
cessary to add 26, and it makes 42, the true result, 84 — 68 -{- 
26 = 42. Tl\is shows that we did right in adding x after sub- 
tracting 68. This will always be found true. Therefore, 
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when any of the quantities to be subtracted have the sign — 6e/hre 
them, they must he. changed to -f- in subtracting, and those which 
have -}- ^'ust be changed to *^. 

2. A gentleman hired a labourer for 20 days on condition 
that, for every day he worked, he should receive 7s., but for 
every day he was idle, he should forfeit 3s. At the end of the 
time agreed on he received 80 shillings. How many days did 
he work, and how many days Was he idle f 

Let X = the number of days he worked. 
Then 20 — x = the number of days he was idle. 
.r days, at 7s. a day, would come to 7 a? shillings. 
20 — a?, at 3s. per day, would be 60 — 3 a? shillings. TJhs! 
must be taken out of 7cr. o.> * 

k 4 

By the above rule 60 — 3 a?, subtracted from 7 a:, leaves T* . 
— 60 + 3 a? ; for 60 is too much to be subtracted by 3 x. •* y 
By the conditions, .^■• 

7aj — 60 + 3 a? = 80. 
Transposing and uniting, 

10 a? =140. 
Dividing by 10, a? = 14 = days he worked. 

20 — ap = 6 = days he was idle. 

3. Two men, A and B, conomenced trade ; A had twice as 
much money as B ; A gained 4^50, and B lost ^90, then the 
difference between A's andB's money was equal to three times 
what B then had. How much did each commence with, f 

4. Two men, A and B, played together ; when thejc com- 
menced they had $20 between them, afler a certain numlier 
of games, A had won $6, then the excess of A's money above 
B's was equal to | of B^s money. How much had eacn when 
they commenced f 

5. Divide the number 54 into two such parts that the less 
subtracted from the. greater, shall be equal to the greater sub- 
tracted from three times the less. What are the parts f 

6. It is required to divide the number 204 into two such 
parts, that | of the less being subtracted from the greater, the 
remainder will be equal to ^ of the greater subtracted from 
four times the less. 

Let X = greater part. 

Then 204 — op = the less part. 



36 Algebra. VL 

I of the less is — — —. 

By the conditions, 

408 — 2 a? _ Q,^, .^ 3x 

6 7 

Multiplying by 5, 

5 a: — 408 + 2 a? = 4080— 20a:— i^. 

Multiplying by 7, 

35 a? — 2856 + 14a? = 28560— 140 a?— 15 a?. 

Transposing and uniting^ 

204^=31416 
a? = 154 
204— a? =50 

L^t a? denote the less number, and solve the question again. 

J^ote. Observe, that after multiplying by 5 in the above 
example, the signs of both terms of die numerator were chang- 
ed, that of 408 to — , and that of 2 a? to + ; this was done be- 
cause it was not required to subtract so much as 408 by 2 a?. 
The change of signs could not be made before multiplying by 
5, because the Sign — before' the fraction showed that the 
whole fraction was to be subtracted. If the signs of the frac- 
tion had been changed at first, it would have been necessary 
to put the sign -f- before the fraction. This requires particu- 
lar attention, because it is of great importance, and there is 
danger of forgetting it. 

7. A man bought a horse and chaise for $341. Now iff of 
the price of the horse be subtracted from twice the price of the 
chaise, the remainder will be the same as if 4 of the price of 
the chaise be subtracted from three times the price of the horse. 
Required the price of each. 

8. Two men, A and B, were playing at cards ; when they 
began, A had only | as much money as B. A won of B $23 ; 
then J of B's money, subtracted jfrom A's, would leave one 
half of what A had at first. How much had each when they 
began ? 

9. A man has a horse and chaise. The horse is worth $44 
less thin the ch^se. If 4 of the value of the horse be sub- 
tracted from the value of the chaise, the remainder will be the 
same as if from the value of the horse you subtract | of the ex- 
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cess of the vahie of the horse above 84 dollars. What b the 
value of the horse ? 

VII. The examples in this article are intended to exercise 
the learner in putting questions into equation. They' require 
no operations which have not already been explained. It 
was remarked, that no rule could be given for putting ques- 
tions into equation, but there is a precept which may be very 
useful. 

Tcike the unknown quantity^ and perform the same operations on 
%t^ that it vxmld he necessary to perform on ilte answer to see if it 
was right. When this is done the question is in equation. 

1. A and B, being at play, severally cut packs of cards so as 
to take off more than they left. Now it happened that A cut 
off twice as many as B left, and B cut off seven times as many 
as A left. How were the cards cut f 

Let X = the number B left. 

Then 2 a? = the number A cut off. 

62 — a? = the number B cut off. 

52 — 2 0? = the number A left. 
By the conditions, 7 times 52 — 2 a? arc equal to 62 — x 

364— 14a? =52 — a?. 

Take the numbers of the answer and endeavour to prove that 
they are right, and you will see that you take the same course 
as above. 

2. A man, at a card party, betted 3s. to 2 on every deal. 
After twenty deals he had won 5 shillings. At how many deals 
did he win ? 

Let X = the number of deals he won. 

Then 20 — a? =: the number of deals he lost. 

Every time he won, he won 2 shillings } that will be 2 « 
shillings. 

Ev^ry loss was 3 shillings ; that will be 3 times 20 — a?, or 
60— 3a?. 

The loss must be taken from the gain, and he will have 5 
shillings left. 

2a?— 60 + 3a? = 5. 

3. What two numbers are to each other as 2 to 3 ; to each 
of which, if 4 be added, the sums will be as 5 to 7. 

4 
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Let 9 = the first number. 

3 £ 

Then — = the second. 

Adding 4 to each, they become x + 4i and — -f- ^« 

The first is now 4 of the second, or the second is } of the 
first. 

7a? + 28 3a? , . 

! = — + 4. 

4. A smn of money was divided between two persons, A and 
B, so that the share of A was to that of B as 5 to 3. Now A's 
share exceeded f of the whole sum by $^0. What was the 
diare of each person f 

Let X = A's share. 

Then ^— = B's share. 

6 

x+ —:= whole sum. 

|ofa?+^isL^+i^ or^:f+^ 
By the conditions, 

9^3^ 

5. The joint stock of two partners, whose particular shares 
differed by 48 dollars, was to the lesser as 14 to 5. Required 
the shares. 

6. Four men bought an ox for $43, and agreed that those, 
who had the hind quarters, should pay i cent per pound more 
than those, who had the fore quarters. A and B had the hind 
quarters, C and D the fore quarters. A's quarter weighed 158 
lb., B's 163 1b., C's 167 lb., and D^s 165 lb. What was 
each per lb., and what did each man pay f 

7. A certain person has two silver cups, and only one cover 
for both. The first cup weighs 12 oz. If the first cup be co- 
vered it weighs twice as much as the other cup, but if the se- 
cond be covered it weighs three times as much as the first. 
What is the weight of the cover, and of the second cup } 
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Let X = weight of the cover. ^ 

Then 12 -f-a? = weight of the first cup covered. 

And 6 -{-— = weight of the second cup, &c. 

8. Some persons agreed to give 6d. each to a waterman for 
carrying them from London to Gravesend ; but with this con-^ 
dition, that for every other person taken in by the way, three 
pence should be abated in their joint fare. Now the waterman 
took in three more than a fourth part of the number of the first 
passengers, in consideration of which he took of them but 6d. 
each. How many persons were there at first ? 

Let X ■=. the number of passengers at first. 

Then — + 3 = the number taken in, &c. 

9. Four places are situated in the order of the four letters, 
A, B, C,D. The distance from A to D is 134 miles, the dis- 
tance fi-om A to B is to the distance from C to D, as 3 to 2, and 
one fourth of the distance firom A to B, added to half the dis- 
tance fi'om C to D, is three times the distance from B to C 
What are the respective distances \ 

10. A field of wheat and oats, which contained 20 acres, 
was put out to a labourer to reap for $20 ; the wheat at $1.20 
and the oats $0.95 per acre. Now the labourer falling ill reap-^ 
ed only the wheat. How much money ought he to receive ac- 
cording to the bargain .^ 

11. Three men, A, B, and C, entered into partnership ; A 
paid in as much as B and one third of C ; B paid as much as 
C and one third of A ; and C paid in $10 and one third of A. 
What did each pay in f 

Let J? = the sum A contributed. 

Then ^.+ 10= " C " 
3 ^ 

and ^ + 10 + ^ = « B « &c. 

3 ^ ^.3 

12. A gentleman gave in charity £46 ; a part of it ih equal 
portions to 5 poor men, and the rest in equal portions to 7 poor 
women. Now the share of a man and a woman together 
amounted to £8. What was given to the men, and miat to 
the women ^ 
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Let «.== the sum a man received. 

Then 8— a? = the sum a woman received, &c. 

13. Suppose that for every 10 sheep a farmer kept, he should 
plough an acre of land, and should be allowed an acre of pas- 
ture for every 4 sheep. How many sheep may that person 
keep who farms 700 acres ^, 

Let X ■=. the whole number of sheep. 

The number of acres ploughed will be yV ^f ^^ number of 
sheep ; and the number of acres of the pasture will be i of the 
number of sheep ; both these added together must be the whole 
number of acres, itc. 

14. A, B, and C make a joint stock ; A puts in $70 more 
than B, and $90 less than C ; and the sum of the shares of A 
and B is I <rf the sum of the shares of B and C. What did 
each put in ? 

Let X =. the sum that B put in, &c. 

15. Divide the number 85 into two such parts that if the 
greater be increased by 7 and the less be diminished by 8, th^y 
will be to each other in the proportion of 6 to 2. 

1 6. It is required to divide tlie number 67 into two such parts : 
that the difference between the greater and 75 may be to the 
excess of the less over 12 in the pr(>portioi of 8 to 3. 

17. A man bought 12 lemons and a pound of sugar for 56 
cents, afterwards he bought 18 lemons and a pound of sugar at 
the same rate for 74 cents. What was the price of the sugar, 
and of a lemon ? 

Let X = the price of the sugar. 

Then 56 — ap = the price of 12 lemons. 

And — HI— = the price of I lemon. 

In the same manner, 

— HI— = the price of a lemon. 

18 ^ 

Hence ^lzi£ = Zi=:f,&c. 
12 . 18 

18. A man bought 5 oranges and 7 lemons for 58 cents ; af- 
terwards he bought 13 oranges and 6 lemons at the same rate 
for 102 cents. What was the price of an orange, and of a 
lemon ? 
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Let X =B the price of an orange* 
Then — = the price of a lemon by the first condi- 
tion, &c. 

19. A footman, who contracted for $72 a year and a livery 
suit, was turned away at the end of 7 months, and received 
only $32 and the livery. What was the value of the livery ? 

20. A landlord let his farm for £10 a year in money and a 
certain number of bushels of com. When com sold at 10s. a 
bushel, he received at the rate of 10s. an acre for his land ; but 
when it sold for 13s. 6d. a bushel, he received 13s. an acre. 
How many bushels of com did he receive ? 

Let X = the number of bushels. 

Then 10 x + 200 = the yejur's rent m shillings ; 

10a? + 200 — a? + 20 = the number of acres. 
10 
27 07 -f- 400 = the year's rent at the second rate in six- 
pences. 

— fjjT = the number of acres, which must be equal to 

26 ^ 

the other, &c. 

21. A man conmienced trade with a certain sum of money, 
which he improved so well, that at the year's end he found he 
had doubled hid first stock wanting $1000 ; and so he went on 
every year doubling the last year's stock wanting $1000 ; at 
the end of the third year he found that he had just three times 
as much money as he conmienced with. What was his first 
stock ? 

22. A man, having a certain sum of money, went to a tavern, 
where he borrowed as much money as he then hod, and then 
spent a shilling ; with the remainder he went to another tavenii 
where he borrowed as much as he then had, and then spent a 
shilling, and so he went to a third and a fourth tavern, borrow- 
ing and spending as before ; after which he bad nothing left 
How much money had he at first i 

23. It is required to divide the number 60 into two such 
parts, that one seventh of the one may be equal to one eighth 
of tlie other. 

4* 
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24. It is required to divide the number 85 into two sucli 
parts that J of the one added to 4 of the other may make 60. 

25. It is required to divide the number 100 into two such 
parts, that if one third of one part be subtracted from one 
fourth of the other, the remainder may be 11. 

26. It is required to divide the number 48 into two such 
parts, that one part may be three times as much above 20, as 
the other wants of 20. 

27. A man distributed 20 shillings among 20 people, giving 
6 pence apiece to some, and 16 pence apiece to the rest. What 
number of persons were there of each kind i 

28. A man paid £100 with^OS pieces of money, a part gui- 
neas at 21s. each, and a part crowns at 5s. each. How many 
pieces were there of each sort ? 

20. A countryman had two flocks of sheep, the smaller 
consisting entirely of ewjes, each of which brought him 2 
lambs. On counting them he found that the number of 
lambs was equal to the difference between the two flocks. If 
all his sheep had been ewes, and brought forth three lambs 
apiece, his stock would have been 432. Required the number 
in each flock. 

Let X = the number in the less. 

Then 2 a? = the number of lambs. 

3 X = the number in the larger. 

4 a: = the number in both, &c. 

30. When the price of a bushel of barley wanted but 3d. to 
be to the price of a bushel of oats as 8 to 5, four bushels of bar 
ley and 7s. tki. in money were given for nine bushels of oats. 
What was the price of a bushel of each ? 

Let X = the price of a bushel of oats in pence. 

l%en 3 = the price of a bushel of barley, &c. 

5 

31. A market-woman bought a certain number of eggs at 
the rate of 2 for a cent, and as many at 3 for a cent, and sold 
them out at the. rate of 5 for two cents ; after which she ob- 
served, that she had lost four cents by them. How many eggs 
of each sort had she t 
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Let X = the number of each sort. 

Then — m the price of a? eggs at 2 for a cent. 

And — = the price of a? eggs at 3 for a cent, 
o 

These added together make what the eggs cost. 

The whole number is 2 a? ; these at 5 for two cents come to 

4a? . 
— cents. 

5 
By the conditions, -^ + ^ = 1? + 4. 

32. A cistern has two fountains to fill it ; the first will fill it 
•alone in 7 hours, and the second in 5 hours. In what time will 

the cistern be filled, if both run together ? 

Let X =z the number of hours required to fill.it. 

The first would fill \ of it in an hour, and the second would 
fill j of it in an hour. 

Both together then would fill | -{~ i in an hour ; and in « 

hours both would fill - - + — of it. But by the conditions it 

7 5. ^ 

was to be filled in x hours. 

Therefore, ^ + ^ zz: 1 cistern. 

7^5 

33. A gentleman, having a piece of work to do, hirevl two 
men and a boy to do it ; one man could do it alone in 5 days, 
the other could do it alone in 8 days, and the boy coj'c ao it 
alone in 10 days. How long would it take the three v getlicr 
to do it ? 

34. A cistern, into which the water runs by two corks, A 
and B, will be filled by them both running together in 12 hours } 
and by the cock A alone in 20 hours. In vvhat time will it bo 
filled by the cock B alone ? 

Let X = the time in which B will fill it alone. Both will 
fill j\ of it in an hour, A alone ■s\ of it, and B will fill y'^ — ^^ 
of it in an hour, 6lc. 

35. A man and his wife usually drank out a vessel of beer in 
12 days : but when the man was from home it would usually 
last the wife alone 30 days. In how many days would the man 
alone drink it out f 
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36. The hold of a ship contained 442 gallons of water. 
This was emptied out by two buckets, the greater of which, 
holding twice as much as the other, was emptied twice in three 
minutes, but the less tliree times in two minutes ; and the 
whole time of emptying was 12 minutes. Required the size of 
each. 

The greater was emptied 8 times in the 12 minutes, &c. 

37. Two persons, A and B, have the same income. A saves 
\ of his ; but B, by spending £80 a year more than A, at the 
end of 4 years finds himself £220 in debt. What did each re- 
ceive «and expend annually ? 

38. After paying J of my money, and } of the remain- 
der, I had 72 guineas left. How much had I at first ? 

39. A bill of £120 was paid in guineas and moidores, the 
guineas at 21s., and the moidores at 27s. each ; the number 
of pieces of both sorts was just 100. How many were there 
of each ** 

40. It is required to divide the number 26 into three such 

parts, that if the first be multiplied by 2, the second by 3, and 

third by 4, the products shall all be equal. 

2 X 
Let X = the first part. The second part must be _, and 

2 ii? J9 
the third part —or — . 

*^ 4 2 

41. It is required to divide the number 54 into three such 
parts, that i of the first, ^ of the second, and i of the third, may 
be all equed to each other. 

Let 2x = the first part. 

Then 3 a? = the second part, &c. 

42. A person has two horses and a saddle, which of itself 
is worth £25. Now if the saddle be put upon the back of the 
first horse, it will make his value double that of the second; 
but if it be put upon the back of the second, it will make 
his value triple that of the first. What is the value of each 
horse f 

43. A man has two horses and a chaise, which is worth 
^183. Now if the first horse be harnessed to the chaise, the 
horse and chaise together will be worth once and two sevenths 
the value of the otlier ; but the other horse being harnessed, 
the h^rse and chaise together will.be worth once and five 
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eighths the value of the first. Required the value of each 
horse. 

Equations vnih two Unknown QuAntities. 

V^III. Many examples involve two or more unknown quan- 
tities. In fact, many i>f the exampJos already given involve 
several unknown quantities, but they were such, that they 
could all be derived from one When it is necessary to use 
two unknown quantities in the solution, the question must al- 
ways contain two conditions, from which two equations may 
be derived. When this is not the case the question cannot be 
solved. 

1. A boy bought 2 apples and 3 oranges for 13 cents ; he 
afterwards bought, at the same rate, 3 apples and 5 oranges 
for 21 cents. How much were the apples and oranges 
apiece f 

Let X = the price of an orange, 

and y = the price of an apple. 

1. 3a: + 2y=13, 

2. 6a?4-3v = 21. | 
Multiply the first equation by 3, and the second by 2, 

3 9a: + 6y=:39 

4. 10a?4-^y = 42. 

Subtract the first fi-om the second, because the y's being 
afike in each, the difference between the numbers 39 and 42 
must depend upon the x^e. 

5. X = 3 cents, the price of an orange. 
Putting this value of j? into the first equation, 

6. 9 + 2y=13 

7. y = 2 cents, the price of an apple. 
Proof. 2 apples at 2 cents each come to 4 cents, and 3 

oranges at 3 cents come to 9 cents. 9-|-4=13. So3 ap- 
ples and 5 oranges come to 21 cents. 

JVoie. In this example I observed, that the coefficient of y 
in the first equation is 2, and in the second, the coefficient of 
y is 3. I multiplied the whole of the first equation by 3> and 
the whole of the second by 2 ; this formed two new equations 
in which the coefficients of y are alike. If the first equation 
had been multiplied by 5 and the second by 3, the coefficients 
of a would have been alike, and x instead of y would have been 
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made to disappear by subtraction, and the same result would 
have been finally obtained. It is evident, that the coefficients 
of either of the unknown quantities may always be rendered 
alike in the two equations, by multiplying the first equation by 
the coefficient whicl. the quantity that you wish to make dis- 
appear has in the second equation ; and the second equation 
by the coefficient which the same quantity has in the first equa- 
tion. They may be rendered alike more easily, when they 
have a common multiple less than their product. 

2. A person has two horses, and a saddle which of itself is 
worth £10 ; if the first horse be saddled, he will be worth ^ as 
much as the other, but if the second horse be saddled, he will 
be worth | as much as the first. What is the value of each 
horse i 

A question similar to this has already been solved with one 
unknown quantity, but it will be more easily solved by using 
two of them. 

Let X = the value of the first horse, 

and y = the value of the second horse. 

1. By the conditions, .J^ = a? 4- 10 

6 ^^ 

3. By transposition, ^-^a;=ilO 

4. « i?— V=10 

5 ^ 

Multiply the 3d by 7, and the 4th by 6, to free them from 
denominators ; 

5. _7jp + 6y = 70 

6. Sx — 6y=50 

Multiply the 6th by 5 and the 6th by 6, in order to make 
the coefficients oiy alike in the two ; 

7. — 35a? + 30y=360 

8. 48 a)— .30 y= 300 
Add together 7th and Sth, 

9. 48j?— 35a: + 30y — 30y=:350 + 300 

10. Uniting terms, 13 x = 650 
II ,a)= 50 
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Puttinsr 50, the value of x, into the 5th, 

12. " Gy— 350= 70 

13. 6y = 420 

14. y= 70 

Ans. The first is worth £50, and the gecond £70. 
KoU. In this example the 30 y in the 7th equation had the 
sign -|-, and in the 8th the sign — before it, hence it was ne- 
cessary to add the two equations together in order to make the 
y disappear, or as it is sometimes called, to dimnate y. 

3. A market-woman sells to one person, 3 quinces and 4 
melons for 25 cents, and to another, 4 quinces and 2 metcms, 
at the same rate, for 20 cents. How much are thQ quinces and 
melons apiece ? 

4. In the market I find I can buy 5 bushels of barley and 
bushels of oats for 27s., and of the same grain 4 bushels of 
barley and 3 bushels of oats for ISs. What is the price of each 
per bushel ? 

5. My shoemaker sends me a bill of $12 for 1 pair of boots 
and 3 pair of shoes. Some months afterwards he sends me a 
bill of $20 for 3 pair of boots and 1 pair of shoes. What are 
the boots and shoes a pair f 

6. Three yards of broadcloth and 4 yards of tafieta cost 57s., 
and at the same rate 5 yards of broadcloth and 2 yards of taf- 
feta cost 81s. What is the price of a yard of each ? 

7. A mim employs 4 men and 8 boys to labour one day, and 
pays them 40s. ; the next day he hires, at the same wages, 7 
men and 6 boys, and pays them 50s. What are the daily wages 
of each ^ 

8. A vintner sold at one time 20 dozen of port wine and 30 
doz. oC, sherry, and for tlie whole received £120 ; and at an- 
other time, sold 30 doz. of port and 25 doz. of sherry at the 
same prices as before, and for the whole received £140. What 
was the price of a dozen of each sort of wine } 

9. A gentleman has two horses and one chaise. The first 
horse is worth $180. If the first horse be harnessed to the 
chaise, tliey will together be worth twice as much as the se- 
cond horse ; but if the second be harnessed, the horse and 
chaise will be worth twice and one half the value of the 
first. What is the value of the second horse, and of the 
chaise f 
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10. Two men, driving their sheep to market, A says to B, 
give me one of your sheep and I shall have as many as you ; B 
says to A, give me one of your sheep and I shall have twice as 
many as you. How many had each ? 

Let X = the number A had, 

And y = the number B had. 

If B gives A one, their numbers will be 

a? + 1 2^d y — 1 . 
If A gives B one, their numbers will be 

oc — 1 andy -|- l,&c. 

11. If A gives B f 5 of his money, B will have twice as 
much as A has left ; but if B gives A $6 of his money, A 
will have three times as much as B has left. How much has 
each ? 

12. A man bought a quantity of rye and wheat for £6, the 
rye at 4s* and the wheat at 5s. per bushel. He afterwards 
sold 1 of his rye and | of his wheat at the same rate for £2. 
17s. How many bushels were there of each ? 

13. A man bought a cask of wine, and another of gin for 
$210 ; the wine at $1.50 a gallon, and the gin at $0.50 a gal- 
lon. He afterwards sold -J of his wine, and ^ of his gin for 
$150, which was f 15 more than it cost him. How many gal- 
lons were there in each cask f 

14. A countryman, driving a flock of geese and turkeys to 
market, in order to distinguish his own from any he might meet 
with on the road, pulled three feathers out of the tail of each 
turkey, and one out of the tail of each goose, and found that 
the number of turkeys' feathers exceeded twice those of the 
geese by 15. Having bought 10 geese and sold 15 turkeys by 
the way, he was surprised to find that the number of geese ex- 
ceeded the number of turkeys in the proportion of 7 to 3. Re- 
quired the number of each at first. 

Let X =. the number of turkeys, 
!ind y =z the number of geese. 
1 . 3a?=2y-f-15 

2. .... . .y + 10 = IfzJ^ 

3. Freeing the 2d from fractions, 3w-|-30=:7a? — 105 
Instead of the method employed above for eliminating one 

of the unknown quantities, we may find the value of one of 
them in one equation, as if the other were known ; and then 
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Ihis value may he snbstifuted in the other, an<i an eqtmtion will 
be obtained, containing only one unkno\vR quantity, which 
may be solved the usual way. 

4. Divide the first by 3, a: = ^^ ' 

6. Multiply the 4th by 7, 7 ar = H? ±iP- 
Substitute this value of 7 a? in the 3d, 

^^ 3 

7. Multiply by 3, 9y+90 = 14y + 105 — 315 

8. Transposing & uniting, 300 = 5 y 

y = CO. 
The value of x may be found by substituting CO for y in 
the 4th, 

o 120 + 15 .. 

9. x=. X — = 45^ 

3 

Ans. 45 tm^ceys, and GO geese. 
Let the learner go back and' solve, hi this manner, the pre- 
ceding examples in this Art, Sometimes one method is- pre* 
ferable and sometknes the other. 

15. A person expends $1 in apples and pears, buying his 
apples at 3 for a cent, and his pears at 2 cents apiece ; after- 
wards he accommodates his neighbour with i of h\» apples 
and ^ of his pears for 30 cents. How many of each did he 
buy ? 

Let X = the number of apples* 

And y = the number of pears; 

Then — = the price of the appfes. 

And 2 y = the price of the pcars^ &c. 

16. A market-woman bought eggs, some at the mte of 2 
for a cent, and some at the rate of 3 for two cents, to the amount 
of G5 cents : she afterwards sold them all for 120 cent« and 
thereby gained one half cent on each egg. How many of each 
kind did she buy ? 

17. It is required to find two numbers such, that if J of the 
first be added to the second, the sum will be 30, and if ^ of 
the second be added to tlie first, die sum will be 30. 

5 
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18* It is required to find t«^o numbers such, that | of the 
first and f of the second addi;d together will make IS, and if 
the first be divided by 2 and the second be multiplied by 3, | 

of their sum will be 26. 

■ 

19. Two persons, A and.B, talking of their ages, says A to 
B, 8 years ago I was three times as old as you were, and 4 
years hence I shall be only twice as old as you. Required 
their present ages. 

20. There is a certain fishing rod, consisting of two parts, 
the upper of which is to the lower as 5 to 7 ; and 9 times the 
upper part, together wi(h 13 times the lower part, is equal to 
11 times the whole rod and 8 feet over. Required the length 
of the two parts. 

21. A vintner has two kinds of wine, one at 5s. a gallon, and 
the other at 12s. of which he wishes to make a mixture of 20 
gallons, that shall be worth 8s. a gallon. How many gallons 
of each sort must he use f 

22. A vintner has 2 casks of wine, from each of which he 
draws 8 gallons ; and finds that the number of gallons remain- 
ing in the less, is to that in the greater as 2 to 5. He then 
puts 1 gallon of water into the less, and 5 gallons into the 
greater, and then the quantities are in the proportion of 5 to 13. 
What quantity did each contain at first f 

23. A former, afler selling 13 sheep and 5 cows, found th^t 
the number of sheep he had remaining, was to that of his cows 
in the proportion of 4 to 3. Afler three years he found that 
he had 57 more sheep, and 10 more cows than he had at first ; 
and that the proportions were then as 3 to 1. What number 
of each had he at first f 

24. When wheat was 8 shillings a bushel, and rye 5 shil- 
lings, a man wished to fill his sack with a mixture of wheat 
and rv^,.. for the money he had in hicr purse. If he bought 15 
bushels jpf wheat, wa laid out the rest of hio money in rye, he 
would want 3 bushel^. to fill his sack; but if he bought 15 
bushels of rye^,^ind th^n filled hi^ sack with wheat, he would 
have 15 shillings left. How much of each must he purchase 
in order to lay out his money and fill his sack^ } 

25. A grocer had 2 casks of wine^ the smaller at 7s. per gat- 
Ion, the larger at 10s. The whole wa» worth $112. When 
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4ie had drawn 18 gals, from each, he mixed the remainder to- 
gether and added 3| gals, of water, and the mixture was worth 
8s. per gal. How many gallons of each sort were there at 
first.? ^ 

Eqaaiionsy Generalization. 

IX. In the examples hitherto proposed a numerical result 
tias always been obtained.- The solution with numbers has 
been performed at the same time with the reasoning ; and 
when the work was finished, no traces of the operations re- 
mained in the result. But algebra has a more important pur- 
pose. Pure algebra never gives a numerical result, but is used 
to trace general principles and to form rules. In order to pre- 
serve the work so that the operations may appear in the result, 
it will be necessary to introduce a few more signs. 

1. It is required to divide $500 between two men, so that 
one of them may have three times as much as the other. 
Let X = t{ie less part. 
The equation will be « -I- 3 a? = 500 

4 J? = 600 
X = 126 
3a? = .375 
Ans. One part is $135, and the other $375. 
Tliis question is to divide 500 into two such parts, that i>ne 
part may be three times as much as the other. It is evident 
that the process will be the same for any other number, as 
for 600. 

Let the number to be divided be represented by the letter a* 
This will stand for any number. 

Then the question will be, to divide any number, a, into 
two such parts, that one part may be three times as much as 
the other. 
The equation will be a? -f- 3 j? = a 

Ax=i a \ 

»=± 
3x=?? 
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The work is now proserved in the result, and it appears that 
ene part will be i of the number to be divided ; and the other^ 
J of it. This is a rule that wiJl apply to any number. 

Suppose a =■ 500 as in the example. "^ . 

Then ^= 125; and- ^ = 375. 
4 4 

Alls. One part is $125, and the other $375; the same as 
above. 

Suppose it is required t« divide $7632 in the same propor- 
tions. 

Then a = 7532 ; ^ zz: 1883 ; and L^ = 5649. 

4 '4 

Ans. One part is $1883, and the other is $5649. 

2. A man solil some apples, some pears, and some oranges 
for a number a of cents, the apples at two cents apiece, the 
pears at three cents apiece, and the oranges at five cents 
apiece. There were twice as many pears as oranges, and 
three times as many apples as pears. How many were .there 
of each ? 

Let cr = the number of oranges. 

Then 2x'zz Uie number of pears. 

And C) X =z the number of apples* 
By the conditions, 12jc + 6it-f-^"^= ^ 

2Sx=z a 

X =_-= No. of oranges. 

2.=||=" ofpea«. 

6a?=^= « of apples. 
23 ^^ 

Suppose a = 184 cents, then ,»^ of 184 := 8 = the number 
of oranges : 2 X 8 = 16 = the number of pears ; and 6x8 
= 48 = the numl)er of apples. This is easily proved. 8 
oranges, at 5 cents apiece, come to 40 cents ; 16 pears, at 3 
cents apiece, come to 48 cents ; and 48 apples, at 2 cents 
apiece, come to 96 cents ; 

40 4.48^-961=134. 

The learner may be turitnih to know, how it is possible to 
muke tl)e examples in such a manner, that the answer may al- 
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ways come out a whole number when it is wished ; for if the 
numbers were taken at random, there would frequently be frac- 
tions in the result. The method is to solve it first with a letter, 
as has been done in the two preceding examples. If any num- 
ber, which is divisible by 4, be put in the place of a, in the 
first example, the answer will be in whole numbers. And 
if any number, which is divisible &y 23, be put in the place of 
a, in the second example, the answer will be in whole num- 
bers. 

Let the learner now generalize the examples in Art. I., by 
substituting a letter instead of the number ; and aAer the re- 
sult is obtained, put in the numbers again, and see if the an- 
swers agree. Let h'un also try other numbers. 

The examples in Art. II. may be generalized in the same 
manner. 

3. A man being asked his age, answered, that if its half and 
its third were added to it, the sum would be 88. Required 
his age. 

Instead of 88 put a, and let x = the number required. 



11 « 

6 


— a 


IXx 


= 6o 


X 


_6o 
11 



Any number that is divisible by 11, being put in the place 
of a, will give an answer in whole numbers. Let a= 88, then 
j\ of it is 48, agreeing with the answer in Art II. 

In the course of the solution it appears, that a is equal .to V 
of « ; and the result shows, that x is equal to |-*j of a. That 
is, the value of x is found by multiplying a by the firaction V 
inverted. 

4. In an orchard of fruit-trees, ^ of them bear apples, i of 
them cherries, and the remainder, which is a, bear peaches. 
How many trees are there in the orchard ^ 

6* 
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Alge6re^ 


ijci X 


= the whole number of trees. 




Tlicn 


x= "L+^a 
3 4 




12j? — ^*^ j_ ^-^ 4-11 
12 12" "^ 12 "^ 




5x 
12 




bx—\2a 




12a 

X = • 



IX. 



5 

Any number that is divisible by 5, may be put in the place 
of a. if a =l: 15, the answer is 36. 

Proof. ?!! + ^^+15 = 36. 

3 4^ 

5. The 8th example of Art. II. is solved as follows : 
Instead of 100 put a, and let a? = the whole niunber of 
geese. 

Then x + a? + ^ + 2* = o 

Multiplying by 2, 5j?-f6=2a 
By transiK>sition» bx = 2a — 5 

2a — 5 
x= ; or 

5 

_2fl ft __2a - 

^"""5 5""" 6" 

Let = 100. 

5 5. 



or 



= i_>li2!l_ 1=40- 1=39. 



o 



\jei ff =:= 135, and find the answer in the same way. ^ 
The answer will l»e i>3. 
Pn>of. 53 -h '..J 4- 2r4 -f-oj — 135. 

The learner may now jzuneralizc the examples in Art. 11. 
The preccdmg oxun^ples admit of being generalized still 
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more^ but the process would be too difficult for the learner at 
present. The following question admits it more easily. 

G. (Art. III. Exam. 1.) Two men, A and B, hired a pasture 
for $55, and A was to pay $IS more than B. How much did 
each pay f 

This question is, to divide the number 55 into two such 
parts, that oiie may exceed the other by 13. 

* Let u* represent 55 by a, and 13 by 6. The question now 
is to divide the number a, into two such parts, that one may 
exceed the other by the number b : a and 6 being any two 
numbers, of which a is the larger. 
Let X = the less part. 

Then x -\~b = the greater part. 

And X -\'X"\'b = a 

2x + b = a 
By transposition, 2 a? == a — b 

Dividing by 2, x = ±—L = ^Szl 

2 2 2 

When a number, consisting of two or more parts, as a — 6, is 
to be divided, it is evident that all the terms must be divided, 

as — — — . But the fractions — and — • having a common de- 

2 2 2 2®. 

nominator, one numerator may be subtracted from the other 

Hence — — —is the same as^-ZI^. This is easily seen in 
2 2 2 ^ 

numbers. See below, where 55 and 13 are substituted for a 
and b. 

Hence it appears, that <Ae less pari is found by subf ratling ha!f 
ofthz excess of tlu greater above the less from luilfthe nvinbei to be 
divided ; or by taking half the difference between the number to ba 
divided and the excess. 

The greater part is equal to a? + ^ ; hence if i be added to 

— — — it will give the greater part : 

%. 

•WlionftTer the learner. finda any diffi^sulty in cnmprehendintr the nperatioitii 
in Mm goaorfti folutions, let him firat solve the quebJuua with the utuubom. 
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or « + i = iL — 1 + ^. 

or * + J=siL + l = l±i 

^2^22 

TAe greater is found by adding halfiht excess to htilf^, number 
to be divided ; or by taking half the swn of the number to be divided 
and the excess. 

In the above example, 

A'8part = ^ + lior5HMl=34. ' 

*^ 2 2^ 2 

B's part = ^—1?, or 5izil? = 21. 
*^ 2 2 2 

Let the learner generalize this question by making x = the 
greater part. The same results will be obtained. 

This is a general rule, and will apply to all questions like it, 
and should be remembered, for it is frequently useful. 

Let the learner find the answers to the 2d, 3d, and 7th ex- 
amples of Art. IIL by this rule. That is, by putting the niun* 
bers of those examples in the place of a and b in the fonuulas. 

It is easy to see the propriety of the rule. For the formula 
g —6^^55—13 _42^ g^^^g^ ^j^^^ jf ^^ ^j3 ^^^^ p^yg 

Xf M jI* 

more than B, be taken out, the remainder is to be paid in equal 

parts by them. Also the formula 5LL* or ii±ii= —, 

^ 2 2 2 

shows, that if B were to pay j|(13 more, he would pay as much 
as A, and the rent would be paid in equal parts by them. 

7. A father, who has three sons (Art. III. exam. 4), leaves 
them 1^000 crowns. The will specifies, that the eldest shall 
Iiave 2000 crowns more than the second, and that the second 
shall have 1000 crowns more than the third. What is the share 
of each. ^ 

Let a represent the whole number of crowns, b what the 
eldest son's share exceeds that of the second, and c what the 
share of the second son exceeds that of the third. 

This question may be expressed in general terms, thus : To 
divide a given number a, into three such parts, that the great- 
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est may exceed the mean bj a given number &, and tlic mean 
may exceed the least by a given number c 

Let X = the greatest. 

Then x — i = the mean. 

And X — b — c = the least. 

By the conditions, 

a?-|- a? — 6 + X — b — c = a 
Sx — 26 — c = a 
By transposition, 3a7 = a-]-2&-f*^ 

Dividing by 3, x = t + ^^+±. 

9 

Or because the fractions have a common denominator, 

^_ a + 2b + c 
3 
This is the formula for the greatest part. The mean is x — 

6, dr b subtracted from - + — + _, thus : 

3 3 3 

0?— 6=f +?i+l — 6, 
3 3 3 

or OP— 6 = --4- J-- — -— , 

3 3 3 3 

A— ^ *iC— « — b + c 
or 0? — — o = — — —-!-— = : — , 

3 3^3 3 

The least part is <r — b — c, or c, subtracted from 

a b , c . 

3 3"*"3' 

r a b M c 

3 3^3 

]> a b , c 3c 

or X — 6 — c = - — - + - — — I 

3 3^3 T 

, « 4 2c a — b — 2c 

^ * ^ ^""3 3 "3 3 



S8 MgAra. IX. 

Tho greatest part is i±.?i±f. 



The mean do. 



a — b'{-c 

3 
a — 6 — 2c 



The least do. 

3 

The eldest son's share, by the first formula, is 

16000+2x2000+1 000 ^ 7OOO crowns. 
3 

The other shares may be found by the other two formulas. 

Let the learner solve this question by making x equal to the 
less part, and also by making it equal to the mean. 

Exam. 5th, Art. III. may be solved by this formula. Let 
the learner generalize the questions in Art. IIL as far as to 
Exam. 16th. 

The examples in Art. L may be generalized still farther. 

8. A man bought com at 4s.. (a) per bushel, rye at 6s. {b\ 
per bushel, and wheat at 8s. {c\ per bushel : there was an equal 
quantity of each sort. The wnole came to 90s. (dF). How ma- 
ny bushels were there of each ? 

It will readily be perceived that it is impossible actually to 
perform the operations of addition, subtraction, &c. on letters ; 
but it is easy to represent these operations. We however fre- 
quently speak of adding, subtracting, multiplying, and dividing 
algebraic quantities, by which we mean, representing these 
operations. We have seen that to express 3 times a? or 3 times 
a we write 3^, 3 «r, that is, x ox a multiplied by 3. In the same 
manner, if we wish to express a times a?, that is, x multiplied 
by a, we write a x ; and if we wish farther to express that a x 
(that is, a times x) is to be multiplied by ft, we write ab x. 

*Let , x = the number of bushels of each. 

Then ax=. the price of the corn. 
J a? = the price of the rye. 

And CO? = the price of the wheat. 

0« + OJJ + CJ? = rf. 

Here x is taken a times, and h times, and c times, that is, 
(a + 6 +c) times. This may be expressed thus, (o + 6 + c) cr, 

* I^ft the learner perform this example fint by die namben. 
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enclosing the three coefficients connected by their signs in a 
parenthesis. 

This will be plain if we put it in numbers. 

Ax-{'^x-\'QxiA the same as f4 -|- 6 -^ 8) :r, that is, \Sx. 

[a-^-b '\'c)xz:id 
[f we had \%xz=id 

we should divide by 18, .r = 

^ 18 

In the same manner divide by (a + 6 -f" 0» 



X = 



a -f- 6 -}~^ 
Particular Ans. 5 bushels. 

This general formula is expressed in words as follows : Di- 
vide the price of the whole by the price of a bushel of each 
sort added together, and it will give the number of bushels of 
each sort. 

9. A father dying left $25000 (or a) to be divided between 
his wife, son, and daughter ; his son was to have 3 (or 6) times 
as much as the daughter, and the wife 2 (or c) times as much 
as tlie son. What was the share of each. '^ 

Let X = the share of the daughter. 

Then 3 a? or 6 a? = the share of the son. 
And 6 a? or 6 c cr = the share of the wife. 

J? + 3a? + 6 a? = 26000 
X '\-bx "^bcx z::' a 
(1^34-6)a? = 10a? = 25000 
(1 -^-b -\'bc)x=ia 

^^25000^2500 

10 

a 
X = 



1-f 6-f Ac 

In this example observe that x is taken 1 time, and b times, 
and b c times. When a letter is written without a coefficient, 
it is always understood to have 1 for its coefficient ; tlius x is 
the same as 1 a:. 

Having found the share of the da.ughter, it is easy to find the 
thares of the other two. 



4. 
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The son's share is 3 a; = 7500, or J j? = ^ . 

l+b + bc 

The wife's do. is 617 = 16000, or Jca:= -—• 

I4-6 + 6C 

The learner may now generalize some of the examples in 
Art. I. in this maimer. 

10. A gentleman, distributing some money among some 
beggars, found, that in order to give them 8 (or a) cents apiece, 
he should want 5 (or b) cents ; he therefore gave them 7 (or c) 
ceni«, and be had 4 (or d) cents left. How many beggars were 
there ? 

Let X = the number of beggars. 

Then Sx — 5 =7 a? + 4 

or ax— b =cx + d 

8x — 7x= 5 +4 = 9 . 
a X — ex = 6 -|- df 
8— 7)j?= 9 
a — c)x= b '{' d 
• a?= 9 

_b + d 

X • — ■ ■« . 

a — c 

Particular Ans. 9 beggars. 

General Arts. —it—. 

a — c 

11. There is a cistern which is supplied by two pipes ; the 
first will fill it alone in 7 (or a) hours, the second will fill it 
alone in 5 (or b) hours. In what time will it be filled if both 
run together i 

Let J^ the number of hours in which both together will 
fill it. 

The first ^ill fill | or .. of it in one hour, and the second will 

a 

fill I or. of it in one hour ; both together will fill i -)- | or 

^ -f- . of it in one hour. In x hours they will fill x times as 
a o 

much, that is, 



X t X ____ X I X 

7 5 a 6 
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But 0! hours is the whole time, therefore, the cistern being ], 

Clearing of fractions, 

5x-f-7« = 35 hx + ax=iab 
Uniting coefficients, ]2x = 35 (b-^a) x=iab 



a+b 
Partiadar An9. 2f | hours. 

GenaralAns. — — -• 

a+b 

Suppose one pipe would fifl the cistern in 8} hours, and the 
other in 4| hours, and find the answer by the general formula. 

Ans. ^rij hours. 

12. Suppose it were required to make a rale for Fellowship. 
Fir^r tuke a particular case. 

Three men, commencing trade together, furnished money in 
ttie following proportions ; A $S a< often as R $5, and as often 
as C $3. They gained f 800w What is each man's share of 
thQ gain ? 

It is evident that they must receive in the pvoportion of the 
capital that they respectively fiirnished. 



Let 


X = A*8 share of the gainv 


K' 


Then 


^'' = B's share. 

a 




And 


?f = Cs share.* 

8 

x+—+^^ = eoo 






8 ar + 6* + 3* = 6400 


* 




16x=C400 






«= 400 = 


A's share. 



if = 250 = B's shara. 
8 

5f = 150 = Cff thare. 
8 



* B«t Art. n. Extmp. 34 aii4 & 
6 
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Now, instead of 8, 5, and 3, suppose they furnished in the 
proportion of m, n, and p ; and let the whole gain be a. 

Let 9 = A's share of the gain. 

Then — = Wa share. 

m 

And £? = Cs share. 

m 

Then we have 

m m 

(m 4- >» + 1') ^ = ^^^ 

« = = A's share. 

B*8 riiaie is 15, or Ae-1 part of !!L? = A's share. 

m m ifi-f-n-l-jP 

Since a fraction is divided by dividing its numerator, the 

i part of ^!^ , will be fjond by dividing the numerator 

m n+n+p 

m a by m. a multiplied by m is m a, therefore, m a divided by 

flit is a. Hence the . part of ULl is 1 , and 

m'\'n'\-p m + n-f-ji 



the ~ part is n times as much, that is , which is B's 

share. 

Cs share is^, or the JL part of — , which is 

m m fltt-f- n^p 



m-^n^ p 



A's share is H!^ ; B's do. — jandCsdo. 
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Hence lo find the share of either, multiply the whole sum to ht 
divided^ by the praporiian of the stock which he furnished^ and di- 
vide thcprodvct by the sum of their proportions. 

The propriety of this rule is easily seen. For, putting in the 

8 
numbers instead of the letters, A*s share is or A of 

8 + 5 + 3 ^' 

' 5 
$800, B's share is or ^ of it, and Cs share is 

8 -f" 5 "j^S 

^ or rV of it. That is, the sum of all their proper- 

8 -|- -J- o 

tions is 16, and of these A furnished 8 ; B, 5 ; and C, 3. 

13. Let it be required to find what sum, put at interest at a 
given rate, will amount to a given sum in a given time ; tliat 
is, to find a rule, by which the principal may be found, when 
the rate, time, and amount are given* 

First take a particular case. 

A man lent some money for 3 years, interest at 6 per cent, 
and received for interest and principal $472. What was the 
sum lent i 

Let jp = the sum lent 

Then ~iL = the mterest for 1 year. 

100 ' 

And = do. for 3 years. 

100 .. 

18x 
And X 4- — r= the amount for 3 years. 

^100 ' 

Hence we have x + — ^ = 472 

100 

100 x+lS« = 47200 
118 a? = 47200 

X = $400 = Tlie sum lent 

It is a custom established among mathematicians to use the 
first letters of the alphabet for known quantities, and some of 
the last letters for unknown quantities. It is, however, fre- 
quently convenient to choose letters, that are the initials of the 
words for which they stand, whether the quantities be known 
or unknown. 
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To generalize the above example, 

Let p = the principal, or sum lent. . 

r = the xate per annum, Which in Uie above caso 

),. and t = tlie time fcH- which it was lent, 

and a = the amount. 

. Then rp = the interest for one year, 

and trpz=z do. for f years, 

andp •\'irp=z the amount. 
Hence we have p -{-trp^za 

That is, multiply iht rate by the timcj add I to the product^ and 
divide the amount by this, and it will give the pnncipaL 

In the above example the rate is .06, which, multiplied by 3 
(the time), gives .18, and one added to this nfiakes 1.18 ; 472 
aivided by 1.18 gives 400, as before. 

Apply this rule to the following example. 

A man owes $275, due two years and three months hence, 
without interest. What ought he to pay now, supposing money 
to be worth 4J per cent, per annum ? 

N. B. 2 years and 3 months is 2^ years. 

Ans. $249WVrVT- 
See Arithmetic, page 84. 
The learner may now make rules for the following purposes : 

14. The inter-est, time, and rate being given, to iind the prin- 
cipal. 

1 5. The amount, time, and principal being given, to find the 
rate. 

16. Tlie amount, principal, and rate given, to find the time. 

17. A man agreed to carry 20 (or a) earthen vessels to a 
certain place, on this condition ; that for every one delivered 
safe he should receive S (or b) cents, and for every one be 
broke, lie shouM^orfeit 12 (or c) cents ; he received 100 (or ^ 
cents. How many did be break f 
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Let X = the number unbroken. 

Then 20 — x or a — a? = the number broken. 

For every one unbroken he was to receive 8 or 5 cents, these 
will amount to 8 j? or 6 a? ; and for every one broken he was 
to pay back 12 or c cents, these will amount to 240 — 12 cr 
cents, or a c — ex i this must be subtracted from tlie former. 

240 — 12 «, subtracted from 8 x, is 

Sx — 240 + 12 J?, or20x — 240. 
Also ca — ex subtracted from bx^iabx — c a-^ c x'y for the 
quantity ca — c a: is not so large as c a, by the quantity c j?, 
therefore when we subtract c a from b ar, we subtract too much 
by c Xy and in order to obtain a correct result, it is necessary to 
add ex. 

The equation is 

20a? — 240 = 100 or bx + ex — ac = d 

20x=340 " bx + cx = d+ae 

{b'{'c)x = d'\'ac 

«=17 « «=±tfLf. 

b-\'C 
Particular Ans. 17 unbroken, and 3 broken. 

General Am. Unbroken . 

b + c 

Putting numbers into the general answer, 

100+12 X 20 _^^ 

8+12 

The propriety of this answer may be shown as follows : If 
he had broken the whole 20 (or a) he must have paid 12 X 20 
== 240 (or ac) cents ; but instead of paying this, he received 
100 (or d) cents. Now the difference to him between paying 
240 and receiving 100 is evidently 340, (or d + a r) cents. 
The difference for each vessel between paying 12 and receiving 
8 is 20 (or 6 + c) cents ; 340 divided by 20 gives 17, the an- 
swer. 

The above is a good illustration t^( positivew^A negative quan- 
tities, or quantities affected with the signs + and — . The 
sign + is placed before the quantities, which he is to receive, 
and the sign — before his losses. We observed that the dit 
ference between receiving 100 and losing 240 is 340, that it, 
the difference between + 100 and — 240 is 340, or their sum. 
Also the difierence between + d and — aeisd + A^ So the 

6* 
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difference between +■ 8 and — 12 is 20, or between -f- b and 
^ c is i -f- c. 

Hence it follows, that to subtract a quantity which has the sign 
— , Vfe must give it the opposite sign^ that is^ U must be added. 

X. The learner, by this time, must have some idea of the use 
of letters, or general symbols, in algebraic reasoning. It has 
been already observed that, strictly speaking, we cannot actu- 
ally perform the four fundamental operations on these quanti- 
ties, as we do in arithmetic ; yet in expressing these operations, 
it is frequently necessary to perform operations so analogous to 
them, that they may with propriety be called by the same 
names. Most of these have already been explained ; but in 
order to impress them more firmly on the mind of the learner, 
they will be briefly recapitulated, and some others explained 
which could not be introduced before. 

Jiote. Algebraic quantities, which consist of only one term, 
are called simple quantities^ as 4~ ^ ^i — 3 a 6, d^.c. ; quantities 
which consist of two terms are called binomials^ as a -{- &» a — b, 
Bb -j-^Cy &c. ; those which consist of three terms are called 
trinomials ; and in general those which consist of many terms 
are called polynamkals. 

Single Quantiiies. 

' The addition of simple quantities is performed by writing 
the^ afler each other with the sign -f- between them. To ex- 
press that.pi is added to 6, we wirite a-^b. To express that a, 
bf Cy rf, and « are udded together, we write o + i + c + rf + tf. 
It> is evidently unimportant which term is written first, for 
3 ^ 5 ^4. 8 is the sane as5+3 + 8, oras8-f5-i-3. So 
m -{-b -{-c has the same value aab -j-a -^c* 

It has been remarked (Art. I.) that x -j- x -^ x may be writ- 
ten 3 X. This is multiplication ; and it arises, as was observed 
in Arithmetic^ Art. III., from the successive addition of the 
same quantity. 3 x, it appears, signifies 3 times the quantity 
a?, that is, X multiplied by 3. SoA-f-a + ^ + i + i niay be 
written 5 6. In the same manner, if a? is to be repeated, any 
number of times, for instance as many times as there are units 
in a% we write ax^ which signifies a times x, or or multiplied 
by a. 
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N. B. Ther learner should constantly bear in mind that the 
letters, a, 6, c, &c. may be used to represent any known num- 
ber ; or they may be used indefinitely, and any number may 
afterwards be substituted in their place. 

Again, ab +ab + ab may be written 3 a &, that is, 3 times 
t])c product a b ; also c times the product a b may be written c a b. 

It may be remarked that a times b is the same as b times 
a ; for a times 1 is a^ and a times b must be b times as much, 
that is, b times a. Hence the product of ff and b may be writ- 
ten either ab or ba. In the same manner it may be shown that 
the product c a 6 is the same as a 6 c. Suppose a == 3, 6 = 5, 
and c = 2, then abc = 3x 5x2, and caA=2x3x5, In 
fact it has been shown, in Arith. Art. IV., that when a product 
is to consist of several factors, it is not important in what order 
those factors are multiplied togethei;. The product of a, 6, c, 
rf, c, and/, is written abcdef. They may be written in any 
other orcler, as a cd bef^ or fbtdca, but it is generally more 
convenient to write them in the order they stand in the al* 
pi. abet. 

Let it be required to multiply 3 a 6 by 2 c d. The product is 
6ab cd; {or d times Sab ia 3 abdj but c d times Sab'isc times 
as much, or 3 abc d^ and 2 c d times Sab must be twice as 
much us the latter, that is, 6 a & c//. 

llisnce^ the product of any iu}o or more simple quantUuj must 
consist if all the letters of com quantity^ and tite product of the corf- 
ficients of the quantities. 

N. B. Though the product of literal quantities is expressed 
by writing them together without the sign of multipUcat»on, 
the same cannot be done with figures, because their value de- 
pends upon the place in which they stand. Sab multiplied by 
2cdj for instance, cannot be written S2 abed. If it is requir- 
ed to express the multiplication of tlie figures as well as of the 
letters, they must be written 3 a 6 2i/^, or 3 X 2 abed, or S.2ab 
c d. That is, the figures must either be separated by the let- 
ters or by the sign of multiplication. 

ErampUs in Multiplication. 

1. Multiply Sab by 4 erf/. Ans. 12 abcdj 

2. bbcd by abc. Ans. bablccd. 

3. ^^gh by 8. 

4. 13ac by laacd. 
5 Soabc by ISabbf^. 
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6. Multiply 138 by bacd. 

7. 25a; by Wahx. 

8. ^ayy by \2xxy. 

It frequently happens, as in some of the above examples, that 
a quantity is multiplied several times by itself, or enters several 
times as a factor into a product ; as 3 a a a & 6, into which a en- 
ters three times and h twice as a factor. In cases like this the 
expression may be very much abridged by writing it thus, 3 a' 
i*. That is, by placing a figure a little above the letter, and 
a little to the right of it, to show how many times that letter is 
a factor in the product. The figure 3 over the a shows, that a 
enters three times as a factor ; and the 2 over the 6, that b en- 
ters twice as a fiictor, and the expression is to be understood 
the same zs^aaabh. The figure written over the letter in 
this manner is called the index or exponent of that letter. The 
exponent affects no letter except the one over which it is 
written. 

Care must bfe taken not to confound exponents with coeffi- 
cients. The quantities 3 a and a' have very different values 
Suppose a = 4. tiien 3 a = 12; whereas a* = 4x4x4rx64 
In the prodttct 3a' 6* suppose a = 4 and & = 5, then 
3 »» 6« = 3 X 4 X 4 X 4 X 5 X 5 = 4800. 
The expression a' is called the second poufer of a, a* is called 
the third potoer^ a* the fourth power ^ &c. To preserve a uni- 
formity, /7, without an exponent, is considered the same as a\ 
which is called tlie first power of a.* 

Figures as well as letters may have exponents. 
The first power of 3 is written 

3* = 3 
the second power 3* = 3 X 3 = 9 

the lliird power 3' = 3x3x3 = 27 

the fourth power 3^ = 3x3x3x3 = 81 

the fijfth power 3* = 3x3x3x3x3 = 243. 

The multiplication of quantities in which some of the factors 
v.re above the first power, is performed in the same manner as 
in other cases, by writing the letters of both quantities together, 

* In most treatises on algebra a^ is calted the sqvare of a, and a^ the nc&s 
of a. The terms square and cube were borrowed from geometry, but as they 
are not only inappropriate, but convey ideas very foreign to the present sub- 
ject, it lias bden thought best to discard them entirely. 



v» 
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taking care to give them their proper exponents. 2nm X 
Sc* d* is the same as 2amm X Sccdd, which gives 

6ammccdd = 6am* ^ (Pm 
a' multiplied by «' gives a' a* ; but a^ =:aaa and a* =. «r a ; 
hence a* cr = aaaaa =za^. In all cases the product con- 
sists of all the factors of the multiplicand and multiplier. In 
the last example a is three times a factor in the one quantity, 
and twice in the other ; hence it ^ill be five times a factor in • 
the product. The exponents show how many times a letter is 
a factor in any quantity ; kence if any letter is contained as nfac-^ 
tor one or more limes in both multiplier and multiplicand^ the expO' 
nents bdng added together vnll give the exponent of thai letter m 
the product. 

a X a = a* X o* = a'-*-* = a*, a^ X a^ ^ a*+-* = a\ 

a*Xc?=i a'+-' = a*, &c. 

9. Multiply a^V by ah\ Jlns. a' b\ 

10. ab*c by a*b(?. 

11. daUiP by ab'c\ 

12. ti^c" by a'b*c. 

13. 7a*ai^y by 5a*bcx*y*. 

14. llVSe hy ' Abbcdee. \ 

15. ^2 if of by 2aabxx. 

16. ISaayy by 6a*yyx, 

It has already been remarked that the addition of two or 
more quantities is performed by writing the quantities after 
each other with the sign -|- between them. The sum of 3 a &, 
2acd^ 5a*b^4ab, and 3a*i, is3a6 4-2aci/-|-5a'6-)-4a6 
-|- 3 a' &. But a rediiction may be made in this expression, for 
Sab -{- 4 ab is the same as 7 a 6 ; and 50*6 -<|- 3 a* 6 is the same 
as 8 a' 6 ; hence the expression becomes 

7ab + 2acd + 8a'L 

Reductions of this kind may always be made when two or 
more of the terms are similar. When two or more terms are 
composed of the same letters, the letters being severally of the 
same powers, they are said to be similar. The numerical' co- 
efficients are not regarded. The quantities 4ab and Sab are 
similar, and so are 5 a' 6 and 2a*b ; but 4 a baskd 5 a* & are not 
similar quantities, and cannot be united. 

The subtraction of algebraic quantities is performed by 
writing those, which are to be subtracted, after those from 
which they are to be taken, with the sign — between them. 
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Ifb is to be subtracted from a it is written a— &. 5 a &* to be 
subtracted from 8 a &*, is written 8 a 6* — 5 a i*. This last ex- 
pression may be reduced to Sab** In all cases when the 
quantities are similar j the subtraction may be performed imme- 
diately upon the coefficients. 

Compound Quantities. 

XI. The addition and subtraction of simple quantities, pro- 
duce quantities consisting of two or more terms which are 
called compound qtumtities* 2a'\- c d — 3iis a compound 
quantity. 

Addition of Compouihd Quantities, 

The addition of two or more compound quantities, when all 
the terms are affected with the sign -|- will evidently be the 
same, as if it were required to add together all the simple quan- 
tities of which they are composed ; that is, they must be writ- 
ten one after the other with the sign -|- before all the terms ex- 
cept the first. The sum of the quantities 3 a -^ 2 c and 6 -^ 2 of 
is3a + 2c + i+2rf. 

If the quantities Sab -|- 5 d and b — c be added, in which 
some of the terms have the sign — , the sum will be 3 a 6 -J- ^ ^ 
-|- 6 — c ; for 6 — c is less than 6, therefore, if i be added the 
sum will be too large by tlie quantity c. Hence c must be sub- 
tracted from the result. 

This may be illustrated by figures. Add together 17 -|- 10 
and 20 — 6. Now 20 — 6 is 14 
and 17 + 10 + 20 — 6 is equal to 17 + 10 + 14. 

From the above observations we derive the following rule for 
the addition of compound quantities. 

Write the quantities after each other without charing their signs^ 
observing that terms which have no sign before them are understood 
to have the sign '\' . 

A sign afiects no term except the one immediately before 
which it is placed ; hence it is unimportant in what order the 
terms are written, for 14 — 5 + 2 has the same value as 14 -f- 
2 — 5 or as — 5-|-2-|- 14. Those which have the sign + 
are to be added together, and those which have the sign — are 
to be subtracted from their sum. If tba first term has the sign 
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-{-, the sign may be omitted before this tenn, but the sign — 
must always be expressed. Great care is requisite in the use 
of the si^ns, for an error in the sign makes an error in the re- 
sult of twice the quantity before which it is written. 

Add together 3a + 2bc* — 3c* 
and 5 a — Sbc* +2c* 

and lab + ^btf—Sc^ 

and — a +3c* — 26c*. 

The sum is 

3 a -f 2 6 c* — 3 c* + 5 a — 3ft c* + 2 c* + 7 aA 
-|.4 6c« — 8 c* — a + 3c* — 2ftc». 
But this expression may be reduced. 

3 a -(- 5« — o .= 8 a — a = 7 a, 
and 

2ftc* — 3ftc« + 4ftc* — 26c*=:6ftc* — 6ftc* = ftc» 
and 

' — 3c*+2c* — 8c*-f 3c*=— llc* + 6c* = — 6c*5 

hence the above quantity becomes 

7a + ftc* + 7aft — 6c*. 

To reduce an algebraic expression to the least number of 
terms, collect togetlwr aU the similar terms affected with the sign -f- 
and also those affected with the sign — ^ and add the coefficients of 
each separatdy ; take the difference of the two sums and put it mto 
the general result^ giving it the ifign of the larger quantity. ' 

Examples in Addition. 

1. Add together the following quantities. 

6a6 — 2o*m 
and 3a6 — 5ai»-f-2am« 

2. Add together the following quantitieff. 

13an* — 6m + a^f 
and 7ftm — 2a^ — 8y, 

and 4an*+baa^ — 4y. 
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3^ Add together the following q^jantilies. 

1 mab — 16 — 43niy, 
and 19aci — 13 ami 4"37may-|-48y. 

and lAmy — 19may + n6 — na?, 

and 4 nor — 3 6n -f- 23 Amy — nft* 

4. Add together the following quantities. 

xy — <»a? — ay + aa?y, 
and — 2a:y — 2oy-f-3aa?+ 16, 

and ISarx — 73 + 13aa7y — am, 

and — Ibaxy — 13 am + 43 + 18arx, 

and arx — 18 +ay — 2aa?y + 3 am 

5. Add together the following quantities. 

13aa! — 2hx — 1^ 
and 156ar — 176a:y+l6, 

and Alacd — ar, 

and 37 — 6x — 2 a +435 yap, 

and acd + 6yar — 13 a, 

Subtraction of Compound Quantities. 

XII. The subtraction of simple quantities, as has already 
been observed, is performed by giving the sign — to the quan* 
tity to be subtracted, and writing it before or after the quan* 
tity, from which it is to be taken. If it is required to subtract 
5 + d from a + 6 it is plain that the result will be a + 6 — c 
— dj for the compound quantity c + {J is made up of the sim- 
ple quantities c and d, which being subtracted separately would 
give the above result. 

From 22 subtract 13 — 7. 

13 — 7 — 6, 

and 22 — 6 r= 16. 

The result tlien must be 16. But to perform the operation 
on the numbers as they stand, first subtract 13, which gives 
22 — 13 = 9. This is too small by 7 because the number 13 
is larger by 7 than the number to be subtracted, therefore in 
order to obtain a correct result the 7 must be added ; thus 23 
— 13 + 7 == 16. as required. 
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From a subtract b — c. 

First subtract by which gives a 9-^ & 

This quantity is too small by c because 6 is larger thaii ^-^e 
by the quantity c. Hence to obtain a correct result r must bo 
added, thus a — 6 -{- c. 

This reasoning will apply to all cases, for the terms affected 
with the si^ — in the quantity to be subtracted diminish that 
quantity ; hence if all the terms affected with -^ be subtract- 
ed, the result will be too small by the quantities affected with 
— y these quantities must therefore be added. The reductions 
may bo made in the result, in the same manner as in addition. 
Hence the general 

Rule. Change aU the signs in the numler to be subtracted ^ the 
sisms -f- to — , and the signs — to +, and then proceed as in ml- 
dition. 

Examples in Subtraction* 

1* From a*x + 3by — bac^ — IG 
Subtract 3a*j? + fty— 2ac'— 22 

Operation* 

a*x + 3by — 5ac' — 16 
_3a«x— 6y4- 2 ac»4- 22 



— 2a*x + 2by — 3ac* + 6 

2. From ' 3 5 a?* — 7ar*+13 
Subtract 136 c — 3 ax" — 8. 

Ans. 36x* — I36c— 4««»+2l. 

3. From I7a*y+ I3<iy* — a — 3 
Subtract 2a»y— 6— II11 + 6. 

4* From 42axy — iax 

Subtract 17 ax — 2rtTy — 6 

§. From 143— 17 y 

Subtract 33 + 4 y — 16 a 6. 

7 
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6. From 


a-|- Safte— -1 


Subtract 


1 +3o&c — «• 


7. From 


3a&;2; + 2ai — 1^ 



xm. 



Subtract 2a& — Iz — 2abz.. 

MiitiiplicaHan of Cornp<nmd ^uafUttie$, 

Xni. Multiplication of compound quantities is sometimes 
expressed without being performed. To expres s that a -f- 6 is 
to le multiplied by c — d, it may be written « -|- A x c—d 
with a vinculuM over each quantity, and the sisn of multiplica- 
tion between them ; or they may be each enclosed in a paren- 
thesis and written together, with or without the sign of multi- 
plication ; thus (a + 6) X {c — d)or {a + 6J (e — d). In the' 
ez[Mt!8sion a + b (c — a)fb only is to be multi[med by c — d. 

Multiply a -{-bhy e. 

It is evident that the whole product must consist of the pro- i 
duct of each of thh parts by e. 

a+b 30-f-4 =24 

c 3 3 



ac + be 60+12 = 72 

Examples. 

1. Multiply 3ai -I- 2 c rf by e/. 

Am. 3abef + 2ede/. 

2. Multiply ^ac + bc + ^edhj2e. 

Am. 10ace-{-25ce-|-6cJe. 
3i Multiply 6a*6+6Vby3a6'. 

4. Multiply fcc«if + 52a«6»'-t.l36VJ 

by 7a'6'c. 

5. MuUiply 2abd + Sabjf + aba^' 

by 3 a & o:^. 

6. Multiply aa:' + 3a5a;* by 13a 6* «• 

When seme of the terms of the multiplicand have the sign 
- they roust retain the same sign in tlie product. 
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7. 8. Multiply a — ibyc, alsM>23 — 5 by 4. ' 

a — b 23 — 6 =18 

c 4 4 



ac — be. 92 — 20 = 72. 

Since the quantity a — ft is smaller tlian a by tlie quantity 
bj the product a c will be too large by the quantity b c. This 
quantity must therefore be subtracted from a e. 

9. Multiply Sab* — c 

10. « 2ad + bd — 3c 

11. " 3bed—ef—2ac 

12. " 2a»*«— 6o«+6* 

13. " I7aed^l+5a^s—ab*x 

hf a*cd. 

When both multiplicand and multiplier consist of several 
terms, each term of the multiplicand must be multiplied by 
each term of the multiplier. 

14. Multiply 12 + 5 by 7 + 4. 

12 + 5 = 17 
7+4=11 



by 


Ud. 


by 


6 ab. 


by 


5 ae. 


by 


4a'b*. 



84 + 35 
+ 48 + 20 

84 + 35 + 48 + 20 = 187 

15. Multiply + & by c + cf. 

a + £ 

c + d 



ac + ic + arf + Jrf. 



It is evident that if a + i be taken c times and then d times, 
and the products added together, the result will be c + J times 
a + b. 
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IG. Multiply ax — 3ay-f xy by Say + ox. 

ax — 3rty + xy 
3ny -|- <i ^ 

Oo'xy — 9rt*y' + 3axy* 
fl* X* — 3 a* X y + a X* y 

a*x* — 9tf*y* + 3ayx* + ax*y, 

In adding these two products, the quantity 3 a* xyccciirs 
twice, with different signs ; they therefore destroy each other 
and do not appear in the result. 

17. Multiply bad-^^acd — 5a'c 

by 2a^e+2ad. 

18. Multiply 13a*ry— 2aA3'-f 3cy* 

by 5cy^+7a6y*+3. 

ID. Multiply llac» + 3a*c — 4a' 

by 2a*c + a(* 

20. Multiply a*—2ac + f^ by a f c 

21. " 2a —2b* by 2««+26' 

22. « 3/» + 2c . by 2a — 3*. 

3i+2c 
2a — 3i 



Gab -|- 4ac 
_94«_66c 



6ai -f- 4 ac — 9 b*- — 6 4c. 

If 3 & -f- 2 c be multiplied by 2 a only, the product will be 
too large by 3 A times 3 6 + 2 c ; hence this quantity must 
be multiplied by 3 b^ and the product subtracted from C a 6 -(- 
4flc. 

This result may be proved by multiplying the multiplier 
by the multiplicand, for the product must be the same in both 
cases. 

23. Multiply 2ad + 3bc + 2 by 4ai — 2c. 
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34. Multiply 0ifb + 2a6' by 2tt«i— A'— 1. 



25. « 19 — 
19 — 5 
9 — 4 


5 


by 9 — 4. 
= 14 
= 5 


171—45 
-70+20 


70. 


171—45 — 76 


+ 20 = 


= 191-121=70. 


36. Multiply a — b 

a- 
c- 


by 
— b 


e — rf. 



«rc — &c 
— ad -\-bd 



ae-'^bc — arf + 6rf. 

This opemtion is stffficient!v manifest in the figures. In the 
letters, 1 first multiply a — 6 by f , which gives n c — ft c ; but 
the multiplier is not so large as c by the quantity </, therefore 
the product ac — 6 c is too large by d time^ a — b\ tliis tlien 
must he multiplied by d and the product subtracted, a — & 
multiplied by d gives ad — bd\ and this subtracted from 
ac — be gives ac — be — -arf+6rf. Hence it appears ttial 
if two tenns having the sign — be multiplied together, tlie pro- 
duct must have the sign +• 

From the preceding examples and observations, we de- 
rive the following general rule for multiply ing compound quan- 
tities. 

1. Mtdtipty all (he terms of the muUiplicand ly each term of the' 
mvltiplkr^ observing the same rules for (he coefficients and letters as 
in simple quantities. 

2. With respect to the signs observe, 

I St, That if both the terms which ar6 nndtiplied ttfgether^ hapB 
the sign +, fM sign of the product must be +. 

2d, If one term be affected with +, and the tfiher with -^^ lli 
product must luive the sign — • 

7* 



78 Mgebra^ XIII. 

3cl, Tfhoih term be afferied with tlic sign — , the product mmt 
luitf-. tht stgn -}-• 

Or in inori; i^eQcrnl terms, If both terms have the same sign^ 
tohxtlwr -}- or — , the prodmi must, hare, the sisrn +, and if they 
have different signs, the itroJuct must have the sign — . 

27. Multijily Sn^b — 2rtc + 5 

bj Tab — 2ac — \. ^ 

Q\a*b*—\4a^oc 4-35aA 
_G(f»/ir + 4rt*c*— lOac 
— Sa*b + 2ac — 5. 



Protlucl 

21 a'Z»*— I4a*6c + 35fl^» — 6a'6c+4a»*:'— 8ar— 3a*ft— 5. 

28. Multiply 7 m + 5 » by 4 m — 3 ii. 

29. " fl' + ffy — y* i>y « — y- 

30. « «' -fnx-f-a?* by n — x. 

31. u a* ^ab-i- b* by a' — ab + 6». 

32. ** 2ar* — 3xy + 4y» 

by 5« — 6j:y — 2y*. 

33. « 3fi*c— 6fl6* + 2c' 

by 2«r'c — 4 a*c* — lac\ 

34. « 2a*^rr«x + 2 by 3a — x — 2. 

35. « 7a*6 + 2// — 1 by 3a* — 24«— 1. 

It is generally much easier to trace the effect produced by 
ctich of several quantilies in formin«r the result, when the ope- 
rations are perfonned upon letters, than when performed ufxm 
figuns. The following are reinarkalde instances of this. They 
ought to be remembered by the learner, as frequent use is 
maic of them in all analytical operations. 

Let a and b represent any two numbers ; /r + i will be theif 
sum and a — b their difference. 
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Multiply a -|- 6 by « — & 

a — b 



a^ + ab 
— ab — V 

a* — b\ 

That is, ^ihe sum and the difffrenne if two nvmhtrs be mtdtipU^ 
td toget'ier, ike product will be t!ie difference of the second power$ 
of these two numbers, 

Particvlxr Example. 

Let « = 12 and A = 7. 

/I -}- 6 = 19, and a — 6 = 5, 
fl«= 144,// ^49. 
(f -T f^) X {fi — b) =-19 X .'> = 05, 
nnd a* — b*= 1 ;4 — 49 ^ 95, 

JAuli'plj a + b l»y « + i. 



r;' -j- fl b 



«* -f 2 /I 4 + 0*. 

That is, <Ac product of the sum of two nvmhtrs. by itself or t/ie 
second power of the sum of two numbers^ m eq^inl to ihf sf m of the 
second powers of the tioo nundfers^ added to twice the product <f the 
two numbers. 

Multiply a — b by a — b. > 

The answer is a* — 2 ri A -|- 'A which is tlic same as the Idst^ 
except the sign before 2 a b. 

Multiply a^'\'2ab -{-b* by a + &, that is, £nd the tliiid 
power ofa-^-b. 

Ans. «' + 3fl*A + 3flt» + i». 
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Tliis 18 CTprcMed in words thus : Oie third power cf ihe firsts 
plus three iimts the seA^nd power of the first into the second^ plus 
thrtr timra ihefirnt into the second power of the second^ plia the third 
power of the second. 

Multiply a* — 2ai + 6* by a — *• - 

Ansi a' — 3fl«ft-|-3ay— ft*. 

Which is the same as the last, except the signs before the se- 
cond and hist terms. 

InsUmces of the use of the above formulas will firequenfly 
occur ill tliis treatise. 

JXvition of Algebraic Quantities. 

XTV. The division of algebraic quantities will be easily per- 
formeil, if we bear in mind that it is the reverse of multiplica- 
tion, and that the divisor and quotient multiplied together must 
reproduce the dividend. 

The quotient of a 6 divided by a is b, for a and b multiplied 
together produce ah.' So ab divided by b gives a for a quo- 
tient, for the same reason. 

if 6 a 6 c be divided by 2 a, the quotient is 3 be. 

If by 2 6, the quotient is 3 a e. 

If by 2 c, the quotient is 3 a 6. 

If by 3 bj the quotient is 2 a c. 

If by 3 a 6, the quotient is 2 c. 

If by G a the quotient is b c. 

For in all these instances the quotient multiplied by the di- 
Ti:iur| i>7uduces tlie dividend 6 abc. 

Examples. 

1. How many times is 2 d contained in 6 a ft cf 
jfns. Sbc times, because 36c times 2 a is 6 abe. 

2. If o a b c be divided into 2 a parts^ what is one of (he 
parts ? 

Ams. 3 & c^ because 2 a times QbciaO^abe* 
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Hence we derive the foIlowin;| 

Rule. Divide the coefficient of the dividend Inf the coefficient cf 
the divisor f and strike out the letters of tlie divisor from the divi" 
dend. 

16 a 6 c 

12 a ft c 

20 rt ft c 

IS abed 

22 a be 

Had 

4a» 

Observe that 4 a' is the same xxaA aaa and a' is the samo 
as a.a ; 4 a aa divided by a a gives 4 a for the quotient. 

ft was observed in multiplication, that when the same letter 
enters into both multiplier and multiplicand, the muhipiication 
is performed by adding the exponents, thus a' multiplied by a* 
is a^^ ■!=. a*. In similar cases, dinision is performed by subtract^ 
ing the exponent of die divisor from that of the dividend, a* divid- 
ed by a* is a* ""*= a*. 



3. 


Divide 


4. 


ti 


5. 


C( 


6. 


u 


7. 


<c 


8. 


u 


D. 


u 



by 


4. 


by 


3 a. 


by 


10 Ac. 


by 


C(((/. 


by 


ab. 


by 


ad. 


by 


a\ 



10. Divide 


6a»t'c 


by 


Sfffc*. 


* 






Jlns. 2 a be. 


11. « 


85 6*«P 


by 


bd. 


12. •* 


IG.i'c' 


by 


4aV. 


13. « 


18j:»y» 


by 


Cy*. 


14. « 


A»t^3?m 


by 


ICo'xm. 


15. « 


12ai*m* 


by 


12 a r*. 


16. " 


GOp'i/' 


by 


60. 


17. « 


13 a p* 


by 


ajf. 


18. « 


I20at*f 


by 


rf- 



The division of som^ compound quantities is as easy as that 
of simple quantities. ^ 

If a -f- ft 4- c be multiplied by d the product is 
d(a + ft + c)orfli/ + fti/ + ci/. 
Therefore xiad-^-bd^cdX^ divided by cf, the quotient is 

I! + ft -}- C. 
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Ifad + bJ + cdbe divided by a + 6 -f- c, the quotient is d. 

When a compound quantity is to be divided, let the quan- 
tity, if possible, be so arranged that the divisor may appear as 
one of the factors, and then that factor being struck out, the 
other factor will be the quotient. 

19. Divide 12 a* 6 — 9ac by 3 a. 

12a* i — 9a c = 3a (4a 6 — 3c)' 

Ans. 4a b — 3c. 

Observe that a is a factor of both terms, and also 3. Hence 
the quantity 12 a* 6 — 9 a c, can be resolved into factors ; thus 
3 (4 rt« o» — 3 n c), or « (12 a 6 — 9 c), or 3 a (4 a i — 3 c). In 
the last form the divisor 3 a appears as one factor, and the other 
factor 4 ab — 3 c is the quotient. 

JWile. Any simple quantity, which is a factor of all the teima 
of any com|>ound quantity, is a factor of the whole quantity ; 
Qtid that factor being taken out of all the terms, the terms as 
they then stand, taken together, will form the other factor. 

20 Divide 8 a'i"— t6a'*«c by 2a6 — 4a'c. 
8a*A'— 16a'4*c=±4ai'(2a6— 4a*c.) 

Am. 4al\ 

21. Divide 3a6c— 15ai*d+ 9a'6d' by 3a 6. 

22. Divide 1 5 a* 6 c — 30 a* c* + 25 a» c rf 

by 6 a* c. 

23. Divide 36 a'' Vc—28 a" 6* c' + 40 a* ft* c» 

by 9 a* —7 a* b*c+ 10a* 6* c*. 

24. Divide 42 a' — 84 a''b*c by 1 — 2 a» b* c 

Algebraic FractUms. 

XV. When the dividend does not contain the same letters 
as the divisor, or but part of those of the divisor, the division 
cannot be performed in this way. It can then only be express- 
ed. The usual way of expressing division, as has already 
been explained, is by writing the divisor under the dividend in 

the form of a fraction. Thus a divided by ft is expreissed — 

o 
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This gives rise to fractions in the same manner as in arithme- 
tic It was shown in arithmetic, tliat a fraction properly ex- 
Kresses a quotient. Algebraic fractions are subject to precise- 
/ the same rules as fractions in arithmetic. Many of the ope- 
rations are more easily performed on algebraic fractions. 

In these, as in arithmetic, it must be kept in mind, that the 
denominator shows into how many parts a unit is divided ; and 
the numerator shows how many of those parts are used ; or tlie 
denominator shows into how many parts tlie numerator is di- 
vided. 

I shall here briefly recapitulate the rules for the operations 
on fractions, referring the learner to the Aritimietic fur a more 
full developement of their principles. 

2 times A = A. 
11 11 

2times? = ?f. 
6 b 

c times ~ = _.• 

I of 7 is V J fo>* i of 7 is j, and | is 3 times as much, -f of 
a is ^^ ; for 4 of a is ^, and f is 2 times as nmch. The * part 

ofc is^ ; for y of c is ~, and j is a times as much. 

Hence, to multiply a Jraction by a whole number ^ or a whole 
number by a fraction, mmtiply the numerator of the fraction and the 
whole number together , ana divide by the denominator. 

Jirith. Articles KV.& XXL 

Examples, 

1. Multiply fL±i by 2. Ans. ll±lL 

c c 

i. Multiply l^±^ by ftrf. 

ac 
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3. Multiply 


3Ar — 2/1 
5a — 16 c 


by 


4b\ 






Jlns. 


I2b*e—Sab* 
ba—\6c 


4. Multiply 


2rtb — he 
Sub 


by 


6ac + 3c», 


5. Multiply 


5 lie — 2 m* 
J3ar 


by 

* 


&ab — 3 n. 


0. Multiplv 


iGaJC* — 36j? 


by 


2m — 3a: 



XVI 



Division cf Fra/Uians. 



An 



2. Div'Jo 



3. Divide 



ividc 


4a 
7 


by 


2, or find } of 

Ans ^. 
7 




c 


• 


a, or find ~ of 

a 


oh 


t 




A718. *. 


c 




. 


c 






by 


3 ff , or find of 

3a 


6/1*6 


V 




Ans. 2«6. 
ed 



i. Divide 7 by 2, or find J of y . 

6 6 

This cannot be done like the others, but it may be done by 
multiplying the denominator as in Arith. Art. XVII. For the 

fraction \ denotes, that one is divided into as many equal parts 

as there are units in &, and that as many of these parts are used 
as there are units in a ; or that a is divided into as many equal 
parts as there are units in b ; hence if it be divided into twice 
as many parts, the parts will be only one half as large, and the 
Craction will have only one half the value. 
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Hence r divided by 2, is -^ 

So ~ divided hy (/, \a — • 
c cd 

b. Divide — ^ by 4 rf. Ana. —^. 
Ucd ' Bed* 

IIc:.cc, to divide a fraction by a whole number, divide the fii»- 
mftrrrtor ; or when t/utt cannot be done^ multij^ly the denominaior ajf 
the divlwr. 

6. Divide 54* by 3 a. 

« 

7. Divide \llL^ by lab. 

cd ^ 

8. Divide ^IlK by 2a*c. 

3 dm ' 

9. Divide ^— by V. 

bac 

10. Dividj VLL by 3. 

a 

11. Divide tJLL by 6. 

12. Divide ^^'lA by 2i». 

r/i II r 

13. Divide lllLj by 3c«A 



14. Divide I'J!!!. by Stfeh. 

15. Divide ^LlTLpi by Sail. 



5rcr» 


27 ii»r 


7 rt f* J 


3^ — 2& 


2r>c 


7 ^ m — 1 3 ft ff 


i2iM/— 3i* 


l2/?rf/ 



16. Divide • " "^ . -!r-7T^ by 3a&. 



17. Divide — IrJlL.'L— by 7 in*. 

5 M ;< — M IV 



8 
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XYII. 


18. Divide 


17e — 3i* 

2 «* « — 7 »' 


by 


4a*-l-3ii. 


X 


19. Divide 


37rtrf 
40+ 3a; 


by 


4& — 3t. 




SO. Divide 


2a — d 


. bv 


laA-Aed 


— 1 ' 



3o — 4crf-f- 1 

21. What is } of . ? i of .. is _. an<I I ^ twice as.nucli 

that is, ^J?. 

22. What is the ?. partof f ? j^ of f is l..and ? is a 

6 d 6 d ba 6 

times as much, that is, ^. 

6c{ 

That is. 4- X 4- = «4 
a o bd 

Hence, to mtdtiply one fraction by another^ muUipty the nume^ 
raiors together for a new numerator^ and the denofminators together 
for a new denonunaior. ArkL Art. XVIL' 

23. Multiply ?J? by i.. w«n5. ?" * 



^c 2ni Gent 

24. Multiply Ifi by 



3aJ i^_ offw 



6c* li 

25. Multiply li^ by ^JL£. 

^^ 136ry ^ 26^ 

26. What is ?iL*J!! of t*/? 

5ccf 3ift(/ 

27. IVhat Is ^JLi of ZiJl ? 

9aa?* \6nx 

23. Multiply -4-— ^y 2 a c — 6 c 



36+c • 5ci6 

29. Multiply 2am*^2ifm ^^ 6 o m' 



— • 



4ac + 2c 2a?/i — 5 c 
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30. Multiply J±l±Lhy ^JLz:±^. 

* ^ 5dc—2d* ^ bac — 2ad 

31. Multiplr 2g-m + 3m» ^ \Zac 

* ^ 7am' ^ 17am* — c + 6 

We have seen that a fraction may be divided by multiplying 
its denominator, because the parts are made smaller ; on the 
(fontrary, a fraction may be multiplied by dividing its denomi- 
lator, because the parts are made hirger. Arith. Art. XVIII. 
If the denominator be divided by 2, the unit is divided into 
only one half as many parts ; consequently the parts must be 
twice as large as before. If the denominator be divided by 5, 
the unit is divided into only one fiflh as many parts ; hence the 
parts nmst be five times as large &s before, and if the same num- 
ber of parts be used as at first, the value of the fraction will be 
five times as great » and so on. 

32. Multiply t? by 6. .ins. £?. 



33. Multiply JL by i. 



If we divide the denominator by b, the fraction becomes 

#1 . . .1 

— , in which if i$ divided into — part as many parts ; hence 

c o 

the parts, and cunsequiHitly the fraction is b times as large as 

before. 



3(1 



%rT 


»«uii.ii#i r 


Hbc 


35. 


Multiply 


I7ab 
32 6" d 


3G. 


Multiply 


16 

42 a* m^ 


37. 


Multiply 


ab 
25 M* s 


38. 


Multiply 


3 



by 2 c. 

by 8c*rf. 

by 7 a m*. 

l>7 5mx. 

hj 5. 
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39. Multiply 




'^ by ab. 
Sab ^ i 


40. Multiply 




3 ^' C . 4 ;. 


4a^*— 4(*c 


41. Multiply 






42. Multiply 

43. Multiply ? 
Dividing tlie dcpoj 


23ot— 13 


3 j //I* cd — 7 w* c + 4-; .v*' a c' 
by 7 w* c. 

by 5. 

[ninator Uy 5 it becomes f, or 3. 


Multiply 


a 
6 


by 6. 



Dividing die denominator by b it becomes _., or u» 

44. Multiply ?^, bv 5bd. Jlns.lHI-Sac 
^^ bod ' 1 

In fiict -— multiplied by t is -— = 1, and H. being a timc9 
6 b b 

as much as ._, must give a product a times as large, or a 

b 

times I, wliicJi is a. 

Hence, if a fraction he multiplied by its denominator^ the pro* 
duct wUl be the numerator, 

by 5 6rf. 

by Sic. 

by 4 6 Iff*, 

by bdn*x* 



45. Multiply 


lacm 
EZ'd 


46. Multiply 


25 
36c 


47. Multiply 


18r 
4 bm* 


48. Multiply 


12 mY 
1 ,f.i:. 
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40. Maltiply il^.?*— i!!: by 17 a*. 

50. Mu!lii.ly. il'^^-t-^-Zif by lOai— 2e. 

' ' mill,— 2c 

51. Multiply il^'i^-^izil hyax'-Sifm+b 

ax — otr m -j- u 

m 

' Two wnys linve I)ccn shown to multiply fractions, and two 
ways to divide them. 

To multiply n fr^rlion^ > j/* / ^^he numerator 

To iiloifie tifrartioiif ) ^^ ^ {the denominator 

7o tlicide a fraction^ > ^" ^/ 5 ^/*^ numerator* 

To muUiplj d fraction; > *^ ^ ^ ^/^, denominator. 

Arith. Art. XVIII. 
Reducing Fractions to Lower Terms. 

XVII. If both pumnator and denominator he multiplied by the 
same nu.'nhcr^ tnc value of the fraction unit not be altered. 

Arith. Art. XIX. 

For multiplying the numerator multiplies the fraction, and 
multiplying ihe denominator divides it ; hence it will be niulti« 
plied and the product divided by the multiplier, which repro- 
duces tlie multiplicand. 

In other words, ~ signifies that a contains b a certain num* 



ber of times, \fa is as large or larger than b ; or a part of on- 
timn, if b is hir^(*r than a. Now it is evident that 2 a will con- 
tain 2 b ju.st as ofi«;n, since botli numl)er8 eie twice as large as 
before. 

So dividing both numerator and denominator, both divides 
and multiplies by the same ninn^cr. 

3^2x3__r> _ 7x3_gi_ 3x6 _36 

^ 2X5 10 7X5 i55 5x6 5J' 

H 2 ft ha ac 2ar d 



b 2b bb be zocd 

8» 
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Hence, if a fraction contain the sams factor both io tlie nu* 
merator and denominator, it may be rejected in b<iUi, that is, 
both may be divided by it. This is called reducing fractionii 
to lower terins^ 

1. Reduce —H^— to its lowest terms. Jlns. ^ ^ 



Ibbcm 56c 

2. Reduce to its lowest terms. Jlns • 

16 a* j:* 4 110? 

3. Reduce ^ ?. . to its lowest terms. Jlns. ^LUL., 

4. Reduce -.1— — 5l to its lowest terms. 

lo6Vy* 

52 a b* F* 
6. Reduce ^—L to its lowest terms. 

l3a»6V 

6. Reduce -— 1; — —1'. to its lowest terms* 

5 rt* fcc+ 55 «•& 

7. Reduce 27m*T~Mj; ^^ j^^ 1^^^^^ ^^^.^^ 

108 a X* -f 61 X — i>0 m*x^ 

8. Divide 35 a* 6 1»* x* by 7 a' ii »?* x. 

Write the divisor unHer the dividend in the form of a frac- 
tion, and reduce it to its lowest terms. 







Ans. L 


ftw'x* 
^f n 


9. Divide 27**m/ 


b/ 


21fc*m'y. 

Ans. 


7 !«• 


10. Divide k^hi'y 


by 


7 6" II y. 




11. Divide 54 m*nr*y 


by 


SGint/. 




12. Divide 13e*(fmc* 


by 


CJc»i*rr*, 




t3. Divide 115 r*^ 


by 


15r*y. 


% 


U. Divide 128 8Vrx* 


by 


48a««irV. 
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15. Divide 17 a ex by )3aca?\ 

16. Divide 28«'cy by 14a»y*- 

17. Divide 26a*m^y by 64 a' my*, 

18. Divide IbnHj^ by SSaVya:. 

19. Divide a + 6 by 2 c — d. 

20. Divide 2a*c — 7a»ic+ ISa'crf 

by ISd'cd. 

2 J . Divide 18 a* m'— 54 a* m* + 42 a» m* 

by 30 a' w*<l — I2a^cm\ 

22* Divide(/i+6)(13ffc + J<r) by (»»• — c) (a + i). 

23. Divide 3 c» (a — 2 c)' by 2 i c* (a — 2 c)». 

24. Divide 36 6» c« (2 a + rf)* ("7 * — <0* 

by 12 i* (2 a + d)* {7 b — d)" (a— d)- 

Addition and Subtraction of Fractions. 

XV1:I. Add together 1. and4 and * 

This addition may b ^ expressed by writing the fractions one 
aAer the other wiui the sign of addition bctivccn tiiein ; thus 

N. B. When fractions are connected by the signs -f- and 
— y the sign should stand directly in a line with the line of the 
fraction. 

It is frequently necessary to add the numerators together, in 
which case, the fractions, if they are not of the same denomi* 
nation, must first be reduced to a conmion denominator, as in 
Arithmetic, Art. XIX. 

1. Add together A and A. An$. idbl = L. 
> *• 7 7 7 7 

2. Add together -^ Jind -1. Ans. i+^- 

oh b 
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3. Add together ^J? and ^J?. Jins. ^l±Jl = ^. 

c a c d cd cd 

4. Add together and . Am. — J . 

^ 3cd 6cd 6cd 

5. Add together | and f . 

These must be reduced to a common denominator. It has 
been shown above that if both numerator and denominator be 
multiplied by the same number, the value of the fraction will 
not l)e altered. If both the numerator and denominator of the 
first fraction be multiplied by 7, and thco>e of the second by 5, 
the fractions become %j and j|. They are now both of the 
same denomination, and their numerators may be jiddod^ The 
answer is f }• 

6. Add together i?. and ^ 

"" b d 

Multiply both terms of the first by rf, and of the second by 

6, they become ^~: and ~. The denominators are now alike 

b d h d 

and the numerators may bo added. 

The answer is '^^ + ^^ . 

bd 

7. Add together !L, i., i_, and E.. 

^ b d f h 

In all eases the denominators mil be alike if both term^ of each 
fraction he multiplied by (ha denoninitors of all the others* For 
tiien they will all consist of the same factors. 

Applying this rule to the above example, the fractions bo« 

^^^^ «V/'A bcfh bdeh , bdfsr 
come . — j/-—, — '1 — , , and —- ^c.. 

bdfh' bdfh' bdfh' bdfh 

Tl.e answ is ^-Ifh + bcfh + hd eh +^ df ^ 

bdfh 

a Add togetlier i,ii. and ri. Ans. ll'L^Hh. 1*1*. 
"^ 26c bd limbed 
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It was shown in Arithmetic. Art. XXII, that a common de- 
nomiirdtormay frequently be found much smaller than that pro- 
duced by the above rule. This is much more easily done in 
algebra tlian in arithmetic. 

0. Add together -A_, ^^, and L. 

c* e eg 

Here the denominators will be alike, if each be multiplied 
by all the factors in the others not common to itself. If the 
first be multiplied by e g^ the second by c^g^ and the third by 
tec, eac;h becomes b c* e g. Then each numerator must be 
multiplied by the same quantity by which its denominator was 
multiplied, that the value of the fractions may not be altered. 

The fractions then become JL^, /^'^, and iji-^. 

b(?eg be* eg eb eg 

1 lie answer is — 2 — 1 2 — ! sl. 

b(^eg 

10. Add together ?JL£and?A/. 
*" be 2dg 

. 11. Add together ^li^, If, and 1.?. 

12. Add together -?-l and ~. 

2m n ^mp 

13. Add together -4^-, Al, and ^^^ 



5 b n* 5b n 2 m' it 

14. Add together -^~, and "^ . 

n r omn r 

15. Add together \^ *1_, and j!!?!!. 

16. Add together ^Jt± and 13 cii. 

17. Add together ^JLJl, and 2 a c — 6 i. 

4a n 
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18. Add together I3ff'n' — 4c»^j jj ae—bn. 

19. Add together — ^-^ *"wl — — 

20. Add together -— ^ , and -._.- -L„.. 

^ Aab 26 + lf'a6 

21. Subtract 1- from --,-. 

h(? 2 be 

This subtraction may be expressed thus, 

3 a e 

But if they arc reduced to a common denominator, the nume- 
rators may be subtracted. 

Am* 



3<Tc — 2c 



26c* 



22. Subtract ?4* from |^^ 

3 c* a 2 c* a? 

23. Subtract -Jii- from ''^^ 



24. Subtract -IL. from |il^,. 

25. Subtract A^^ from J^?L. 

26. Subtract J7JL?1 Jrom I?4^ 

3mA 5 wr 6' 

i^«» d i-« . 13m'v r Mrs 
£7. Subtract — -— ^ from -— 5— «. 

7 n* a? 3 w* J?' 

3 /7 c 

28. From 1 3 c c + 6 c subtract — - — . 

2bm 

^^ T% 2n*x* — 14.T 1^ ,\3ax 

29. From ZlLz^^ subtract • 

2armiV \4am 
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21 nd , 2ahd — 3m'c 
30. From -^^ subtract l^/T* * 

• 

Solution. 

21 ad _ 2abd — ^cm* _ (27 a d) 2 S 
2 be* 4b'c* {2 be') 2 b 

2a b d — Scm* _ ,54 abd 

TIFP 4b'c* 

2abd — 2cm*_ 54 ab d — 2 a b d + 'i c m* 

4T«"? 4 i* c* ' 

_ 52 rt ft rf + 3 c m* 
4 ft* c» 

which is tlic answer. 

When tJie fraction 2_«*^ — 3 cm" ^^^ subtracted, tlio 

4 ft* c* 

sign — was changed to +. See Art. VI, example Clh 



31. From 



5 n a?* — 10 a d x 
Wu'd 

13nT« — 5mx' + 17 



Subtract 

(} mx 

-72. From ^^^/^ subtract ^ ^ « ** 



3c/wc« — 5 4dx 



XIX. Division of whole numbers by FraciionSj and Fradt^ms by 

Fractions. 

How many times is | contained in 7 f 

Ans. ^ is contained in 7, 35 timed, and | is contained | as 
many times ; that is, y or 1 1 1 times. 

2. How many times is f contained in a .^ 

Ans. ^ is contained in a, 8 a times, and \ is contained \ as 
many times; that is, '/* 
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3. How many times is ~ contained in e ? 

1 • • • n 1 

Antn -^ b contained h c times in c, and — is contamcd — . 



hi* 

as many times ; that is, — . 

a 



4. Of what nwnber is c the — part ? 



Arith. Art. XXIII. 



/I /• 1 

.^i». If c is the — part of some number, — will be _. 

6 a o 

part of the same number, and £ is - part of ^. 

a i a 

Arith. Art. XXIV. 

Hence, to divide a whole number by afi'octton^ multiply ti by the 
denominator \.f the fraction^ and divide the product by the numeral 
tor. 

How many times is | contained in { 

SJution. Reducing them to a common denomi'*ator, f is 
11, and } is f |. }jt is contained in |i as many times as 24 is 
contained in 35 ; that is, |f or Ijj. jins. I||. 

G. How many times is -^ contained in — i 

b d 

SoFuiion. Reducing them to a common denominator, ^ 

6 

•^ ad 9 c - b c ad' . • % - b c .* 

IS 5— . and -- IS .— . — . is contained in -_ as many times as 

bd d bd bd ' bd 

ad\& contained in i c : that is, —• Ana. — • 

ad ad 

7« Of what number is — the JjL part ? 

a ^ 
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Sofatum. If — is the ^ part of some nur.lHjr, part of ~- 

li b a ^ d 

is -y, [ran of that numLxir ; — part of .£. is — and £- is -7- 
b a d ad' nd o 

pari of ^4 ^M. ~. 

aa ad 

Hence, to divine afrrtctinn by n fraction^ mtJtiply (he numerrJar 
of t/te div^drnd by the denominator of t/ie. ainiwr^ and tlit denomlr 
natorofthit dividend ly t/te nvmcrator of the divison 

Or more gen«TaIly. whtn t/te dltisor h a fmHum^ midtiply the 
dividend {whtt/tcr w/tole nuaJ^er or frarrion) ^ v the divisor ivrerted. 

Ariili. Arts. XXHL and XXIV. 



^ 8. Divide 


3ab 


by 


f- 


9. Divide 


13a 


by 


— — • 

c 


? 10. Divide 


n atn 


by 


r 


11. Divide 


act 


by 


3^c 
2fi 


12. Divide 


2ax 


by 


7n''ri 
6xy 


13. Divide 


2ac — 6 


c bv 

• 


3 / 
6 c* 


14. Divide 


17ajt« — 


■ 2&« + 


ex by 


15. Divide 


1 

11 ffX*- 


-3* 


by 


16. Divide 


bc 
d 


by 


3«ff 
m 


17. Divide 


2cd 
^ay 


by 


2 ry 
bat!* 


18. Divide 


5aV 


by 


3 a* «• 
7A^y» 



t3 /f ft r — *2x 



'i u^e 



2r 



7 acx — 3a€ 
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20. Divide liitl*^ hy !il±ilifL?!±.l 

12 o a: Uaacx 

SI Divide l^nlll- by ^""'— "^y. 

2amr|-5a:r 2a-t-iictt 

22. Divide ^^^-^^ by ^^-''-iL.. 

Divisiofi of Compound Quantities. 

XX. Sometimes division may actually'bc performed whcti 
both divisor and dividend arc compound quantities. Since di- 
vision is the reverse of multiplication, the proper method to dis- 
cover how to perform it, is to observe how a product is formed 
by multiplication. 

Multiply 2a»6 — 3a»6'c-f.a6V 
by 4a'b* + 2abc. 

e(fb*—l2a'b'e + 4a\b'(^+4a*b*e—Ga^b*c' + 2(fb'c\ 

Observe that each term of the multiplier is multiplied sepa- 
rately into each term of the multiplicand. The product there- 
fore must consist of a number oCtenii&.e<{ual to the product of 
the number of terms in the multiplicand by the number of terms 
m thev multiplier. If the product be divided by the multipli- 
cand, the multiplie r must be reproduced^ and if by the multi- 
plier, the multiplicand must be reproduced. 

The three.terms Sa^b* — 12 a* A* c r|-4 a^b^c* of the product 
were produced' by multiplying the three term:? of the mriltipli- 
cand by the first term of the multiplier, 4 a*b*. Therefore, if 
these three terms be divided by 4 a* 6% the^quoticnt will be tlie 
multiplicand. 

Again, tlie three terms 

4 a'iU-^ 6 a»*V + 2ui* A^c» 

ef the product were formed by multiplying each term of the 
multiplicand by 2 a A c. Therefore, if these three tenas be di- 
vided by 2 a6 c, the ipiotient will be the multiplicand. 
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Hence we see that the whole division might be pcrfbmeil 
by nny one term of the divisor, if all the terms of the dividend 
which de[«end on that term and the quotient could be ascer* 
tained. This cannot often be done by inspection ; for in many 
products, though at first there are as many terms as there are 
in the multiplicand and multiplier together, some of the terms 
are united together by addition or subtraction, and some disap- 
pear entirely. Even if all the terms did remain entire, they 
could not be easily distinguished. 

However, one term may always be distinguished, and from it 
one term of the quotient may be obtained. 

Divide 4a* — 0(^b* + 6ab* — b' \ 

by 2o» — 3a6 + 6*. 

First, it is evident that the highest power of either letter in 
the dividend, must have been produced by multiplying the high- 
est power of that letter in the divisor by the highest power of 
tlie same letter in the quotient ; for in order to produce the di- 
vidend, each term of the divisor must be multiplied by every 
term of the quotient. T'lerefore, if 4 a^ be divided by 2 a' it 
must give a term of the quotient. Or, if — b* be divided by £* it 
must give a term of the quotient. Let the quantities be ar- 
ranged according to the powers of the letter a. 

Dividend. Diviior. 



( 2 a* 



4<,*_6a»*-f 2o»&* \2a* + 3it6 — 6* quotient 

6aH—l\tt'b* + 6ab* — b* 

— 2a*A*.f.3aft» — 6* 

— 2a*A* + 3aA»— 6* 



I divide 4 cr^ by 2 a\ which gives 2 c^ for the first term of the 
qnmient. Now in forming the dividend, every term of the di- 
visor was multiplied by this term of the quotient, therefore i 
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multiply tlic cl.visor hy this term, by which mcnm I find till tho 
terms cftlic divideiui, which depend on th:i» term. They are 

lleti: is a term Ti n* fi which is not in the dividend, this must 
have disappeared in the product. Tlie term 2 «* 0* is not fiHind 
alone, but it is Hke.9 o* 0* and must have disappeared by unit- 
ing with some oti er term to form that. I subtract these Uu^e 
terms from the di\idend, and there remains 

which does not depend at all on the term 2 «* of the quotient, 
but which was fornted by multiplying each remaining term of 
the quotient by all the terms of the divisor. 1 his then is anevr 
dividend, and U> fmd the ne t term of the quotient we must 
proceed exactly as before ; that is, divide the term of the divi- 
dend containing the highest power of «, which is 6 a*b, by 2 a* 
of tlie divisor, because this' must have been formed by multiply- 
ing 2 <^ by the higliest rem i ling power of a in the quotient. 
This gives for the quotwnt -^ Sab. I multiply each term of 
the divisor by this, and subtract the product as before, and Ibi 
the same reason. Tlie remainder is 

V'hich depends only on the remaimng. part of the quotient. 
The highest power of /», viz 2 a* i*^ must have been produced 
by midtiplying some term of the quotient by 2 a* of the divisor ; 
therefore I divide by this again, and obtain — 6* for the quo- 
tient. I multiply by this and subtract as before, and there is 
no remainder, which shows that the division is completed. 

By the aSove process I have been enabled to discover all 
the terms of the dividend produced by multiplying the first 
ternj cf the divisor by eacii term of the quotient. If both be 
arranged according to the |)owers of the letter ^, and the same 
coieirse pursued, tlie same quotient will be obtained, but in a 
reverseil order. 

In tlie division the term — 2 a* i* has the sign — . Hero wo 
must observe tliat the divisor and quotient multiplied together 
must reproduce the dividend. 

If + /1 6 l>e divided by + /i, tlie quotient must be -f" ^> '>C- 
cause + a X + 6 gives + a b. 



XX. 
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If — ft be di%*idod by + a, Uie qiiotieDt must be -— 1>, lc« 
caiiHe + /I X - -Selves — a A. 

U + ab\M dividud by — a, tlic quotient must be — 4, be- 
cause — ff X — b gives -f- a 6. 

If — a & be divided by — a, the quotient must be + 6, be- 
cause — a X + ^ gives — a 6. 

The rule for signs therefore is the same as in multiplication. 

When the signs are altkc^ thai is^botk -j* or both — , tite sign of 
the ftrotfuct must be -j- ; but when the signs are unlike^ that u, one 
-f- and the other — , the sign vf the quotient nmst be — . 

By the reasoning above we derive the following rule for di- 
vision of compound numbers. 

Arrange the dividend and divisor according to the powers of 
some letter. Divide 4he first term if the dividend by the frst term 
of the divisor^ and write the resuh in the quotient. Multiply all tltC 
terms oftfie divisor by the term of the quotient thus founds and suIh 
trict the product JSram the dividend. Tlu remainder unU be a new 
dividejidy and in order to find the neset (flnii of the quotient^ proieed 
exactly as before ; and so on until there is no renunnder. 

Sometimes, however, there will be a remainder, such that 
the first term of the divisor, will not divide either term of it ; in 
which case the division can be continued no further, and the 
remainder must be written over the divisor in the form of a frac- 
tion, and annexed to the quotient as in arithmetic. 



Divide 2 o*— 14 «** + ild a» 6* 



2 a^ — fl*h 

— 10/1*6 4- Ila'6»+I3a*6' 
— \On*b^fid'b* 



13 n^^* by 2 c— ft. 
•2a — ft 

2a — o 



I6a*b* — 8ab* 



8ab* 
Bab* 



— 4*' 



9* 



44* 
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In thia example, the division may be conlinued until the re- 
inaimler is 4 ^*, which cannot be divided by a, therefore it nms^ 
be written over the divisor 2 a — 6 as a fraciion and added to 
the quotient. 

Examples* 

1. Divide a? '\'2ax + a* by a \- x * 

2. Divide a* — 6* by «+6. 

3. Divide 6* -f 2 6' a: + a;^ by V ^ x. 

4. Divide a* — y' by o:^ -f a: y + f* 
6. Divide ac* — y' by a: + y. 

6. Divide 15 a* + 2 o 6 — 8 6* b^ 3a — 2 6. 

« 

7 T)i vide a?' — 2 x y* + y* l»y * — V* 

8. Divide a» — 9ft* + 27 by 9 — Ca-j-a*. 

9. Divide 4rt' — 3 — 9a» -f C« 

by 3 a — 14-2«*. 

10 Divide f^—x* by o" — «• r -}- a a' — a;^. 

11. Divide Cx* — 96 by 3cr — 6. 

12. Divide 4 «• — a 6 Lv C « — 6. 

13. Di.liic C<i'-t-9#i'— Ifia uy 3a» — 3a. 

XXI. Kqnntiom. 

The above rules are suflicient to solve all equations of the 
first degree. 

1. Find the value o(x in the equation 

fib*x — 2r 2ac , 6* r 

zz: a O X — 



--• 



5rt 3a — b 3 

First, clear it of fractions by multiplying by tlie dciiomina 
tors. 

* Lot Uio learner prove his rcsiillg by iRultiplicalion. 
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Expressing the multiplication, we have 

(fii'x — 2c)(3a — 6)(3) — (2ac)(5ii)(3) 
=:(»/ix)(5fl)(3a — A)(3) — (A-'x)(5a)(3a — i) 

Perfonning tiie multiplication it becomes 

9 rt« i« X — 18 fl c — 3 a 6^ JT + 6 6 c — 30 a* c 
= 4 5 rt» 6 a? — 1 5 a« 6* a — 1 5 a* i« « + 5 a &» J?. 

Transposing all the ti rms which contain x into the first mem- 
ber, and tliose which do not contain it into the second member, 
it becomes 

9«*i*x — 3 ai'jT — 45 a' 6 a:+ 15 a»J« a? + 15 a' 6*«— 5 a 6'a( 

= I8ac — 6bc + 30a*c. . 

Uniting the terms which are alike 

39a'i*a: — Sab'x — 45a'6j:= 18 a c — 66c + 30 a' f. 

Separating the first member into factors 
(39 flt^t _3 ^^3_45^3 J) jp =: 18 a c — 66 c + 30 a*c. 

v.i.ich gives X = -— 7—1 — -— - — • 

2. I'ind ih** value o. x in Cx foilov ing equation ; 
13#i — 'ir = Jrr f rf. 

3. What is the value of x in the following equation ? 
2« I Ai . ^1 a ^6' — 2a — Ab^c 



i — 3x 3a6 — 12^c 

4. What is tiic value of x in the following equation? 

5x — 2a 26 — 1 

& What is tlie value of x in the following equation f 

Tnhx ^2j^n — 3a 



36c — 2ax 1 — 56 
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XXII. JUiicdlaneous Kramples producing Simpk Equations. 

1 . A merchant sent a venture to sea and lost one fourth of it 
by shipwHick ; he then added $2250 to what remained, and 
£ent again. This time he Sost one third of what he sent. He 
then added $1000 to what remained, and sent a third time, and 
gained a sum equal to twice the third venture ; his whole re- 
turn was ecpial to three times his first venttre. What was the 
value of tlie first venture ? 

2. A man let out a certain sum of money at 6 per cent, sim- 
ple interest, which interest in 10 years wanted but i:i2 to be 
equal to tlie principal. What was the prineipal } 

3. A man let out £98 in two different parcels, one at 5, and 
Ihe other at 6 per cent, simple interest ; and the interest of the 
whole, in 16 years, amounted to i/bl. What were the two par- 
cels f 

4. A shepherd driving a flock of sheep in time of wtit, met a 
iiompany ol^sohiiers, who plundered him of one half the sheep 
he had and half a sheep over ; the same treatment he received 
from a Accond, a third, and a fourth company, each succeeding 
company plundering him of one half the sheep he had left and 
one half a sheep over. At last he had only 7 sheep left. How 
many had he at first 'f 

5. A man lieing asked how many teeth he had remaining, 
answered, three times as many as he had lost ; and being asked 
how many ne had lost, answered, as many as, being mnltiplied 
into I part of the number he had left, would give the number 
he had at first. How many had be remaining, and bow many 
had he lost? 

Afler this question is put into equation every term may be 

divided by x. 

6. There js a rectangular field whose length is to its breadth 
as 3 to 2, and the iiuml)er of squar3 rods in the field is equal to 
C times the num!>er of rods round it. Required the length and 
breadth of the field. 

7. What two numl>ers are those, whose difference, sum, a^d 
product, are to each other, as the numbers 2, 3, and 5 respoc* 
lively? 
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S. Generalize the above by putting «, 6, and c instead of 2, 
3, and 5 resjieetivcly. 

Lei X =r ihe greater 
and y =1 tiic less. 

Then 

I. «— y=JC^+y) 

n 

' J)x—-^ax ft— ".rt 

3. by the first y= -rr-T- = a^T:;* 



4. by the 2nd y = 



b-\- a 6 + fl 



ca: 6 — a 



ax-^-c b + a 
c h — a 



5. by 3d and 4th 

C. dividing; by x , . 

*^ ^ ax+c 0+a 

7. clearing of f-actions bc+ac = abx — (fx + be-^at 

8. by transposition abx — a*x = 2ac 

9. from the 8th (* — «) ^ = 2c. 

10. ar= 2c 



11. putting 10th into 3d y = 



b — a 
b — a 2c 2c 



6 -}- a b — a 6 + a 



Solve the 7th Ex. by tliese formulas; also try other num- 
bers. 

0. When a company at a tavern came to pay their reckon- ' 
ing; they found that if there had been three persons more, they 
would ha'^e had a shilling apiece less to pay ; and if there had 
been twc less, they would have had. to pay a shilling apiece 
more. How many persons were there, and tiow much had 
each to pay ? 
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10. A «vm of money is to be divided equally among a cer- 
tain number of |)err:ons. Mow if tliere were three daniants 
lesSf eur.h would receive 150 dollars more; and if there were 
C more, each would receive 120 dollars less. How many per- 
sons arc there, and how much is each to receive i 

] 1. What fraction is that, t<» the numerator of which if I bo 
odded, its value will be ^, but if 1 be added to its denominator 
its value will be {. 

12. What fraction is thnt, to the numerator of which if /r be 

Alt 

added, its value will be _.? but if a be added to its denomlna-* 

n 

tor its value will be JL? 
Am. Numerator ^pO'^ + n)^ 

in ry — up 

Solve the 1 1th example by these formulas. 

13. What fraction is that, from the numerator of which if a 

be subtracted, its value will be — , but if a ^ subtracted from 

n 

its denominator, its value will be £- ? 

N. B. The answers t6 the l?th and loth differ only in the 
signs of the denominators. The learner will find by endeavour- 
ing to solve particular examples from these formulas, that he 
will not always succeed. If in making, examples for the l^'th^ 
lie selects hrs numbers, so that n p is greater than m q^ the for- 
mula will fail ; but if he takes the same numbers, and applies 
them according to the conditions of the loth, they wiH an<;wer 
those conditions. When m 7 is greater than n p the number^ 
' will not suit the conditions of the 13th, but they will answer to 
tiiose of the 12th. The numbers in example (Tth will not form 
an example acconling to the 13th. The following numbers 
will form an example for the loth but not tor the l*th. 
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1-1. Wlnt fraction is that, from the numorator of whiHi if 
3 be subtracted, its vaJue will be |, but if J be subtracted |Voiu 
its denominator its value will be j\ ? 

The reason why numbers chosen indistcriminntcly will not 
sntisfy the coudiUous of the above formuhis will bo explained 
hereafter. 

Ejuations with several Unknown Qnantiiiea. 

XXIII. Questions involvinji( more t/tan two unknown Quan* 

titles. 

Sometimes it is necessary to employ. In the solution of n 
question J in^ire than tivo unknown (funntities. In this case, the 
question must furnish conditions enough to form as many dis- 
tinct e({uations as there are unknown ({uantitles. 

I. A market woman sold to one man, 7 apples, 10 pears, 
anrl 12 peaches, for 03 cents ; an J to another, 13 apples, G 
pears, and i peaches, for 31 cents : and to a tl;ird, 1 1 apples, 
14 pears, and 8 peaches for 63 cents. She sold them each 
time at tlie same rate. What was the price of each f 

Let X =1 the price of an apple, 
y = " a pear, 

z :=z " a {>each. 

Then we shall have 

1. 7x .4- lOy + 12r = 63 

2. 13x H 6y + 2z = 21 

3. l\ X + 14 y + 8z =iC3. 

The second lacing multiplied by 6, the z will have the somo 
coefficient as in the first. 

4. 78a: + r6y+ I2;ff = 186 
1. lx+ »0;v+ 12 r = 63 

5. 71 X + 26 y "*^ = 123. 

If the second be multiplied b> i, Uie z wrB Imve ihe mum 
coefficient as the Sd. 
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'to 



0. 62a: + 24y + S2:= 124 

3. II j:+ I4y + 8r= 03 

7. 41 a? + lOy * = Gl 

We have now the two equations 71 x -|- 26 y = 123 

and 41 x+ 10y= 61 

which contain only two unknown quantities. These may now 
be reduced in tlie same manner as others with two unknown 
quantities. 

Muhiplying the 5th by 5, and the 7th by 13, the eoefGcicnt 
o( y will be the same in both. 

8. 355x+ 130y = 615 

9. 533x+ 130 y = 7113 

10. 178x * = 178 

We have now found an equation containing only one un- 
known quantity. 

nSjt=178 

4P=!= 1. 

Putting the value otx \ito l.ie 7tli, it becomes 

41 + 10y = 61 
10y = 20 

y= 2. 

Putting tlie values ofx and y into the 2d,, it becomes 

13-f 12 + 2jj = 31 
2-2:= 6 
ar= 3. 

Am. Tlie apples 1, the pears 2. and the peaches 3 cents 
each. 

In the same manner, questions, involving four unknown quan* 
titles, mav be solved. First combine them two by two till one 
of the unknown quantities is eliminated from , the whole,, and 
ihere will be three equations with three unknown quantities. 
Then combine these three two by two, until one of the un- 
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known quantities is eliminated, and then there will be two 
e<|uations with two unknown quantities, and so on« 

Either of the methods of elimination may be used as is most 
convenient. 

It is not necessary that all the unknown quantities should 
enlei into every equation. 

2. A market woman sold at one time 7 eggs, 12 apples, and 
a pie for 26 cents ; at another time 12 eggs, 18 pears, and 3 
pies, for 69 cents ; at a third time 20 pears, 10 apples, and 17 
eggs for 69 cents ; and at a fourth time, 7 pies, 18 apples, and 
10 pears for 66 cents. Each article was sold, at every sale, at 
the same price as at first. What was the price <^ each ar- 
ticle i 

Let tt = the jvice of an egg. 



X = 


** an apple. 


y = 


** a pie. 


z = 


•* a pear. 


1. 


7M + 12a?+ y=26 


2. 


I2u + I8z+ 3y = 69 


S. 


17tt + 20^ + 10a?=:69 


4. 


10a+18x+ 7y = 6C 



5. In the ist, y=2G — 7 « — 12 x. 

Putting this value of y into the 2nd and 4th, they become 

6. 12tt-t- 18« + 78— 21tt — 36a: = 69 

7. 10r + 18a?+182— 49tt — 84a?ss66, 

Uniting and transposing terms 

8. 18;?— 9tt — 36«=— 9 

9. ^ lOz— 49tt— 66a? = — 116 
3. 20z+17tt + 10a?= 69 

Tf the 9th be multiplied by 2, the coefficient of js will be the 
same as in the 3d; 

10. 20;r-^98«— 132« = — 232. 

10 
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Subtracting 10th from 3d 

3. 20;r+17u+ 10a? = 69 

10. 20;? — 98tt— 132a? = — 292 



11.* ' * 116 1«+ 14207 = 301 

jt the 8th be multiplied by 5, and the 9th by 9, ttie coeA- 
Qtents oiz will be alike. 

12. 90z— 46tt— 180a? = — 46 

13. 90« — 441 u — 694a? = — 1044. 

Subtracting 13th from I2th 

14. 396 tt + 414 a? = 999. 

Deducing the value of a? from 11th, and also from 14th. 

301 — 115 li 



16. 0? z= 



16 X — 



142 

999_396tt 

4l4 



Making these values of x equal, we have an equation con* 
tiuning only one unknown quantity. 

999_396tt 301 — 115 tt 



414 142 

This equation solved in the usual way gives 

tt = 2 
Putting this value of u into the 15th <»* 16th, we shall find 

1 

a? =- 

2* 

Putting these values of x and u into the 1st, 2nd, or 4th, aad 
we shall find 

Putting the values of a? and u into the 3d, and we shall find 

a: = 1^. \ 

' Am. Eggs, 2 cents each, apples, \ cent, pears, 1^ cent, and 
pies, 6 cents. 

* If the learner is at a losf how to suhtract —^933 from €0 lei him tranfpoie 
both jito the first member, or some terms from the first to the second 
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In this example, three different methods of elimination were 
employed. This was not necessary ; either method might have 
been used for the whole. It is sometimes convenient to use 
one, and sometimes the other. 

3. There are three persons, A, B, and C, whose ages are as 
follows ; if B's age be subtracted from A's, the difference will 
be C's age ; if five times B's age and twice C's age be added 
together, and fi'om their sum A's age be subtracted, the re- 
mainder will be 147 ; the sum of all their ages is 96. What 
are their ages ? 

4. Three men, A, B, C, driving their sheep to market, 
says A to B and C, if each of you will give me 6 of your sheep, 
I shall have just half as many as both of you will have left. 
Says B to A and C, if each of you will give me 5 of yours, I 
shall have just as many as both of you will have left. Says C 
to A and B, if each of you will give me 5 of yours, I shall have 

1'ust twice as many as both of you will have left. How many 
lad each P 

5. It is required to divide the number 72 into four such 
parts, that if the first part be increased by 5, the second part 
diminished by 5, the third part multiplied by 5, and the fourth 
part divided by 5, the sum, difference, proauct, and quotient, 
shall all be equal. 

6. A grocer had four kinds of wine, marked A, B, C, and D« 
He mixed tc^ether 7 gallons of A, 5 gallons of B, and 8 gal« 
Ions of C, and sold the mixture at $1.21 per gallon. He also 
mixed together 3 gallons of A, 10 of C, and 5 of D, and sold 
the mixture at $1.50 per gall(»i. At another time he mixed 8 

Spllons of A, 10 of B, 10 of C, and 7 of D, and sold the whole 
or f 48. At another time he mi^xed together 18 gallons of A, 
and 15 of D, and sold the mixture for 148. What was the 
value of each kind of wine i 

7. Find the values of u, a?, y, and ;r, in the following equa- 
tions. 

X — 2y-|- 32f = 5ti 
3 OP — 15 — tt = 4y — 23 
2u + z — y = 27 
«-4- 12 — 3a?-f-lltt=91. 
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8. Three persons, A, B, and C, talking of their money, 
says A to B and C, give me half of your money and I shall 
have a sum d ; says S to A and C, give me one third of youi 
money and I shall have d; says C to A and B, give me one 
fourth of your money, and I shall have d. How much had 
each? 
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It sometimes happens in the course of a calculation, through 
9ome misconception of the conditions of the question, that a 
quantity is added which ou^ht to have been subtracted, or a 
quantity subtracted which ought to have been added. In 
this case, algebra will detect the error, and show how to 
correct it. 

The length of a certain field is a, and its breadth b } how 
much must be added to its length, that its content may be ct 

Let X = the quantity to be added to the length. 
Then a-^x =z the length after adding x. 

ab -^bx = c 

bx=. c — ab 

« 

a? = -— — a. 
b 

Suppose the length to be 8 rods, and the breadth 5 ; how 
much must be added to the length, that the field may contain 
60 square rods ? 

Here a = 8, J == 6,' and c = 60 

60 Q . 
T = — — 8 = 4. 

5 

Atu. 4 rods, and the whole length will be 12 rods. 

Suppose the length 8 rods, and the breadth 5 ; how much 
must be added to the length, that the field may contain 30 
square rods ? 

» = 29-8 = -2. 
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The answer is — 2 rods. What shall we understand by 
tills negative sign ? 

Tjet us return to the original equation. 

8 X 5-|-5a? = 30 
or 40 + 5 a: = 30. 

Here appears an absurdity in supposing something to be 
added to 40 to make 30. The result shows that we must add 
— 2 rods, that is, subtract 2 rods, which is in fact the case ; 
for 

40 — 6x2 = 30. * 

Let the question be proposed as follows. There is a field 8 
rods long and 5 wide ; how much must be subtracted from the 
length, that the field may contain 30 square rods f 

40 — 6 a? = 30 
0?= 2. 

The value of a? is now positive, which shows that the ques- 
tion is correctly expressed. 

There is a field 8 rods long and 5 rods wide, how much 
must be subtracted from the length, that the field mfiy contain 
50 square rods ? 

40 — 6 a? = 50 

a? = — 2. 

r 

% 

Here again the value of a? is negative, which shows some in- 
consistency in the question. 

The inconsistency consists in supposing that something musr 
be subtracted from 40 to make 50. In order to correct it, sup- 
pose something added. That si, put into the equation -j- 5 a? 
instead of — Soc. 

Hitherto we have treated of negative quantities only in con- 
nexion with positive. They arise from the necessity of express- 
ing subtraction by a sign, because it cannot actually be per- 
formed on dissimilar quantities. They are only positive quan- 
tities subtracted, and in their nature theydifier in nothing from 
positive quantities. In that connexion we discovered rules for 
operating upon the quantities affected with the sign — . 

It may sometimes happen as we have just seen, that by sonm 
. wrong supposition in the conditions of the questicm, the quan- 
tities to be subtracted may become greater than those from 

10* 
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which they are to be subtracted, in which case the whole ex- 
pression taken together, or which is the same thing, the result 
after subtraction, will be negative. This is what is properly 
called a negative quantity. 

A negative quantity cannot in reality be a quantity less than 
nothing, but it implies some contradiction. It answers to a 
figure of speech frequently used. If it is asked, how much a 
man is worth who owes five thousand dollars more than he can 
pay, wo sometimes say he is worth five thousand dollars less 
than nothing, instead of changing the form of expression and 
saying, he owes five thousand dollars more than he can pay. 

If any thing is added to a number, properly speaking it must 
increase the number ; if we add nothing, it is not altered. It 
is impossible to add less than nothing ; but by a figure of 
speech we may use the expression, add a quantity less than no^ 
thingj to signiQr subtraction. 

As these negative quantities may fi'equently occur, it is ne* 
cessary to find rules for using them. 

In the first place, let us observe, that all negative quantities 
are derived from endeavouring to subtract a larger quantity 
from a smaller one. The largest number that can actually be 
subtracted from any number, is the number itself. Thus the 
largest number that can be subtracted fi-om 5 is 5 ; the largest 
number that can be subtracted fi-om a is a itself. If it be re- 
quired to subti-act 8 fi"om 5, it becomes 5 — 5 — 3 = — 3 ; the 
5 Only can be subtracted, the 3 remains with the sign — . which 
shows that it could not be subtracted. If 5 be subtracted fix^m 
8, the remainder is 3, the same as in the other case except the 
sign. 

In the same manner, if it be required to subtract b from a, b 
being the larger the remainder wUl have the sign — , that is, 
a — b will be a negative quantity. 

Suppose b — a = m; then a — 6 = — m. That is, whether 
a be subtracted from b or b fi'om a, the numerical value of the 
remainder is the same, differing only with respect to the sign. 

It is required to add the quantity a — 6 to c 

The answer is evidently c-\- a — b. 

Now if a is greater than 6, the quantity c -\- a — 6, is greater 
than c, by the difference between a and b ; but if b is greater 
than a, the quantity is smaller than c, by the difierence between 
a and b. That is, if 
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b — a = i», 
then a— ft = — m 

and c -^a — 6 = c — m. 

Hence, adding a negative quantity, is equivalent to subtract 
ing an equal positive quantity. 

In the above example of the field, in which the length was 8 
rods and breadth 5, it was a^ked, how much must be added to 
the lengthi that it might contain 30 square rods. The answer 
was — 2 ; which was equivalent to saying, you must subtract 
2 rods. 

It is required to subtract a — b from c. 

The answer is evidently c — a + i. 

Now if a is greater than i, the quantity c — a + * ^^ less than 
e by the difference between a and b, but if i is greater than a, 
the quantity is larger than c, by the same quantity. 

Let o *— 6 = — m which gives — a -f- ^ = *w 
then c — a -^b =zc -{-m. 

Hence, subtracting a negative quantity, is equivalent to 
adding an equal positive quantity. 

In the example of the field, in which the length was 8 rods 
and the breadth 5, it was asked, how much must be subtracted 
fix>m the length, th( t tne field might contain 50 square rods. 

The answer was — 2 rods, which was equivalent to saying 
that 2 rods must be added to the lengtli. 

A is worth a number a of dollars, B is not worth so much as 
A by a number b of dollars, and C is worth c times as much as 
fi. How much is C worth } 

B's property = a — 6. 
Cs property = ac — be. 

Now if a is greater than J, the quantity ac — be will be po* 
sitive ; but if i i» greater than a, then a «— i is negative, and 
also ae — & c is negative. 

' Let b — a = m. 

then be — ac=zem* 

and ac — 6c = — em. 

or c(a — b)=Z'^em. 
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That is, if B is in debt, C is e times as mach in debt. Hence 
if a negative quantity be multiplied by a positive, the product 
is negative. 

A gentleman owned a number a of farms, and each farm was 
worth a number c of dollars, which was his whole property. 
He hired money and fitted out a number h of vessels, and each 
vessel was worth as much as one of his farms. All the vessels 
were lost at sea. How much was he then worth. 

He was worth a — h times c dollars. That is, a c — 6 c dol- 
lars. 

Now if the number of farms exceeded the number of vessels, 
he still had some property, but if the number of vessels exceed- 
ed tlie number of farms, (that is, if b is larger than a,) the 
quantity ac — i c is negative, and he owed more than he could 
pay. 

Hence if a positive quantity be multiplied by a negative the 
product will be negative. 

Multiply a — b by c — d, 

a^-^b 
c — d 



Product ac — be — ad-i-bd. 

This product may be put in this form. 

{a — 6)c 4" (6 — «)«'• 

Let it be remembered that a — b has the same numerical 
value as 6 — a, they differ only in the sign. 

Suppose a — i = — m 

by changing all the signs b — a = -f- m. 

Hence (a — 6) c -j- (5 — a) d = — cm-f-£?m = m(d — c) 

Now if d is greater than c, (which is the case when c — dl i« 
negative,) the quantity m{d — c) is positive. 

Hence if a negative quantity be multiplied by a negative, 
the product will be positive. , 

Another demonstration. Suppose both a — b and c — d to 
be negative, as before ; then b — a and d — c will both be po- 
sitive, and tfieir product will be positive. 
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b — a 
d — c 



bd — be — ad-^ac. 

This product is precisely the same as that produced by mul- 
tiplying a — 6 by c — d. Therefore if two negative quantities 
be multiplied together, the product will be the same as that of 
two positive quantities of the same numerical value, and will 
have the positive sign. 

It is required tp find the second power of a — 6, and also of 
b — a. 

The second power of each is a* + ^* — 2ab. 

Now if a — 6 is positive, then b — a is negative ; or if a — 6 
is negative, then b — a is positive. 

Suppose a — 6 = m 

then b — a = — m 

we have (a — 6)' = (5 — a)' = m*. 

That is, the second power of any quantity, whether positive 
or negative, is necessarily positive. 

The rules for division will necessarily follow firom those of 
multiplication. 

Hence the rules which apply to terms affected with the sign 
*— in compound quantities, extend to isolated negative quan- 
tities. 

We might also derive the same rules in the following man- 
ner. It has been shoivn that a negative quantity is derived 
firom some contradiction in the conditions of question, by which 
that quantity entered into the equation with the wrong sign. 
Now, in order to make it right, the sign of that quantity mus| 
be changed in all places where it is used. That is, if it was 
before added, it must now be subtracted ; and if it was sub- 
tracted before, it must now be added, and that whether multi- 
plied by another quantity or not. 

Suppose we have the equation 

ax — 2a^'^2abx=ic — d. 

Now suppose that we have a? = — m. 
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This shows that x was used in all cases with i\ie wrong sign, 
therefore to insert — m in place of d? we must change the sign 
in each term where x is found. 

Take the quantity first without x, thus, 

a — 2 — 2ah. 

First insert — m in the second term and it becomes 

a'}'2m — 2ab. 

Now insert — m into all the terms, and it becomes 

— am — 2m*'}'2abm=c — d. 

if — m be inserted by the rules found above, the same re- 
sult will be produced. 

When a negative value has been found for the unknown 
quantity, we have observed it shows that there was some in- 
consistency in the question. If then the unknown quantity be 
put again into the same equation, with the contrary sign, as we 
mtroduced — m above, that is, if the unknown quantity be ta- 
ken witn the negative sign, and introduced by the above rules 
into all the terms where it was found before, a new equation 
will be produced, differing from the former only in some of the 
signs. Then if the conditions of the question be altered so as 
to correspond with the new equation, it will be consistent, and 
a positive value will be obtained for the unknown quantity. 
The new value of the unknown quantity however will be the 
same as the former, with the exception of the sign. There- 
fore, when once we are accustomed to interpret this kind of 
results, it will be unnecessary to go through the calculation a 
second time. 

The following examples are intended to exercise the learner 
in interpreting these results. 

1. A father is 55 years old, and his son is 16. In how many 
years will the son be one fourth as old as the father? 

Let X = the number of years. 

in I 55 4- a? 

16 4- a? = — -L— 

4 

M 4- 4 ^ = ^^ + ^ 

3« = 55 — 64 = — 9 

» = — 3. 
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Here a? has a negative value, consequentlj it entered into 
the equation with die wrong sign. Putting now — x instead 
off into the equation, it becomes 

iA ^ 56 — «• 

4 

This shows that something must be subtracted from the pre- 
sent age ; that is, the son was a fourth part as old as the father 
some years before. 

This equation gives 

a?= 3. 

Therefore he was one fourth part as old 3 years before, 
when the father was 52, and the son 13. 

3. A man when he was married was 45 years old, and his 
wife 20. How many years before, was he twice as old as she? 

c^^ 45 — X 

20 — a? = — ; — 

2 

x=z — 5. 

There is a wrong supposition in this question. Putting — or 
into the equation it becomes 

a/\ I 45 -(- a? 

20 4- 0? = — X — 

^ 2 

This shows that she was not half as old as he when they were 
married, but that it was to happen 5 years afterward, when the 
man was 50, and the wife 25. 

3. A labourer wrought for a man l5 days, and had his wife 
and son with him the nrst 9 days, and received $14.25. He 
afterwards wrought 12 days, having his wife and son with him 
5 davs, and received $13.50. How much did he receive per 
day himself, and how much for his wife and son f 

4. A labourer wrought for a man 1 1 days, and had his wife 
with him 4 days, and received $17.82. He afterwards wrought 
5i3 days, having his wife with him ISJuys, and received $38.78. 
How much did he receive per day for himself, and how much 
for his wife ? 
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5. A labourer wrought for a gentleman 7 days, having his 
wife with him 4 days, and his son 3 days, and received $7.89. 
At another time he wrought 10 days, having his wife with him 
7 days, and his son 5 days, and received $11.65. At a third 
time he wrought 8 days, having his wife with him 5 days, and 
hk son 8 days, and received $7.54. How much did he re- 
ceive per day himself, and how much for his wife and son se- 
verally ? 

6. What number is that, whose fourth part exceeds^its third 
part by 16 i 

f=* + 16 
4 3^ 

«=— 192. 

The question as it was proposed involves some contradiction. 
Putting in — d? it becomes 

4 3^ 

Changing oil t^^ sigfis 

£ = f — 16 
4 3 

m = 192. 

This shows that the question should have been a<i follows ; 
What number is that, whose third part exceeds its fourth part 
by 16? 

7. What number is that, yy of which exceeds \ of it by 18^? 

8. What fraction is that, to the numerator of which if 1 be 
added, its value will be |, but if 1 be added to its denominator^ 
its value will be f ? 

9. What fraction is that, from the denominator of which, if 
2 be subtracted, its value will be ||, but if 2 be subtracted 
from its numerator, its value will be | .^ 

10. It is required to divide the number 20 into two suck 
parts, that if the larger be multiplied by 3, and the smaller by 
5, the sum of the products will be 125. 
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1 1 . It is required to find two numbers, whose difference is 
25, and such that if the larger be multiplied by 7, and the 
fiiiiai cr by 5, the ditierence of their products shall be 215? 

XXV. Explanation of JVegative Exponents. 

It was observed above, that when the dividend and the divi- 
sor were different powers of the same letter, division is per- 
formed by subtractmg the exponent of tlie divisor from that of 
the dividend : thus 



a' 7_j 4 
a* 



Now ![ = 1. By the above principle ? = «•"• =nf; tliere- 
a a 

fore a^= 1. 



.3 



a^ b 

]^. = 10 '- =10*= 1 ; H-tL = (a + 4) '"' 

= (a + 6)*=l*. 

That is, any quantity having zero for its'e.\ponent, is equal 
to I. 

Again ^ = -, or !L = a'~* z= a""' 
a* a a* 



«'" ** " a* 



Hence it appears that a ' has the same value as -, and a"^ 

a 

as — • 

ft* 

The quantities a*, «% a', rt*, «-\ a"^, «"^, &c. have the same 
value as a% «% a', 1, 1, JL, .L, ic. 

■ Erp'^ncnls mny be iweil for compound fiimntitinf im well as fHr mmnle; 
•nd inu1ti|>lirntion tind «livision may lie perrorniud on Uiuae wliicli ar« 8ij»iiluv 
by adding and mibtractlns the exponents 

11 
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On this principle the denominntor of a fraction, or any fac- 
tor of the denominator may be written in the numerator by giv- 
ing it8 exponent the sign — • This mode of notition \t onen 
irery convenient ; I shall therefore give a few examples of its 
tpplicution. 

- = \Lra o e • 



6c» c» 

1. Multiply -^ by 6»c 

By the common rule 2^ X&*c= 2«**<^-2«** 



be" 6 c* c 

By the principle expluned above, 
««6-'c-' X 6»c=2o6— +»c-+' =2o6*c-« =?f*l 



5. Multiply 3a c-*i-» by Stfi*d*. 
8. Multiply 5 o~* c~* by . 2 « e*. 

4. Multiply H4I by 3o»c*. 

6. Multiply 2 o (J 4. «0 ~* by 8o(6 + rf)*. 

6. Multiply _^* by 8«»(2«-6«0* 

4c(2a — bay 

7. Divide ?4 by c\ 

lif the common method !1? -7- c* = — « 

Ify the above metliod 3ac""'-7-c* = 3ac"^"* 

= 3ac^= -- 

Or thus, la divide 3 a c~^ by c*, is the same as to multiply it 
1 -...-• 



by 4( Of ^ "^1 which gives the same result 
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8. Divide _4^L£__ by a*{2b—c)*. 

(2 o — c) 

9. Multiply ? " by A^. 

c d tr d 

?i!= 3« e-'rf-' and JiL= 4 ««-*<!-•. 
ed ed 



c«<P 



10. Divide ~ hj ^* 



ed ' <^c*d 
2ae-*d-' —2ba-^e~*d-* 

_ 2a'-»- 'ft- c-*+ ' < /- + ' _ 2g't-' ^gw* j 

3 3 TF 

In this example the exponents to be subtracted had the 
ngn — , which in subtracting was changed to «{-. 

11. Multiply ll(*£z:fQl by --L2J!L-. 

*^^ 26c ' 2(bc — dy 

12. Multiply—?/^' , by \^Jt=l^. 

13. Divide ^^^i^^-^y by IJ ^^^^-^^V 

16 6V -^ 24 6V 

14. Divide flilZAilS,^ by ijjlOlMl^. 

(a_6/ ^ 4 (a — 6)* 

XXVI. Elraimna^ton of Oeneral Formuku* 

When a question has been resolved generally, that is, by re« 
presentinff the known quantities bv lettersi we sometimes pro* 
pose to determine what values the unknowa quantitiesi wit! 
take, for particulai* suppositions mado upon tlie known quan*^ 
titles. 
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The two following (inestiuna offtr nearly nil tht circum- 
stances that can ever occur in equations of the first degree. 



Two couriers set uut at the some time from tlie points A ant] 
B, distant from e«ch other a number m of miles, and travel 
towards each other until they meet. The courier who sets 
out from the point A, travels at the rate of a miles per hour ; 
the other travels at the rate of b miles per hour. At what dis- 
tance from the points A and B will they meet i 

Suppose C to be the point, and 

Let X =: the distance A C 

and y = the distance B C. 

For the first equation we have 

a: + y^AB = »t 

Since the first courier travels x miles, at the rate of a miles 
per hour, he wilt be — hours upon the road. The second cou> 

tier will be -i- hours upon the road. But they tnyel equal 
times; therefore, 



Putting tliis value of a? into the first equation, it becomes 



f 



^+,=« 




aj+i,= 


in 


y = 


a + b 



6 a+b 6 (a +15 a+b 

cither of the quantities in these vnhiea of j nndy has 
-, it is impossible for either value to become nega- 
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live. Therefore wlmtever jiumbers may be put in plare of 0| 
bj and m, they will give an answer according to the conditions 
of the question. In fact, since they travel towards each other, 
whatever be tlie distance of the places, and at whatever rate 
they travel, they must necessarily meet. 

Suppose now that the two couriers setting out from the points 
A and B Hituated as before, both travel in the same direction 
towards D, ^t the same rates as before. At what distances 
from tlie points A and B will the place of their meeting, C, 
be? 

A B C D 



Let X = the distance from A to C, 
and y = " B to C. 

«— y = AC — BC = ABzuifi. 

The second equation expressing only die equality of 
time will not be altered. 

a b 
Solving the two equations as beforct 

ay 

ag — btf=zbm 

^ a—b 

_« _ a bm abm -- ^^ 

^6. ^"" S'SmA "" b{a—b) "^ ^T^ 

Here the values of x and y will not be positive unless a is 
greater than b ; that is, unless the courier, that sets out Com A« 
travels faster than the other. 

Suppose a = 8 and & = 4. 

11* 
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f 

Tlicn « = -!?- = ?5=2iii 

8—4 4 

^ 8 — 4 4 

In this case the point C, where they come, together, is dj»» 
tant from A twice the distance A B. 

Suppose a smaller than by for example 

a = 4 and 6=8. 

Then * = _i!lL= — «, 

4 — 8 

' 4—8 

V. Here the values of a: and y are both negative: hence there 
18 some absurdity in the enunciation of the question for these 
numbers. In fact, it is impossible that the courier setting out 
from A, and travelling slower than the other should overtake 
him. 

Let us put r and y negative in the two equations, that is^ 
change tln^ir signs. 

They become — « + y = m 

X V 

a b 

or y — x=i m 

and — = -?-• 

a b 

The second equation is not affected hy chonging the sign ^ 
and it ought not to be so, since it expresses only the equality of 
the times. 

The first equation becomes y — :r = m, instead of x— y = 
m, which shows that the point where they are together is nearer 
to A than to B, bv the distance from A to B. It must tlicrefore 
be on the other side of A, as at E. 

E A B C D 
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Vhe^ enunciation of the question may be changed in two 

ways so as to answer the conditions of tliis equation. 

First, we may suppose, -that the couriers, setting out from A 

and By instead of going towards D, go m the opposite directionj 
; the Kme from A at 4 miles per hoirr, and thtt other from B at 8 

miles per hour ; at what distance from the points A and B is 

the point £, where they come together ? 

. Or we may suppose that two couriers setting out from the 
' same place E, one travelling at the rate of 4 miles, and the other 

6 per hour, have arrived at the same time at the points A and 

B, which are m miles asunder. What uistance are the points 

A and B from E f 

Suppose a:=.hi 



Then « = 



am am am 



y = 



a — 6 a — a 

bm h m am 

a — b a — a 



How is this result to be interpreted ? 

Observe that in this case c and b being equal, the two cou> 
riers travel rqually fasi, ii is ^iierefo*^ impossible ihat one 
should evr ^ overtake the other, however Inr they may l.T.vrJ in 
either direction, and no chanse in thf^ cond'tiors can make it 
pos>'iLlo. ZcfO being f^ivisor, thon, is a sign of im^/ossibUity' 

We may observe that when ihero is any difference, houever 
small, between a and A, the val'*es of x and y will be rcu!, and 
the couriers will come t«gcther in one direct if. n or the other ; 
and the smaller the diffe. once, the greater will be the distance 
travelled before they come together 3 that is, the greater will 
be tlie values of x and y. 

Suppose a = Sand J =4, a — 6 = 1, 
then x= — = 5jii y= — =4ot. 

Agaiuy Suppose « = 5, and 6 = 4 • 5, a — 6 =:: • 6, 
tlien X = — = 10 m « = = 9 ot. 
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Againi Suppose a == 5, and &=:4*93,a«— &=*OSt 

then « = ^.?=:250fit,andy=::^— = 249 m 

•02 -02 

■ 

Again, Suppose a = 5 and 6 = 4*998, a — & = '002, 

then « = A^ = 2600 m. 

•002 

nnd ,= l:22i!!L=2499n». 

2 

Here observe, that as the difference between a and b be* 
comes very small, the values o(x and y become very large, and 
(he difference between them is always m. Hence, since the 
smaller the divisor the larger the quotient, we may conclude, 
ihat when the divisor is actually zero, the 4|iiotient must be in- 
finite. From this consideration, mathematicians have called 

the expression?, that is, a quantity divided by zero, a symbol 



i>f infiniiv. They therefore say, that, both couriers travelling 

equally mst, the distance, travelled before they come together, 

is infinite. But as infinity is an impossible quantity, I prefer 

the term impossible^ as being a term more easily comprehended 

I shall therefore call - a symbol of impossibiUtit. 

If a quantity be divided by an infinite or impossible quan- 
tity, the quotient will be zero. If 6 be xlivided by ., it be» 

comes * .. Multiply both numerator and denominator by 0, it 
a 



becomes — iL. = 0. In fiict, since the larger the divisor, the 
a 

smaller the quotient, the dividend remaining the same, it fol* 

lows that if the divisor surpasses any assignable quantity, the 

auotient must be smaller tlian and assignable quantity, or no- 
ling. 

One case more deserves our notice. It is when a = & and 
m = ; m which case Ive have 
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« — ^^ __ « X _ 
"" a — 6 o" """o" 

_ bm _ A k _ 

If we return to the equations themselves, they become 

X — y = 

a a 
From the first we have 

X =zy 
Substituting tins value in the second 

MiMMBM ^B^^ «^^^ V 

' a a 

This last equation has both its members alike, and is some* 

times called an idmticcU equation. The values of the unknown ^• 

quantities cannot be determined from it. In fact, since m is f 

zero, both couriers set out from the same point. And since ) 

they both travel at the same rate, they are always together. ' 

Therefore there is no point where they can be wud to come to* ^- 

gether. The expression - is here an expression of an indeUr^ 

mnate quantity. 

There are some cases where an expression of this kind is not 
a sign of an indeterminate quantity, but in these cases it arises 
from a factor being common to tlie numerator and denominst- 
tor, which by some suppositions becomes zero, and renders the 

fraction of the form of - ; but being fi-eed from that fiictor, if 

has a determinate value. 

The following expression is an example of it ^ 

fl(a« — y) 
b{a — by 

When a =: £, this expression becomes -• But both nmnerft • 
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rotor and denominator contain the factor d — ft» which be* 
coincs zero when a and b are equal. 

Dividing by a — b^ the expression becomes 

> a {a + b) 

b ' 

which is equal to 2 a when a =: &• 

It is necessary then, when we find an expression of the form 
-, before pronouncing it an indeterminate .quantity, to see if 

there is not a factor, common to the numerator and denomina^ 
tor, which, becoming zero, renders the expression of this form. 

The example of the couriers furnishes some other curious 
cases, for which we must refer the learner to Lacroixls or Bour- 
don's Algebra. 

Let the learner examine the following examples in a similar 
manner. 

In Art. IX. examples 15 and 16, the following foimulas, re- 
lating to interest, were obtained. How are r and I to be in-^ 
terpreted. when p ia greater than a; owl how when a and p 
are equal .^ 

a — p --.« — P 
r = i., I = f* 

^P ^P 

\ In Art. XXII. examples 12th and 13th, the following formu* 
las were obtained. In what cases will tlie results become ne- 
gative, and how are the negative results to be interpreted i 

: 12th. Numerator '[P^±^ 

mq — np 

Denominator V!lJL±Ji) 

tn q — np) 

13di. Numerator 1I^St±^ 

np — mq 

Denominator ^L^1£JI1?{. 

np — mq) 
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It is required to divide a given number a into two such parts, 
tliat ifr times one part be added to t times Uie otlier part, tlie 
sum will be a given number 6. 

Am. The part to be multiplied by r is -ZIJLf, 

* r — .* 

and the part to be multiplied by a is . 

r — 9 

m 

In what cases will one or both of these results be negative ? 
Can both be negative at the same time ? How are the nega- 
tiX'e results to be interpreted f In what cases will either of 
tliem become zero f Can both become zero at the same time ? 
What is to be understood when one or both become zero } In 
what cases, will one or both become infiiiiie or impossible f 

Can either of them ever be of the form-? 
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1. A boy being asked how many chickens he had, answered, 
that if the number were multiplied by four times itself, tlie pro- 
duct would be 256. How many had he ? 

Let X =• the number, 

then 4 0? = four times the number. 

4xX x=i4a^ 
By the conditions 4 x* = 256 

a^ = 64 
That is or X 1=61. 

This equation is essentially different from any which we have 
hitherto seen. 

It is called an equation of the second degree, because it con* 
tains x', or the second power of the unknown quantity. In or- 
der to find the value of x, it is necessary to find wiiat number, 
multiplied by itself, will produce 64. We know immediately 
by tlie table of Pyu^agoras that 8 X 8 = 64. Therefore 

OP = 8. Jlns. 8 chickens. 

JSTote. The results of these equations may be proved like 
those of the first degree 
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2. A boy bemg asked his age, answered, that if it were mul- 
tiplied by itscin and from the product 37 were subtracted, and 
tiic remainder multiplied by his age, the product would be 12 
limes his age. What was his age ? 

« \ ^ =36 «* (a^ — 37) X = ix^ — 37 x. 

■ By the conditions 

a* — 37a:=12x. 

Dividing by «, 

a^_37='l2 
.- / «• — 4D 

t =z 7.' Jhis. 7 years. 

3. There af e two nupibe^s in th^ proportion of 5 to 4, and 
the diiTerence of whose second powers is 9* Whatare the num- 
bers ? 

Let X =r*the larger number, 

then .- = the smaller. 
5 

The second power of — is - — . 

5 ^b 

By the conditions jl* — = 9, 

4. There are two numbers whose sum is to the less in the 
proportion of 15 to 4, and whose sum multiplied by the less 
produces 135. What are the numbers r v 

Let j: = the less, and y = the greater. 

• ■*' ' 15 2? 

Then * + y = — — 

4 

and at (a? + y) = 105. 

m, J • ^ 135 — of 
The second gives y = — . 

X 

Putting this value of y into ttic first, it becomes 
135 _x» 15 J? j.^^ 

^2? 4 ' 
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Hence it appears, that when an example involves the second 
power of the unknown quantity, the value of the second power 
must first be found in the same manner as the ifnknown quan- 
tity iff found in simple equations ; and from the value cxf the 
second power, the value of the first power is dj^rived. 

It is easy to find the second power of any quantitv, when 
the first power ki known, because it is done by multipficdtion ; 
but it is not so easy to find the^irst power from the second. It 
cs^not be done by division, because there is no divisor given. 
When th« number is the second power of a small initnber, the 
fitst power is easjly found by trial, as in the above examples. 
When the number is large, it is still found by trial ; but a rule 
may be very easily found, by whicli fhe number of triafe will 
be reduced to very lew. The first powejr is called the root of 
the second power» and when it is required to find the first pow* 
er from the second, ,the process is called A.xtracting the root. 

It has been shown, Art. XXIV. that the second power of 
every quantity, whether positive or negative, is necessarily po- 
sitive ; thus 3 X 3 = + 9, and also ^— 3 X — 3 = -f- 9. So 
a X o = a*, and also — -a X — tf = a*. Hence every second 
powei, properly speaking, has two roots,^the one positive and 
the other negative. The conditions of the question will gene- 
rally show which is the true answer. 

XX VIIL Extraction of the Second Root. 

In order to find a rule for extracting the root, or finding the 
first power from the second, it will bo necessary, first, to ob- 
serve how the second power is formed from the first. 

Let rt = 20 and 6 = 7 ; then a + 6 = 27. 

The second power of a + 6 is 

{a + b){a + b)=za' + 2ab+V 

eP = 20 X 20 = 400 

a J = 20 X 7= 140 

ai=20x 7 = 140 

*• = 7 X 7 = 49 

a'+2a6-)-6*=729. 

12 
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The product 4s formed in precisely the same marines in the 
usual mode of multiplication, as may be seen, if the products 
are written down as they are formed, without carrying. 

27 

27 



49 
140 
140 
400 

729 



• Here wc observe, 7 times 7 is 49, 7 times 20 is 140, 20 times 
7 is 140, a^d lastly 20 times 20 is 400. These added together 
make 729, which is the second power of 27. 

We observe, 

1st. When the root or first power consists of two figures, the 
second power consists of the second power of the tens, plus the 
prodtbct of twice the tens by the units, plus the second power 
of the units. 

2d. The second power of 9, the largest number consis^ng 
of one figure, is 81 ; and tlie second power of 10, the smallest 
number consisting of two places, is 100 ; and the second pow- 
er of 100, the smallest number consisting of three places, is 
10000. Hence, when the root consists of one figure, the se- 
cond power cannot exceed two figures ; and when the root 
consists of two figures, the second power consists of not less 
than three figures, nor more than four figures. 

From these remarks it appears, tliat we must first endeavour 
to find the second power of the tens, and that it will be found 
among the hundreds and thousands. 

Let it be required to find the root of 729. This number con- 
tains hundreds, therefore the root will contain tens. The se- 
cond power of the tens is contained in the 700. 20 X 20 is 
400, and 30 X 30 is 900. 400 is the greatest second power 
of tens contained in 700. The root of 400 is 20. Subtract 
400 from 729, and the remainder is 329. This must contain 
2 rt A + i*, that is, the product of twice the tens by the units, 
plus the second power of the units. If it contained exactly the 



m» 

* 
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product 2 ab of twice the tcn^bythe units, the units of the 
root would be found by dividing 829 by twice 20, or 40; for 
2ab divided by 2 a gives b. As it is, if we divide bjr twice 20 
or 40, we shall obtain a quotient either exact, or too large by 1 
or 2. 40 is contained in 329, S times. Write 8 in the root 
and raise the whole to the second power. 28 X 28 15: 784, 
which is larger than 729. . Next try 7 in the place <^' 8. 27 X 
27 = 729. Tter^fore 7 is right, and 27 is tlie root required. 

The operation may stand as follows* 

729 (20 -I- 7 = 27 root. 
400 



329 (40 divisor. 
27 X 27 = 729. 

What is the root of 1849 ? 

18,49 (40 + 3 = 43 root. ' 
16,00 



249 (80 divisor. 
43 X 43 = 1849. 

In this example, the second power of the tens will be found 
in the 1800. 30 X 30 = 900 ; 40 X 40 = 1600 ; 50 X 50 = 
2500. The greatest second power in 1800 is 1600, the root of 
which is 40. Write 40 in the place of a quotient. Subtract 
1600 from 1829. The remainder is 249, which divided by 
twice 40, or 80, gives 3. Add 3 to the root, and raise the 
whole to the second power. 43 x 43 = 1849. Therefore 43 
is the root required. 

It is evident that the result will not be affected, if instead of 
writing 40 in tlie root at first, we omit the zero, and then sub- 
tract the second power of 4, viz. 16 from the 18, omitting the 
two zeros which come under the other period. Then to form 
the divisor, the 4 may be doubled, aad the divisor will be 8 in^ 
stead of 80, and the dividend must be 24, the right hand figure 
being rejected. 
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Operation. 

18,49 (43 foot. 
16 



Dividend = 24,9 (8 divisor. 
43 X 43= 18 49. 

Exarnples^ 

1. What is the root of 1444 ? Ant. 38. 

2. What is the root of 7396 f 

3. What is the root of 361 } 

4. What is the root of 3249 ? 
6. What is the root of 7921 ? 
6. What is the root of 8281 ? 

The second power of o -|- 6 + c, or (a -f"^ + (^ + * + '^ 

a'+2ab + b^+2ac + 2bc + (f = 

a* +2 a 6 + ^« + 2 (rt -}- 6) c + c*. 

To find tlie second power of 726 
Let a = 700, b = 20, and c = 6. 

a* = 700 X ^00 = 490000 

2a6 = 2x700x20 = 28000 

6« = 20 X 20 = 400 

2(a + i)c =2 X (700 + 20) X 6 = 8640 

c' = 6X6 = 36 



527076 



726 
726 

4356 
1452 
5082 

527076 
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The first three terms of the formula, viz. 

are the second power of a 4- 6 or of the hundreds and tens, 
viz. 720. The second power of 720 can have no significant 
figure below hundreds, and the significant figures of the se- 
cond power of 720 and of 72 are the same ; the former is 
618400, the latter 5184. If from the whole number 527076 
the two right hand figures be rejected, the number is 5270. 
This contains the second power of 72 and something more, viz. 
a part of the product 2 X (700 + 20) X 6 = 2 (a ■+- 6) c. 

The method of procedure then, is to find the largest root 
contained in 5270. The first three terms of the above formula, 
viz. a* + 2 a 6 -f" **» show, that this is to be found by the me- 
thod given above for finding a root consisting of two figures. 

62,70 (72 
49 



37,0 (14 
72 X 72 = 51,84 



86 

The root is 72, and the remainder is 86. Annex to this the 
two figures rejected above, and it becomes 8676. This eon- 
tains 2 (a + 6) c -f- c* ; tnat is, 

2 X 720 X c + c*. 

If 8676 be divided by 2 X 720 = 1440, the quotient will be 
either c or a number larger by 1 or 2. The zero on the right 
of 1440, and the right hand figure in the dividend may be 
omitted without affecting the quotient. The quotient is 6, 
Put 6 into the root and raise the whole to the second power. 

726 X 726 = 627076 
12* 



138 A^Ara. XXVIll. 

Operaiion. 

62,70,76 (726 = root 
49 



l8t dhidend 37,0 (14 = 1st divisor, 

72 X 72 = 51,84 



2d dividend = 867,6 (144 = 2d divisor. 
726 X 726 = 527,076. 

There is, however, a method, which will save considerable 
labour in multiplying. 

In the last example, for instance, having found the second 
figure of the root 2, instead of raising the whole 72 to the se- 
cond power, we may abridge it very much by observing, that 
the second power of the 70, answering to a* in the formula, has 
already been found and subtracted ; therefore it only rerhains 
to find 2 a & -f ^A ^^d snbtract it also. But the 140 is 2 a, and 
the figure 2 found for tlio root answers to i ; t^^orefore if we 
add 2 to 140, it becomes 142 =: 2 a -|- &• If tills be now mul- 
tiplied by 2 or 6, it becomes 

2X 142=284=2«J + 6*. 

This completes the second power of 72, which, subtracted 
from S70, leaves 86 as before. 

Prepare as before, and find the third figure of the root. Ob- 
«5rve that the 2d power of 720 or a* -|- 2 o 6 + ** has already 
been found and subtracted ; it only remains to find the other 
parts, viz. 2 (a + t ) c -j- c*. The divisor 1440 answers to 2 
\a + b). Aad 6, the figure of the root just found, to this, and 
it becomes 1446, answering to 2 (a -|- 6) + c. If this be mul- 
tiplied by 6, it becomes 1446 X 6 = 8676 = 2{a + b\c + c\ 
This completes the second power of 726, which, subtracted 
frcim 8676, the number remaining in the work, leaves nothing. 
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4 

Opercaion, ' 

52,70,76, (726 root. 
49 



1st dividend 370 14 1st divisor. 

284 142 l8t multiplicand. 

2d dividend 8676 144 2d divisor 

86'96- 1446 2d multiplicand. 



00 

The same principle will applj wken the root consists of any 
number of figures whatever. 

What is the root of 53383773216^ ? 

In the first place I observe that the second power of the tens 
can have no significant figure below hundreds, therefore the 
two right hand figures may be rejected for the present. Also 
the second power of the hundreds can tjave no significant figuro 
below tens of thousands, therefore the next two may be reject- 
ed. For a similar reason the nett two may be rejected. In 
this manner they may all be rejected two by two until only one 
or two remain. Begin by finding the root of tjiese, and pra> 
cced as above* 

Operation. 

63,38,37,73,21,64 (730042 
49 



43,8 (143 
429 

93,7 (1460 

9377,3 (14606 
8763 6 



613 72,1 (146124 
584 49 6 

2922 564 ^461 282 
29 22 564. 
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After separating the figures two by two, as cxp.ained above, 
I find the greatest second power in the left hand division. It 
is 49, the root of which is 7. I subtract 49 from 53, and 
brins; down the next two figures, which makes 438. Now 
consiciering the 7 as tens, I proceed as if I were finding the 
root of 6338: that is, I double the 7, which makes 14 for a 
divisor, and see how many times it is contained in 43, rejecting 
the S on the right. I find 3 times. 1 write 3 in the root at the 
right of 7, and also at the right of 14. I multiply 143 by 3, 
and subtract the product from 438. I then bring down the 
next two figures, which make 937. I double 73, or, which is 
the same thing, I double the 3 in 143 ; for the 7 was doubled 
to find 14. This gives I4G for a divisor. I seek how many 
times 146 i» contained in 93, ^rejecting the 7 on the right, as 
before. I find it is not contained at all. I write zero in the 
root, and also at the right of 146. I then bring down the next 
two figures. I seek how mapy times 1460 is contained in 9377, 
rejecting the 3 on the right. 1 hnd 6 times. I write 6 in t!ie 
root, and at the right of 1460, and multiply 14606 by 6, and 
subtract the product frotn 93773. I then bring down the next 
two figures, and double the right hand figure of the last multi- 
plicand, and proceed as before ; and so on, till all the figures 
are brought down. The doubling of the right hand figure of 
the hist multiplicand, is always equivalent to doubling the root 
as far as it is found. 

From the above examples, we derive the following rule for 
extracting the seconJ root. 

1st. Beginning at the right j separate the number tn,.^ paiis of 
two fis^xtrea each. The left hand part may consist of one or (wo 
ftgvrcs, 

2nd. Find the greatest second power in tftr left hand party and 
write its root as a quotient in division. Subtract the second poufer 
from tiee left hand vart. 

3d. Bring down iht two next figareJi at the right of the remain" 
der. Double the root already found for n divisor, oee how many 
times the dichor w contained in the dividend rejecting tfie right hand 
figure. Write the result in tihe root^ at t/ie rigtu of tlie figure pre- 
viously founds and also at the right of the divisor. 

4th. Multiply the divisor^ thus augmented^ by the last figure 
of the rooty and subtract the pi oduct from the whole dividend. 
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5th« Bring down the next two figures as before^ to form a new 
dividendy and double the root already found, for a divisor ^ and pro^ 
' eeed as before. The root tmll be doubled^ if the right hand figure 
of the last divisor be doubled. 

If it happens that the divisor is not contained in the dividend 
when the right hand figure is rejected, a zero must be written 
in the root, and also at the right of the divisor ; and the next 
figures must be brought down, and then a new trial made. 

If it happens that the figure annexed to the root is too small, 
it may be aiscovered as follows. 

The second power of a '+ 1 is a' + 2 a + 1. 

That is, if we have the second power of any number, the se 
cond power of a number larger by l,.is found by multiplying 
the first number by 2, increasing the product by I, and adding 
it to the power. For example, the second power of 10 is 100 ; 
the second power of 11 is 100 + 2 X 10 + 1 = 121. The 
second power of 12 is 121 + 2 x 11 + 1 = 144, &c. 

If then the remainder, after subtraction, is equal to twice the 
root already found plus 1, or greater, the last figure of the root 
must be increased by 1. 

In the last example, the first dividend was 43,8 and the di- 
visor 14 ; the figiu-e^ut in^the root was 3, and the remainder 
was 9. If 2 instead of 3 had been put in the root, the remain- 
der would have been 154, which is considerably larger than 
twice 72, and would have shown, that Ae figure should be 3 
instead of 2. 

There are many numbers, of which the root cannot be ex- 
actly assigned in whole or mixed numbers. Thus 2, 3, 5, 6, 
7, have no assignable roots. That is, no number cao be found, 
which, multiplied into itself, shall produce either of these num- 
bers. This is the case with all whMe numbers, which have 
not an exact root in whole numbers. 

This may be proved, but the demonstiation is ^ difficult, 
that few learners would comprehend it at this stage of their 
progress. The proof may be found in Lacroix's Algebra. 
The learner, however, may easily satisfy himself by trial. We 
shall soon find a method of approximating the roots of these 
numbers, sufficiently near for aU purp^^ses. 
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XXIX. Extraction of the second Root yf Fractions. 

Fractions are multiplied together by multiplying their nu- 
meraiors together, and their denominators together. Hence 
iJie second power of a fraction is found by multiplying the nu- 
merator inio itself, and the denominator into itself; thus the 

second powea of | is | X f = ^l* The second power of 

A is A X — = — . Hence the root of a fraction is found 
6 6 6 6« 

by extracting the root of the numerator, and of the denotfnina- 
tor ; thus the root of |f is ^. 

If either the numerator or denominator has no exact root, 
ths. root of the fraction cannot -be found exactly. Thus the 
root of If is between J and f or 1. It is nearest to f. 

The denominator of a fraction may always be rendered a 
psrfcct second power, so that its root may be found ; and for 
the numerator, the number whicli is nearest to the root must 
betaken. Suppose it is required to find thernptoff. If 
both terms of the fraction be multiplied by 5, the valne of the 
fraction will not be altered, and the denominator will be a per- 
fect second power, 



3 IS 



The root is nearest f . This is exact, withm less than |. 

If it is necessary to have the root more exactly ; aften the 
traction has been prepared by multiplying both its terms bj 
the denominator, we may again multiply both its terms by some 
number that is a perfect second power. The larger this num- 
ber, the more exact the result will generally be. 



3 IS 



If both. terms be multiplied by 144, which is the second 
power of 12, it becomes |^|J, the root of which is nearest to 
J J. This is the true root within less than ^V* 

We may approximate in this way the roots of whole num- 
bers, whose roots cannot be exactly assigned. 

If it is required to find the root of 2, we may change it to a 

fipaction, whose denominator is a perfect second power. 

« 

— ass 
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The root of f J| is nearest to |J = 1^*^. This differs from 
the true root by a quantity less than j\. If greater vxact;ieisi 
is required, a number larger than 144 may be used. 



1. What 

2. What 

3. What 

4. What 
6. What 

6. What 

7. What 

8. What 

9. What 



s the root of yW ? Aiis, ^j* 

s the root of i|f ? 
s the root of ISiff = VoV ? 
s the rootof2Sfi5? 
is the approximate root of f ? 
is the approximate root of ^f ? 
s the approximate root of 3^ ? 
s th'^ approximate root of 17/y ? 
s the approximate rcot of 3.? 



10. What is the approximate root of 7 ?. 

11. What is the approximate root of 417 .»* 

The most convenient numbers to muhiply by, in order in 
approximate the root more nearly, are the second fK>\vers of 
10, 100, 1000, &c., which are 100, 10000, 1000000, &c» By 
this means, the results will be in decimals. 

To find the root of 2 for instance, first reduce it to hun- 
dredths. 

2 = f^lJ, the approximate root of which is || = 1.4. 

Again 2 = HJ-IS> the approximate root of which is f ^J =: 
1.41. 

Again, 2 = f.j-f§jf§, the approximate root of which is } f Jf 
^ 1.414. 

In this way we may approximate the root with sufficient ac- 
curacy for every purpose. But we may observe, that at every 
approximation, two more zeros arc annexed to the number. In 
fact, if one zero is annexed to the root, there must be two an- 
nexed to itd power ; for the second power of 10 is 100, that 
of 100 is 10000, &c. 

This enables us to approximate th'5 root by decimals, and 
we may annex the zeros as we proceed in the work, always an- 
nexing two zeros for each. new figure to be found in the root, in 
the same manner as two figures are brought down in wliole 
numbers. 
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The root of 2 then may be {bund as follows. 
2 (1.41421, &c. root. 



1 



10,0 (24 
96 


40,0 (281 
28 1 


1 1 90,0 (2824 
1 29 6 


60 40,0 (28282 • 
56 56 4 


3 83 60,0 (282841 
2 82 841 



00 75 9 

12. What is the appro^:Lna*e root of 28 1 

13. What is the approximate root of 243 ? 

14. What is the approximate root of 27068 ? 

15. What is the approximate root of 243f ? 

9J^03 O/IQ 375 3433750 843375000 Jtr g* 

The approximate root of which is VVVV == 15.6,&c. 

But it is plain that this may be performed in the same man* 
ner as the above. For if the number 243375000 be prepared 
in the usual way, it stands thus ; 2,43,37,50,00. Now 

n?m!l' =243.375000. 

If we take this number and begin at the units and point to- 
wards the left, and then towards the right in the same man- 
ner, the number will be separated into the same parts, vie. 
2,43.37,50,00. The root of this number may be extracted in 
the usual way, and continued to any number of decimal places 
by annexing zeros. 
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N. B. The decimal point must be placed in ihe root, be- 
fore the first two decimals are used. Or the root must con- 
Cain one huir us many decimal places as the power, counting 
tlie zeros which are annexed. 

» 1, 

16. What is tlie approximate root^ of 213.6B? 

17. What is tfc^e approximate root of 726 J ? 

18. What is the appro dmute root of 17/y ? 

19. What is the approximate root of 3f} ? 

20. What is the approximate root of ? ? 

21. What is the a])proximate root of § f 

22. What is the approxiniate root qf j}j f 

23. What is the approximate root of yy'y^ } 

♦ 
XXX. Qiicstions produdnsi; pure Equations of the Second 

I)2grec. 

1. A mercer bought a piece of silk for £16. As.; and the 
number of shillings which he paid, per yard, was to the number 
of yards, as 4 to 1). How many yards did fie buy, and what 
was ihe pricp of :: yard ? 

Let X = the nuniocr o^f shillings he paid per yard 

9 X 
Then — = the number of yards. 

4 

Or* 

The price of the whole will be = 324 shillings. 

«• = 144 
.r = 12 

^ = 27. • 
4 

JIns. 27 yards, at 12s. per yard. 

2. A detachment of an army was marchimr in regular co- 
lumn, with 5 men more in depth than in from ; but upon tho 
enemy coming in sight, the front was increased by P45 men ; 
and by this movement the detachment was drawn up in 5 lines. 
Required the number of men. 

13 
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Lei X = the number in front ; 

then X + 5 = the number in depth ; 

a!' + 5x = the whole nu nber ol men. 

Again x + 845 =zthe number in front after the movement ; 

And bx + 4225 = the whole number. 

0?* + 5 X = 5 J? + 4225 
x" =4225 
a? ==: 65 

The number of men = 5 a? + 4225 = 4550. 

3. A piece of land containing 160 square rods, is called an 
acre of land. If it were square, what would be the length of 
one of its sides ? • 

Let X = one side. 

a:» = 160 

a? = 12649 + 

Ans. The side is 12.649 -p rods. It cannot be found exactly, 
because 160 is not an exact 2d power. 

This is exact within less than 77^-7 of a rod. It might be 
carried to a greater degree of exactness if necessary. 

4. What is the side of a square field, contaming 17 acres ? 

5. There is a field 144 rods long and 81 rf>ds wide ; what 
would be tlie side of a square field, whose content is the same ? 

6. A man wishes to make a cistern that shall contain 100 
gallons, or 23100 cubic inches, the bottom of which shall bo 
square, and the height 3 feet. What must be the length of 
one side of the bottom f 

7. A certain sum of money was divided every week among 
die resident members of a corporation. It hap|)cnedi>ne week 
that the number resident was the root of the number of dollars 
to be divided. Two men however coming into residence the 
week after, diminished the dividend of each of tlie former indi« 
viduals^ 1 ^ dollars. What was the sum to be divided f 

Let X z=z the number of dollars to be divided ; 
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tlien x^ =r. tlie number of men resident, and also tlife sum 
each received. 

The root of x is properly expressed by the fractional index 
i* For it has been observed, that when the same letter is 
found in two quantities which are to be multiplied together, 
the multiplication is [jerformed, as respects that letter, by 

adding the exponents. Thuo* a X (i = a* + * = a* ; x* X «* 

=3 x' + ' = cr\ &c. Applying the same rule ; if x" represents 

a root or first power, the second power or x^ X a?^ =: a? "*" ^ 

= X* or X. 

The second power of a letter is formed from the first by 
multiplying its exponent by 2, because that is the same as 
adding the exponent to itself Thus a^ x «* = «'"*■' = «* ^ * 
= a'. This furnishes us with a simple rule to find the root of 
a literal quantity ; which is, to divide its exponent by 2. 

9 4 

Thus the root of a* is a^ = a' ; the root of a* = a^ =za:] the 



root of a* is a' = a\ &c. By the same ndc, the root of a* is 
or ; the root of cf is a^ ; the root of a* is a^ ; the root of a 

n 

IS a?, &c. 

In the above example 
X = the number of dollars to be divided ; 

and x^ = the number of men resident ; 

j^""^iL = «^r=the number of dollars each received* 
and ± A 

X- x^ 

x^ -}- 2 = the number of men the succeeding weet; 
= the number of dollars each received the latter week ; 



Hence by the conditions 

i _ 4 _ X 
"3 ^i+2 
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i i 4 r- , ^ J 8 

A* .1^ + 2 x-* — = X 

3 ^ 3 

3 ^ 3 

4 a^* , o J 8 

— — + 2 0?"* = — 

3 . 3 

— 4 jc^ + G X* = 8 

2 X* =8 

x*.= 4 

«* X X* = X* + * = X = 4 X 4 = 16, 

Alls* $\0. 

Instead of making x = the number of dollars, wc migl&t 
make, 

«* = the number of dollars ; 

thenx = the number of men residont,<&;c/ 

T^en we have 

— 1 = ^ 

3 x+*2 

x' — t!'+2x — — =j^ 
3 ^ 3 

x*_l5+2a_,«=l 
3 3 

2x= 8 

« = 4 • 

;k^:=z 10. 

jlns. $1G, as before. 



\ 
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8. Two men, A and B,.lay out some money on speculation. 
A disposes of bis bargain for <£1 1, and gains as much per centt 

.as B lays out ; BV gain is £36, and it appears that A gains 
four times as much per cent, as B. Required the capital of 
each. 

9. There is a rectangular field containing 360 square rods, 
and whose length is to its breadth as 8 to 5. Required the 
length and breadth. 

10. The^e are two square fields, the larger of which contains 
13941 square rods more tlian the Fmaller, and the proportion 
of their sides is as 15 to 8. Required the sides. 

11. There is a rectangular room, the sum of whose length 
and breadth is to their difterence as S to 1 ; if the room weio 
VL square whose side is equal 4o the length, it would contain 
128 square feet more than it would, if it were only equal to the 
breadth, liequired the length and breadth of ttie room. 

12. There is a rectangular field, whose length is to its 
breadth in the proportion of 6 to 5. A part of this, equal to i 
of the whole, b^ing planted^ there remain for ploughing 625 
square yards. What are the dimensions of the field ; 

13. A charitable person distributed a oertain sum amongst 
some poor mea and women, the number of whom were in the 
proportion of 4 to 5. Each man received on3 third as many 
shillings as there were persons relieved ; and each woman re- 
ceived twice as manv shillintrs as there were women more than 
men. The men received all together Us. more than the wo 
men. How many were there of each ? 

14. A man purrliaficd a lifld whose length was to the 
breadth as bf to 5. 'J'lic number of dollars paid per acre was 
equal to the number of rods in the length of the field ; and tho 
number of dollars given for the whole, was equal to 13 times 
the number of rrids round the field. liequired the length and 
breadth of the field. 

1 5. There is a stack of hay whose length is to its breadth as 
5 to 4, and whose height is to its breadth as 7 to 8. It is worth 
as many cents per cubic foot as it is feet in bread'.h ; and tlio 
whole is worth, at that rate, 224 t.mes as many cents. as there 
are square feet on the bottom. Required the dancnsiuns of 
the stack. 

13* 
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Id. There is a field containing 108 8i]iiarc rods, and tho 
sum of the length and breadth ip equal to twice die difference. 
Required tlie length and breadth. 

17. There are two numbers whoso product is M4, and tlio 
^otient of thQ greater by the less is 1<5. What are the num- 
)>ers i 

XXXL Questions producing Pvre Ejuaiions of the Third 

Degree, 

1. A number of boys set out to rob an orchard, each carry- 
ing as many bags as there were boys in all, and Qach bag ca- 
pable of containing 8 times as many apples as there were boys. 
They filled their bags, and found tfec whole niunber pf apples 
was 1000. How many boys were there ? 

Let X = the number of bovs ; 
then ^ X 0? = a:' = the number of bags ; 
and 3x X -r* = 8 r* = the number of apples. 
By the conditions 

8x' = inoo 

, i'= 125 

or xxx =: 125:. 

In this equation, the unknown quantity is raised to the third 
power; and oi. th'.s account is called an equation of the ihud 
degree. 

In order to find the value of x in this equation, it is necessa- 
ry to find what number multiplied twicfj by itself wiil make 125t 
By a few trials we find that 5 is the number ; fur 

5 X 5 X 5 = 125 

therefore . a^ = 5. JIns. 5 boys. 

2. Some gentlemen mide an excursion ; and every one took 
the same sjn> of money. Each gentleman had as many ser- 
vants attending him as there were gentlemen ; and the num- 
ber of dollars which each had, was double the number of all 
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llin servants ; and the whole sum of money taken out wa» - 
$1458. How many gentlemen were there ? 

Ans. 9 gentlemen. 

3. A poulterer bought a certain number of fowls. The first 
yctir Ccich fowl had a number of chickens equal tp the origmtl . 
number of fowls. He then sold the old ones. The next year 
each of the young ones hod a number of chickens equal to 
once and one half the number which he first bought. The 
whole number of chickens the second year was 766. Whpt 
%vas the number of fowls purchased at first ? 

It appears that in equations of the third degree, as in those 
of the second degree, the power of the unknown quantity must 
first be separated from the known quantities, and made to stand 
alone in one member of the equation, by the same rules as the 
unknown quantity itself is separated in simple equations. 
When this is done, the first power or the root must be found, 
and the work is finished. 

a 

Extraction of (he Third Root. 

The third power of a quantity i^ easily found by multiplica- 
tion, b»'l lo return from the pover to the root, is not so easy. 
It must be done I y trial, in a manner analogous to tjat em- 
ployed for the root of the second power. 

We shall hereafter hive occasion to speak of the root of the 
fourlli power, of the filth power, &c. In order to distinguish 
l.iciii tlio mcjre rcndily, wo shall call the root of the jK^cond 
power, the second roorof the quantity ; that of the third power, 
tlie third rooty that of the fourth power, the^bur^A root^ &c. To 
pioservu the analogy, we shall sometimes call the root of the 
first power, the first root. 

N. B. The first power, and the first root, arc the same 
thing, and the same as the ^quantity itself. 

It always has been, and is still the practice of mathcmnti« 
cians, to call the second root the square root^ and Uie lliird 
root the cuhe root, and sometimes, though not so universally, 
the fourth root th'*. ht-quadrate root. But as these terms are 
unnppropriate, they will not he used in this treatise. 

When the root consists of but one figure, it must be found 
by trial. When th§ root consists of more than one place, it 
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mnst still be found by trial, but rules may be made, which will 
reduce the number of trials to very few, as has been done 
above for the second root. 

In order to find the rules for extracting the third root, it will 
be necessary to observe how the third power is formed from the 
first, when the first consists of several figures. 

Let a =: 30 and & =r 5 ; then a -f 6 = 35. 

{a+by = a» + 3a« J + 3a 6* + b\ Art. XIII. 

a* = 30 X 30 X 30 = 27000 

3a*6 3= 3 X 30 X 30 X 5 =.13500 

3ai*= 3X30X 5x5 r= 2260 

6» = 5 X 5 X 5 = 125 



42875 



Hence it appears, that the third power of a number consist- 
ing of units uid tens, contains the third power of the tens, 
plus three times the second power of the tens multiplied by the 
units, plus three times the tens multiplied by the second i)ower 
of the units, plus the third power of the units. 

Farther, the third power of 10, which is the smallest number 
with two places, is 1000, which consists of four places; and 
the third power of 100, is 1000000, which consists of seven 
places. Hence the third power of tens will never be less than 
1000, nor so much as 1000000. 

If, therefore, there are tens in the root, their power will not 
be found below the fourth place ; and if the root consists of 
tens without units, there will be no significant figure below 

looo: 

To tmce back again the number 42875, the root of the tens 
will be found in the 42000, and tliis must be found by trial. 

30 X 30 X 30 = 27000, and 40 X 40 X 40 = 64000. 

The largest third power in 42000 is 27000, the root of which 
is 30. Now 1 subtract 27000 from 42875, and the remainder 
is 1 5875, which contains the product of three times the second 
power of the tens by the units, plus, &c. If it contained ex- 
actly three times tlie second power of the tens multiplied by 
the units, the units of tlie root would be found immediately by 
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dividing this remainder by three times the second power of the 
tens ; for 3 a^ b divided by 3 a* gives b. As the other parts 
however will always be small in comparison with this, if we 
divide the remainder by three times the second power of the 
tens, we shall be able to judge very nearly what is the root, 
and the number of trials will be limited io very few. 

30 X 30 = 900, and 900 X 3 = 2700 and 15875 divided by 
2700 gives 5. I now add the 5 to the root and it becomes 36. 
To see if this is right, I raise 35 to the third power. 35 x 35 
X 35 = 42875, therefore 35 is the true root. 

4. What is the third root of 79507 ? 

Operation. 

79,507 (40 + 3 = 43 root. 
64,000 

15,507 (40 X 40 X 3 = 4800 divisor. 
43 X 43 X 43 = 79,607. 

As the number consists of five places, the power of the tens 
must be sought in the 79000. 

The greatest third power in 79000 is 64000, the root of which 
is 40. I subtract 64000 from 79507 and there remains 15507, 
which I divide by three times the second power of 40, viz. 
4800, and obtain a quotient 3, which I add to 40. I raise 43 
to the third power, and find thcct it gives 79507. If it produced 
a number larger or smaller, I should put a smaller or larger 
number in place of 3 and try it again. 

5. What is the third root of 357911 ? 

6. What is the third root of 5832 ? 

7. What is the third root of 941192 ? 

8. What is the third root of 34965783? 

It was observed above, that the third power of 10 is 1000 } 
the third power of 100 is 1000000 ; that of 1000 is 1000000000, 
&c. That is, the third power of a number consisting of one 
figure cannot exceed three places ; that of a number consist** 
ing of two j;>laces cannot contain less than 4 places nor mora 
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than 6 ; that of 3 places cannot contain less than 7 nor moro 
than 9 places, &c. 

Hence we may know immediately of how many places the 
third root of any given number will consist, by beginning at 
the right and separating the number into parts of 3 places 
each. The left hand part will not always contain 3 places. 

In the present instance, the number 34,965,783, thus divided 
consists of three parts, therefore Uiq root will contain 3 places 
or figures. 

In the formula (a + by =z a* + 3a*b + Sab* + b\ if we 
consider a as representing the hundreds of the root, and b the 
tens and units, we observe that the third power consisis of the 
third |X)wer of the hundreds, plus 3 times the second power of 
the hundreds, multiplied by the units and tens, &c. 

Hence we shall find the hundreds of the root by finding the 
highest third power contained in the 34,000,000, and taking its 
root. 

The largest third power is 27,000,000, the root of which is 
300. Subtracting 27,000,000 frsm the whole sum, the remain- 
der is 7,965,783. If this contained exactly 3 a* &, that is, 3 
times the second power of the hundreds by the tens and units, 
the other two figures of the roc»t might be found immediately 
by division. As it is, it is evident, that it will enable us to 
judge v€^' nearly what the next figure, or tens, of the root 
must be» and its correctness must be proved by trial. 

300 X 300 X 3 = 270000. 

7,965,783 divided by 270000 ^ves for the first figure of the 
quotient 2, which being the tens is 20. This added to the root 
already found makes, 320. 

If in the above formula, we consider a as representing the 
hundreds and tens instead of the hundreds ; and b as repre- 
sent'mg the units ; it shows us that the power contains the third 
power of the hundreds and tens, plus 3 times the second power 
of the hundreds and tens multiplied by the units, <tc. In the 
present instance a = 320. If now we subtract the third power 
of 320 from the whole sum, viz. 34,965,783, and divide the re- 
mainder by 3 times the second power of 320, we shall find the 
other figure, or units, of the root. When we have raised 320 
to the tnird power, we can ascertain whether. the second figurCi 
2 is right. 
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320 X 320 X 320 = 32768000. ^ 

This subtracted from 34965783 leaves 2197783. 

320 X 320 X 3 = 307200. 

21977S3 being divided by 307200 gives a quotient 7. This 
added to 320 gives 327 for the root. 

327 X 327 X 327 = 34,965,783. 

Therefore tlie result is correct. 

If the root consists of four or more places, the same mode 
of reasoning may be pursued by making a first equal to the 
highest figure in the root, and b equal to all below, until the 
second figure of the root is obtained, and then making a equal 
to the two figures already obtained, and b equal to the rest, 
and so on. 

The work may be considerably abridged by omitting the 
zeros in the work, and also the numbers under which they fall. 

The work of the above example will stand thu3. 

Root. 
34,965,783 (300 + 20 + 7 = 327. 

— 27,000,000 3d power of 300 

1 st divid. 7,965,783 (270,000 J JJo'^x S X^ 

— 32,768,000 3d power of 320 

2d divid. 2,197,78-, (307,200 {yoo'^c'So^ • 

34,965,783 = 3d power of 327. 

The same without the zeros. 

34,965,783 (327 
3d power of 3 27 

1st dividend 7,9 (27 Ist divisor = 3« X 3 

3d power of 32 32 768 

2d dividend 2 1 97,7 (2072 J ?? ^^Jjif' « 

34,965,783. ^ - ^^^^ X •* 
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As the third power can have no significant figure below 
1000000, and as the third power of 300 and 3 have the same 
significant figures, I raise 3 to the 3d power and subtract it 
from 34, as if it stoocl alone. Then, to form the divisor, hun- 
dreds are multiplied by hundreds, therefore there can be no 
significant figure below 10000. And it being the tens of the 
root that are to be found, it is sufiicient to bring down one 
figure of the next period to form the dividend. 

Having found the second figure of the root, I raise 32 to the 
third power, and subtract it from 34,965, omitting the last pe- 
riod, because the third power of the tens can have no signifi- 
cant figure below 1000. 

To form the second divisor I multiply the second power of 
32 by 3: For the dividend, it is sufficient to bring down one 
figure of the last period to the right of the remainder, because 
the divisor, being tens, multiplied by tens, can have no signifi- 
cant figure below 100. 

JVote. The second power of the 32 was found in finding its 
third power. 

If it happens that the divisor is not contained in the dividend, 
a zero must be put in the root, and then tlie next figure must 
be brought down to form the dividend. 

Hence we obtain tlie following rule for finding the third 
root. 

Prepare the nmnber by beginning at the right and separating it 
into jyarU or periods of three figures each^ putting a commi, or 
point between. The left hand period may consist of one, two, or 
three figures. 

Find the greatest third power in the left hand period^ and write 
the root in the place of a quotient. Subtract the power from the 
period. To the remainder bring dozen the first figure of the next 
period for a dividend. Multiply the second power of the root 
already found by three, to fomi a divisor. See hmo many times 
Hie divisor is contained in the dividend, and write the residt in the 
root. Raise the roo4, thus augmented, to the third power. If this 
is greater than the first two periods, diminish the quotient by one or 
more, until you obtain a third power, which may be subtracted from 
the first two periods. Perform the subtraction, and to the right of 
the remainder bnng down the first figure of the next period to 
form a dividend and divide it by three times the second power of 
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the two figures of the root^ and torite the quotient in tJie root. 
Then raise the whole root so found, to the third power; and if it 
is not too large, subtract it from the first three periods ; if it is too 
large, diminish the root as before. To the remainder bring down 
the first figure of the fourth period, and peTform the same series 
of operations as hdore. 

if at any time %t should happen that the dividend, prepared as 
above, does not contain the dtmsor, a zero must be placed in the 
root, and the next figure brought dovm to form the dividend. 

We explained a method in the extraction of the second root, 
more expeditious than to raise the root to the second power 
every time a new figure is obtained in the root. A similar 
method may be found for the third root, though it is rather dif- 
ficult to be remembered. 

Let a = 30 and 6 = 7; then 
(a + by = (37)» = a» + 3 a* 6 + 3 a 6« + 6* = 50663 

To find the third root of 50653, find the first figure of the 
root as explained above. Then form the divisor as above, and 
find the second figure of the root. Then instead of raising the 
whole fo the third power, it may be completed firom the work 
already done. The third power of the first figure being found 
and subtracted, the remaining part is 

3a"6 + 3a6« + 6»=6(3a* + 3a6+6»). 

But the 3 a' has already been found for the divisor. 

We must now find 3 a & and V ; add all together, andmulti-* 
ply the sum by i, and the third power will be completed. 

Operation. 

3a*= 3X30X30 = 2700 50,6 53 (30 + 7 = 37. 
3a6 = 30X 7X 3= 630 27 



6«= 7X 7 =49 23 6,53 (2700 = 3 a», 

7 X 3379 = 23 6,53 

9. What is the third root of 34,965,783? 

14 
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Wc Imve f«ccn above, thut when the rnot Is to consist or»cve- 
rnl figures, the sainc course b to be pursued as when il consults 
of only two. 



3 ff* = 270000 
3fl6= ISOOO 
1/ = 400 



Operation. 

34,005,783 (300 + SO + 7 = 327 
27 



288400 
20 

5708000 



7U,65 (2700 1st divisor. 

57 08 



= 6 



21 977,83 (307200 2d divisor. 
2 1 977 S3 



3(fl' + 2rx6 + 6')- 
3ii* + 2x3«6 + 3A* 

3 ff* = 2700Q0 

2X Sab— 30000 

3i*= 1200 



2d divisor 307200 = 3 X 320 X 320 

3 /I* = 307200 
3/fAi= C720 
. b*=z 49 



3ll9(i9 
lr= 7 

2197783 • 



10. What is the ihird root of 1 85 1 93 ? 

11. What is the third rpot of S3C5427 ? 

12. Wliat is tlie third root of 773087 7C? 
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13. What is the third root of « 9908^5512 ? 
J4. Whiit is the third root of 513,345,1 76,343 ? 
15 What IS the tliird root of 217,125,148,004,SC4 ? 

XXXH. The third power of a fraction is found by raising 
both numerator and denominator to the third power. Thus 
the third power of|is|X|X|= tVi- 

Henc6 the third root of a fracti-^n is found by finding tho 
tliird root of both numerator and denominator. The third of 



6 4 4 ' 



Examples^ 

1. What is the third root of |}f ? 

2. What is the third root of j%U ? 

3. What is the third root of 3^|} = VsV ? 

4. What is the third root of 30 J } J J § ? 
6. What is tlic third root of V ? 

It was remarked with regard to the second root that, when 
a whole number has- not an «xact root in whole numbers, its 
root cannot be exactly found, for no fractional quantity multi- 
plied by itself can produce a whole number. The same is true 
with regard to all roots, and for the same reason. 

Hence the third root of V cannot be found exactly bQc<'iuse 
the numerator has no exact third root. The root of the deno« 
minator is 2, that of the numerator is between 2 and % nearest 
to 3. llie approximate root is f or 1^. 

6. What is the third root of ^ .^ 

In this, neither the numerator nor the denominator is a per« 
feet third power ; but the denominator may be rendered a per- 
fect third power, without altering the value of the fraction, by 
multiplying both terms of the fraction by 49, the second |jower 
of the denominator. 

3X49 _ JI47 
7 X 49 343* 
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The root of this is between 4 and 4, nearest to the former. 

It is evident that the denominator of any fraction may be 
rendered a perfect third power, by multiplying both its terms 
by the second power of the denominator. The third root of 
a whole number which is not a perfect third power, may be 
approximated by converting the number into a fraction, whose 
denominator is a perfect third power. 

What is the third root of 5 f 

We may find this root exact within less than y^ o^ s unit, 
by converting it into a fraction, whose denominator is the third 
power of 12. 

(12)' = 1728 6 = m|. 

The root of |f || is between f | and f | ; nearest the latter. 

The most convenient numbers to multiply by, are the third 
powers of 10, 100, 1000, &c. in which case, the fractional part 
of the root will be expressed in decimals, in the same manner 
as was shown for the second root. The multiplication may be 
performed at each step of the work. For each decimal to be 
obtained in the root, three zeros must be annexed to the num- 
ber, because the third power of 10 is 1000, that of 100, 
1 000000, &c. 

7. The tUrd root 0/ 5 will be found by this method as fol- 
lows. 

6.000,000,000 (1.709 + 
3d power of 1 1 

1st dividend =40 (3 1st divisor. 

3d power of 1.7 4.913 

2d dividend = fi70 (867 2d do. = 3 X (17)» 

3d do. 8700^ (867 3d do. 

3d power 1.709 = 4.991,443,829 

remainder .008 566 171. 

The 3d root of 5 is 1.709, within less than y^Vir ^^^ unit. 
We might approximate much nearer if necessary. The other 
method explained in the last article may be used if preferred. 
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8. What is tlic tliiitl root of 17? ? 

The fractional part of tliis number must first be .changed to 
o decimal. 

17| = 17.75 = VVirV =F ^7.750. 
■» 

Hence it appears, that to prepare a number containing deci- 
mals, it is necessary tliat fur every decimal place in the root, 
thertt should be three decimal places in the ;x>wer. Therefore 
we must begin at the place of imits, and separate the number 
lioth to the right and left into periods of tliree figures each. If 
iliese do not come out even in the decimals, they must be sup* 
plied by annexing zeros to the right. 

9. What is the approximate third root of 25732.75 ? 

10. What is the approximate third root of 23.1762 ? 

11. Whq^t is the approximate third root of 12| ? 

12. What is the approximate third root of 1|| f 

13. What is the approximate third root of } | ? 

14. What is the approximate third root of ^^ i 

XXXIII. ^uestums producing Pure Equations of the Tidrd 

Degree. 

1. A man wishes to make a cellar, that shnll contain 31 104 
cubic feet ; and in such a form, that the bnMdtli ^^iijiII be twice 
the depth, and the length 1 ^ the breadth. What uiust be the 
length, breadth, and depth i 

Let the depth = t, ^ 

the breadth = Zr, 

S r 
and the length =r _ . 

*• 3 

The whole content will be 

a:X2xX ~ =31104 

ilLf' =31104 
3 

14* 
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16a:^=: 93312 

a; = 18 = depth 
2a; z= 36 =: breadth 

^= 48= length- 

2. There are two men whose ages are to each other as 5 to 
4y and the sum of the third powers of their ages is 137781. 
What are their ages f 

Let X = the age of the elder 

4 X 
then = the age of the younger* 

6 

x* + 51f! = 137,781 
125 

cr* = 91,125 

« =45 

i^ = 36. 
5 

Am. Elder 45 years, and younger 36. 

3. A man wishes to make a cubical cistern tiiat shall con- 
tain 100 gallons. - What must be the length of one of its 
sides f 

4. A bushel is 2150} cubic inches. What must be the size 
of a cubical box to hold 1 bushel i 

5. What must be the size of a cubical box to hold 2 
bushels ? 

6. What must be the size of a cubical box to hold 8 bushels ? 

7. Find two numbers, such that the second power of the 
greater multiplied by the less may be equal to 448 ; and the 
second power of the less multiplied by the greater, may be 
392? 
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8. A man wishes to make a cistern which shall hold 500' 
gallons, in such a form that the length shall be to the breadth 
as 5 to 4, and 'the depth to the length as 2 to 5» Required 
the length, breq^th, and depth. 

JNote. The wine gallon is 231 cubic inches. 

9. A man wishes to make a box which shall hold 40 bushels, 
in such form that the length shall be to the breadth as 4 to 3, 
and the depth to the breadth as 2 to 3. Required the length, 
breadth, and depth f 

10. A man bought a piece of land for house lots, the breadth 
of which was to its length as 3 to 28 ; and he ^ve as many 
dollars per square rod, as there were rods in the length of the 
piece. The whole price was $63,504. Required the length 
and breadth. 

11. A man agreed to^ell a stack of hay for 10 times as many 
dollars as there w^re feet in tfie length of one of the longer 
sides. On measuring it, the lei^th was to tlie breadth as 6 to 
5, and the breadth and height were equal. Moreover it was 
founH that it came, to as many cents per cubic foot as tliere 
were feet in the breadth. Required the dimensions of the 
stack. 

XXXIV. Affected Equations of the S€Cond Degree. 

When an equation of the second degree consists only of 
terms which contain the second power of the unknown quanti- 
ty, and of terras entirely known, they may be solved as above. 
But an equation of the second power, in order to be complete, 
must contain both the first and second powers of the unknown 
quantity, and also one term consisting entirely of known quan- 
tities. These are sometimes called affected equations. 

1. There is a field in the fbrm of a rectangular parallelo- 
gram, whose length exceeds its breadth by 16 yards, and it 
contains 960 square yards. Required the length and breadth. 

Let 0? = the breadth ; 

then 0? -|- 16 =1 the length ; 

and d?* -|- 16 0? = the number of square yards. 

Hence af» + 16 x = 960. 
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In order to solve this equation, it is necessary to make tho 
first nieinl)or a perfect second power. 

Observe that the second iNiwer of the binomial x -{-a^i^ x*, 

+ 2 /I or 4" "% wliich consists of tfiree terms. 

Now if v\c compare this witli the first member j?* 4" 16 x, we 
find 







.T» = 


jt* 










2ax = 


: IGx 






which 


gives 


2a- 


iC 






and 




a =. 


8 
C4 








(^ 


+ 8) (x 


4-8) = 


= »• + IC r 


+ C4. 



ITcnre, if to .r* 4- 10 jr we add 04, which is the second power 
of one half of 10, the first member will be a perfect second 
power, but it will be necessary to add the same quantity to the 
secoufl member, in order to preserve tlie equality. The e(|ua* 
tijn then becomes 

a^« -|_ 16 z + 04 == 900 + 04 = 1024. 
Taking the root of boUi members 

.T + 8 = d=(1024)-=32. 
By transposition r = — 8 i 32. 

II has licon already remirked that the 2nd root of every posi- 
tive <|uantily, may be either positive or negative, bettause — 

n X — /? -^ + <i' as well as + a X + fl =^ -H «*. The double 

^\li}\ =L \^ rcatl plus or minus. 

III tlif! prececling examples,, the conditions of the question 
have always determined which was to be used. But, m the 
present instance, the work not being completed when the nn^t 
is taken, we must give it both signs, and when the vnhies of of 
are found for both signs, the conditions will finally show which 
is to be Uiiiod. 

.r-f S = dbS2. 
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If we use the sfgn -}-, we have 

a? =24 

and « + 16 = 40. 

This gives the length 40 yards and the breadth 24. These 
numbers answer the conditions of the question. 

If we use the sign — ^ we have 

x=: — 40 

a? -j- 16 = — 24. 

These numbers will not satisfy the conditions of the question, 
but they will answer the conditions of the equation, as will be 
peen by putting them into the first equation. 

„40 X— ^0^16 X— 40 = 960. 

2. A certain company at a tavern had a reckoning of 143 
« shillings to pay ; but 4 of the company being so ungenerous as 
. t6 slip away without paying, the rest were obliged to pay 1 

shilling apiece more than they would have done, if all had paid 

What was the whole number of persons ? 

Let X =: the number of persons at first ; 
' then X — 4 =: the number after 4 have departed ; 
143 



X 



=. the number of shillings each should have paid ; 



and = the number of shillings actually pai4 by 

a? — 4 

each. 
By the conditions 

11? + 1 = ^^ 

X X — 4 

Clearing of fractions 

143 a? + aj»— 672--4iP = 143« 
By transposition 

a^ — 4ic=.572. 
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This eqnption is sim'lar to the last, except in this, the se- 
cond turin of the first member has the sign — • 

Here uc must ohsorve that the second power of the binomial 
X — «, is r* — 'lax + r?*, the same as that of a: -f" ^ with tlie 
cx('<;pti(m of the si<;n of the sbcond term. 

Ill this iM|iiiition, as Ix^forc, we find two terms of tho second 
power of a litiomial ; if we can fmd the other term we can 
easily solve the c}uestioii. 

It may be found as follows, 

u« = x* 

2 /« X =: — 4 X 

2fl = —4 

which mvcs « = — 2 

and <i' z=: 4 

Adding 4 to both members of the equation it becomes 

x' — 4 r + 4 = 572 + 4 = 676. 

Sinrc — 2 in ihis corresponds to «, thci lot of the first mem- 
Ihix is r — i. In fact, (r — 2)' = j: — 4 d +4. The root of 
676 is i4. 

Jlcnco 

X — 2 = db 24 

j: = 2 db 24. 

• TIw two values of x are 26 and — 22. The former only an- 
sw'crs the conditions of the question. 

Proof. If the whole number, 26, had paid their shares, each 
would have paid VV = ^h shill'nsrs. Rut 22 only paid, coih 
sequentiy each pai4 iV = ^^ shillings. 

3. There are two numbers, whose differei.ce is 9, and whose 
sum midtiplied by the greater produces 266. What arc those 
numbers i 

Let X = the greater ; 

l!ien r — 9 = the less, 

2 « — 9 := tlicir suiQ. 



i 
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By Uie conditJOTis 

X (2 a>— 9) = 200 

*If wc use the general fnnnula as before, we !iavc 



x' 





!• 




2ax 


^»« • 


— 


9r 

2 


■Za 


= 





9 

*0 


a 


= 


« 


9 


a* 


^. 


81 


• 



. 10 

Cqinplcling the second prmcr, \\\v. i*«;uali'i:i buecuncs 

2 IG ^ IG 10 

Taking tKc root of both mcniliers 

9 , '17 
4 4 

4 4 

^>G 
whieh gives x = '— = 1 4 

and X = — -1 r= — 9* 

4 

also X — 9 ST — I8i 
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Both values will answer the conditions of the question ; for 

14 + 6 = 19 
and 19 X 14 = 266 

also — 9J + (— 18J)= — 28 

and — 28 X — 9 J = 266. 

• 

In all the above examples, after the question was put into equa- 
tion, the first thing done, was to reduce all the terms contain- 
ing ^ to one term, and those containing cr into another, and 
to place them in one member of the equation, and to collect all 
the terms consisting entirely of known quantities into the other. 
This must always be done. Moreover a?* must have the si^ 
-f- and its coefficient must be 1. The equation will then be m 
the following fonn. 

p and q being any known quantities and either positive or 
negative. 

Every equation, however complicated, consisting of terms 
which contain a;*, and Xf and known quantities may be reduced 
to this fonn. 

Let the equation, be 

7— ?i?. = ^^ — ^* 
5 4a? — 2 

CSearing of fractions it becomes 

140a?— 12a:' — 70-|.6« = 75 — S**. 

Transposing and uniting terms 

146 a?— 7ic' = 146 

Changing all the signs in both members 

7x» — 146a?=: — 145 
Dividmg by 7 (the coeffieient of «•) 

. 146 a? 145 

%Mf •— — ■ II I ■ mm.m "■"" ■' I M 

7 7 
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XT 146 , 146 
Here p = and a = — 

^ 7 ^ 7 

To solve the equation 

We consider x^ and p a? as two terms of the second power 
vC the binomial x-^-am which 

2ax=ipx 
2a =p 

2 

4 
Hence the binomial x '^^' ais equal to a? -f" "^ <^^ ^ third 

term of the second power is ^. In fact 

4 

Therefore the first member of the above equation may be 
rendered a complete second power, of which x -^ ?. ia the 

root, by adding to it £.. The same quantity must be added to 

the second member, to preserve the equality. 
The equation then becomes 

a^+P« + 4- = ? + T- 

4 4 



Taking the root of both members 



'=-i*('+^)* 



16 
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From the above observations we derive the following general 
rule for the solution of equations which contain the first and 
second powers of the unknown quantity. 

1st. Prepare the equation j by collecting all the terms contain- 
ing the first and second poioersof the unknown quantity into the 
first member^ and all the terms consisting entirely of knovm quan- 
tities into the other member. Unite all the terms containing the 
second power into one term^ and aU containing the first poioer 
into another. If the sign before the term containing the second 
power of the unknown quantity be not positive^ make it so by 
changing aU the signs of both members. If the coefficient of 
this term is not 1, make it so by dividing aU the terms by its coef- 
ficient. 

2d. Make the first member a complete second power. This is 
done by adding to both members the second power of half the coeffi- 
cient of X (or of the first power of the unknown quantity.) 

3d. Take the root of both members. 

The root of the first mermber unU b^a btnonnalj the first term of 
which vnU be the unknown quantity^ and the second wm be half the 
coefficient of x as found move. The root of the second member 
must have the dowle sign '^. 

4th. Transpose the term consisting of known quantities from the 
first to the second member^ and the value of x wm be found. 

4. A and B sold 130 ells of silk (of which 40 elk were A's 
and OOB's) for 42 crowns. Now A sold for a crown one third 
of an ell mate than B did. How many ells did each sell for a 
crown t 

Let X = the number of ells B sold for a crown ; tl'en op -(- 
J = the number A sold for a crown ; 

— = the price, of 90 ells ; 

X 

40 

= the price of 40 ells. 



^+i 



X *+ J 



XXXrV. Affected Equations. 17 J 

90a?+ 30 + 40ir = 42a?« + 14« 
J16a?_42a?«= — 30 
Changing signs 42 a?* — 116^? = 30 

■ 

Dividing by 42 «• — 11^ == ?2 

^ ^ 42 42 

Reducing fractions a?* — — - = — . 
^ 21 7 

To complete the second power of the first member, take one 
half of — II, which is — |f , and add its second power to 
both members. 

^_68^ , J41 _6 , ^41_^16 , 841 _, 1156 

21 ■*■ 21)' 7 "^ 21)' 21)' "^ 21)* 'W 

Taking the root of both members, 

^_29_ 34 
21 21 

29 ^ 34 
21 21 

Whichgive aj=:5§ = 3 
^ 21 

and a? = — — 

21 

The first value only will answer the conditions. 

Ans. B sold 3 ells for a crown, and A 3^. 

The learner may observe, that in raising || to the second 
> power, I multiplied the numerator into itself, but expressed the 
power of the denominator by an exponent. This saved some 
work in this example. It may always be done when the num- 
ber in the right hand member can be reduced to a fi'action 
with the same denominator as the nmnber added. In this case 
f could be reduced to 21ths. The f was reduced thus : 
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5X3 




15 


X 


21 




315 


7X3 




21 


X 


21 




2iy 



When the second member is a whole number, it can be re- 
duced to a fraction with any denominator ; consequently this 
form may be used. 

5. A man bought a certain number of sheep for 80 dollars ; 
if he had bought 4 more for the same money, they would have 
come to him 1 dollar apiece cheaper. What was the number 
of sheep ? 

6. A merchant sold a quantity of brandy for £39 and gained 
as much per cent, as the brandy cost him. How much did it 
cost him ? 

Let X = the cost. 

then — = the rate per cent. 

100 ^ 

« 

and = the sain. 

* 100 ^ 

also 39 — X = the gain. 

7. Two persons, A and B, talking of their money, says A to 
B, if I had as many dollars as I have shillings, I should have as 
much money as you ; but if I had as many shillings as their 
number multiplied by itself, I should have three times as much 
money as you, and 63 shillings over. How much money had 
each ? 

8. A colonel has a battalion of 1200 men, which he would 
draw up in a solid body of an oblong form, so that each rank 
.may exceed each file by 59 men. What numbers must he 
place io rank and file ? 

9. A grazier bought as many sheep as cost him £60 j out of 
which he reserved 15, and sold the remainder for £54, gaining 
2 shillings a head by them. How many sheep did he buy, and 
what was die price of each ? 

10. A person bought two pieces of cloth of different sorts ; 
of which the finer cost 4s. a yard more than the other. For 
the finer he paid £18 ; but for the coarser, which exceeded 
the finer in length by 2 yards, he paid only £16. How manv 
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yards were there in each piece, and what was the price of 
each f 

1 1 . A labourer dug two trenches, one of which was 16 yards 
longer than the other, for $77.60 ; and the digging of each 
cost as many dimes per yard, as there were yards m length. 
What was the length of each ? 

L2. There are two square buildings, that are paved with 
stones each a foot square. The side of one building exceeds 
that of the other by 12 feet, and both their pavements taken 
together contain 2120 stones. What are the lengths of them 
separately. 

13. A man bought two sorts of linen for $IS}. A yard of 
the finer cost as many shillings as there were yards of the finer. 
Also 30 yards of the coarser, (which was the whole quantity,) 
were at such a price, that 7 yards cost as much as a yard of the 
finer. Hov^ many yards were there of the finer, and what was 
the value of each piece f 

14. Two partners A and B gained i&18 by trade. A's mo- 
ney was in trade 12 months, and he received for his principal 
and gain d&26. Also B's money, which was £30, was in trade 
16 months. What money did A put into trade f 

15. The plate of a looking glass is 18 inches by 12, and is 
to be framed with a frame, all parts of which are of equal width, 
and the area of the frame is to be equal to that of the glass. 
Required the width of the frame. 

16. A and B set out from two towns, which were distant 247 
miles, and travelled the direct road till they met. A went 9 
miles a day ; and the number of days, at the end of which they 
met, was greater by 3 than the number of miles which B went 
in a day. How many miles did each go ? 

17. A set out from C towards D, and travelled 7 miles per 
day. After he had gone 32 miles, B set out from D towards C, 
and went every day j\ of the whole journey ; and after he had 
travelled as many days as he went miles in one day, he met A. 
What is the distance between the places C and D ? 

In this case both values will answer the conditions of the 
question. * 

16* 



174 Algebra. XXXIV. 

18. A man had a field, the length of which exceeded the 
breadth by 5 rods. He gave 3 dollars a rod to have it fenced, 
which amounted to 1 dollar for every square rod in the field. 
What was the length and breadth, and what did he give for 
fencing it ? 

19. From two places at a distance of 320 miles, two persons, 
A and B, set out at the same time to meet each other. A tra- 
velled 8 miles a day more than B, and the number of days in 
which they met was equal to half the number of miles B went in 
a day. How many miles did each travel, and how far per day ^ 

20. A man has a field 15 rods long and 12 rods wide, which 
he wishes to enlarge so that it may contain just twice as much ; 
and that the length and breadth may be in the sa^ie propor- 
tion. How much must each be increased ? 

In this example, the root can be obtained only by approxi- 
mation. 

21. A square court yard has a rectangular gravel walk 
round it. The side of the court wants 2 yards of being 6 
times the breadth of the gravel walk ; and the number of 
square yards in the walk exceeds the number of yards in the 
periphery of the court by 164. Required the area of the 
court ? » 

All equations of the second degree may be reduced to one 
of the following forms. 

1. a?* -(-jja? :r- gr 

2. a?* — p xz=iq 

3. a?*-|-|?a? = — q 
4 X* — p a? = — q* 

After the equation has been brought to one of these forms, 
it may be solved by one of the following formulas, which are 
numbered to correspond to the equations firom which they are 
derived. 

1. . = -|±(g + |-)4 

2. aj = +|±(5+^)* 
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4 4 

The first equation and the first formula are sufficient for the 
whole, if ^ and q are supposed to be positive or negative quan- 
tities. 

21. There are two numbers whose difference is 11|, and 
whose product is equal to 4 times the larger minus 9. What 
are the numbers f 

Let X := the larger; 

then X — 1 1| = the smaller. 

a?»— ll|a? = 4a? — 9 

a?* — 'I* =—9. 
This equation is in the form of a?* — px = — 5, in which 

^ 5 2 la 4 100 ^ 



: CtVV —9)* = H i CtVV)* = 7-8 ±75. 
Or we may use the first formula, then 



* = K 



^ 5 2 la 4 100. ^ 

x=zU± ( VcrV — 9)* = U =fc ( VoV)* = 7.8 d= 7 2. 
Both values of a?, being positive, will answer the conditions 
of the question. 

Ans. By the first value the larger number is 15 and the 
smaller 3f . By th? second value of a?, the larger is |, and the 
smaller — 11. 

Let the learner solve some of the preceding questions by the 
formula. 

XXXV. We shall now demonstrate that every equation of 
the second degree, necessarily admits of two values for the un- 
known quantity, and only two. 
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Let us take the general equation. 

This, we have seen, may represent any equation whatever of 
the second degree, p and q being any known quantities and 
either positive or negative. If p = the equation becomes 

which is a pure equation or an equation with two tenns. 

If we make the first member of the equation ot* -|~JP *^ = ?> 
a complete second power, byxthe above rules, it becomes 

«* + P^ + ^ = ? + T- 

4 4 

or (x + JL)=qJr^ 

Make mf = o>+ IL 

^^4 

then m = (y + £!)* 

4 

Then we have (« +^) = nf 
transposing m* (op + ^) — m* = 0. 

The first member of this equation is the difference of two 
second powers, which, Art. XIII, is the same as the product of 
the sum and difference of the numbers. 

The sum is a? + ^ + m, and the difference is a? + ^ — m, 
and their product is 

In this equation, the first member consists of two fiictors, 
and the second is zero. Now the first member of the above 
equation will be equal to zero, if either of its factors is equal 
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to zero. For if any number be multiplied by zero, the product 
is zero. 

Making the first factor equal to zero, 

gives x = — £. -{- m. 

Making x + ^ -^ m = ' 

m 

gives X =• — ^ — m. 

Either of these values of :r must answer the conditions of the 
equation. 

N. B. Though either value answers the conditions separate* 
ly, they cannot be introduced together, for being different, 
their product cannot be a?*. 

Instead of m put its value, and the values of a? become 

.'=-i-(f+')* 

which are the values we had obtained above. (This demon- 
stration is essentially that of M. Bourdon.) 

Discussion. 
Let us take again the general equation. 

Since the expression contains a radical quantity, that is, a 
quantity of which the root is to be found, in order to be able 
to find the value of it, we must be able to find the root either 
exactly or by approximation. Now there is one case in which 
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it is impossible to find the root. It is when q is negative and 
greater than £.. In which case the expression j + i- is ne- 
gative ; and it has been shown above, that it is impossible to 
find the root of a negative quantity. In all other cases the 
value of the equation may be found. 

In all cases if q is positive, the first value will be positive, 
and answer directly to the conditions of the question proposed. 

For the radical Iq + ^ j* is necessarily greater than ^, be- 
cause the root of 2^ alone is S- ; therefore the expression 

- f ^ (?+ 1)* is necessarily of the same sign as the 

radical. 
The second value is for the same reason essentially negative, 

for both JL and iq -f- ^ j* are negative. This value, though 

it fiilfils the conditions of the equation, does not answer the 
conditions of the question, fi-om which the equation was derived ; 
but it belongs to an analogous question, in which the x must be 
put in with the sign — instead of -|- ; thus a?* — p a? = y, which 

gives a? = Z. ± ly -|- ^ I* a value, which differs fi-om the 

first only by the sign before JL. 

\iq is actually negative, the equation becomes 

and the values are 



2 



In order that it may be possible to find the root, q must be 

less than S^. When this i^ the case, the two values ate real. 

4 
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Since (£- — 9 p is smaller than :£^ it follows that both 

values are negative if p is positive in the equation ; that is, if 
a?* -^p a? = ■^— 9, which gives 

-=-f^(i-')*' 

and both positive if^ is negative in the equation, that is, (T* — 
p x = — g, which gives 



-iHi-') 



When both values are negative, neither of them answers di- 
rectly to the conditions of the question ; but if — a? be put into 
the original equation instead of x, the new equation will show 
what alteration is to be made in the enunciation of the ques- 
tion ; and the same values will be found for x as before, with 
the exception of the signs. 

If in this equation q is greater than ^, the quantity 

4 

/ ^ — qy becomes negative, and the extraction of the root 

cannot be performed. The values are then said to be imagi- 
nary, 

1 . It is required to find two numbers whose sum is p, and 
whose product is q. 

Let X = one of the numbers, 
thenp — X =x the other. 

x{p — x) = q 
p X — a^ = q; 
Changing signs a?* — p x := — q. 

This example presents the case above mentioned, in wnich 
p and q are both negative. 
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The value is 

Suppose^ = 15 and q = 54. 

x = l^ ± /^ _ 54 )* = 1^ zb (??i:z^^.)* 

_15 ^ 
2 2' 

The values are 9 and 6, both positive, and both answer the 
conditions of the question. And these are the two num- 
bers required, for 9 -f- 6 = 15, 9 X 6 = 54. ^is ought to be 
so, for 0? in the equation represents either of the numbers in- 
differently. Indeed whichsoever x be put for, p — x will re- 
present the other ; and px — a?* will be their product. 

Again \eip =: 16 and q z=:72. 

1 

Here ^ — 8)^ is an imaginary quantity, therefore both values 
are imaginary. 

In order to discover why we obtain this imaginary result, let us 
first find into what two parts a number must be dividecf, that the 
product of the two parts may be the greatest possible quantity. 

In the above example, p represents the sum of the two num- 
bers or parts, let d represent their difference, then 



£-+ — = the greater, and £. — — = the less. Art, IX. 
2^ 2 ^22 

Their product is 

(p. + JL\ (p.-±\ =t-£ Art.xm. 

\2 2/ \2 2/ 4 4 
The expression JL — — is evidently less than S~. so long as 
d is greater than zero } but when (7 = 0, the expression becomes 



V' 
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£. which is the second power of ^. Therefore the greatest 

possible product is when the two parts are equal. 

In the above example^ = 8, and Si = 64. This is the 

^2 4 

greatest possible product that can be formed of two numbers 
whose sura is 16. It was therefore absurd to require the pro- 
duct to be 72 ; and the imaginary values of x arise from that 
absurdity. 

2. It is required to find a number such, that if to its second 
power, 9 times itself be added, the sum will be equal to three 
times the number less 5. 

ic*-|.9a? = 3a? — 6. 

a?«-|-6a?=: — 5. 

This equation is in the form of a?* -f- p a: = — 5, which 

gives 

« 

Putting in the values of p and q 

,^ 0? = — 3db(9 — 5)* =_3i2. 

The values are — 1 and — 6, both negative. Consequently 
neither value will answer the conditions of the question. This 
shows also that those conditions cannot be answered. 

But if we change the sign of x in the equation, that is, put 
in — X instead of j", it becomes 

a?* — 9^?=;: — 3a? — 6. 

Changing all the signs 

9a? — a?' = 3a?-|-6. 

This shows that the question should be expressed thus : 

It is required ta find a number, such, that if from 9 times 
itself, its second power be subtracted, the remainder will be 
equal to 3 times the number phis 5. 

16 
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The values will both be positive in this, and both answer the 
conditions. 

a?* — 9cc = — 3a? — 5 

tC* — 6 J? = — 5 

a? = 3db(9 — 6)*=3zh2. 

The values are 5 and 1 as before, but now both are positive, 
and both answer the conditions of the question. 

3. There are two numbers whose sum is a, and the sum of 
whose second powers is 6. It is required to find the numbers. 

Examine the various cases which arise from giving different 
values to a and &. Also how the negative value is to be inter- 
preted. Do the same with the following examples. 

4. Ther^ are two numbers whose difference is a, and the 
sum of whose second powers is h. Required the numbers. 

5. There are two numbers whose difference is a, and the 
difference of whose third powers is h. Required the numbers. 

6. A man bought a number of sheep for a number a of dol- 
lars ; and on counting them he found that if there had been a 
number h more of them, the price of each would have been less 
by a sum c. How*many did he buy ? 

7. A grazier bought as many sheep as cost him a sian a, out 
of which he reserved a number 6, and sold the remainder for a* 
sum c, saining a sum d per head by them. How many sheep 
did he buy, and what was the price of each f 

8. A merchant sold a quantity of brandy for a sum a, and 
gained as much per cent, as the brandy cost him. What was 
the price of the brandy ? 



XXXVI. Of Powers and Roots in General. 

Some explanation of powers both of numeral and hteral 
quantities was given Art. X. The method of finding the roots 
of the second and third powers, that is, of findipg the second 
and third roots of numeral quantities, has also been explained ; 
and their application to the solution of equations. But it is 
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frequently necessary to find the roots of other powers, as well 
as of the second and third, and of literal, as well as of numeral 
quantities. Preparatory to this, it is necessary to attend a 
little more particularly to the formation of powers. 

The second power of a is a X « = «*• 

The fiflh power of a is a X « X a X a X « = «*• 

If a quantity as a is multiplied into itself until it enters m 
times as a factor, it is said to be raised to the mth power, and is 
expressed a'*. This is done by m — 1 multiplications ; for one 
multiplication as a X « produces a* the second power, two 
multiplications produce the third power, &c. 

We have seen above Art. X. that when the quantities to be 
multiplied are alike, the multiplication is performed by adding 
the exponents. By this principle it is easy to find any power 
of a quantity which is already a power. Thus 

The second power of a* is a' X a' = o!^ = «*. 
The third power of a* is a' X a* X a' = a*+*+* = a*. 
The second power o{c^ is a* X a" = a"»+* = a**. 
The thir4 power of a* is £<* X a* X «* = <»■•+*+* = a**. 

The mth power of a* is a* X «* X a* X a* X 

= a«+*+*+*+ ..... .^ until a* is taken m tiilies as a factor, that 

is, until the exponent 2 has been taken m times. Hence it is 
expressed a**. 

The nth power of a* is a* X a* X a* • ... =± 0***"^"^ • • • 
until m is taken n times, and the power is expressed a^\ 

N. B. The dots in the two last examples are used to 

express the continuation of the multiplication or addition, be- 
cause it cannot come to an end until m in the first case, and n 
in the second, receive a determinate value. 

In looking over the above examples we observe ; 

1st. That the second power of a" is the same as the third 
power of a', and so of all others. 



184 Algebra. XXXVL 

2. That in finding a power of a letter the exponent is added 
until it is taken as many times as there are units in the expo- 
nent of the required power. Heiice any quantity may he raised 
to any power by multiplying its exponent by the exponent of the 
power to which it is to be raised. 

The 5th power of a' is a'>^* = a". 

The 3d power of o^ is a^^' = a**, &c. 

The power of a product is the same as the product of that 
power of all its factors. 

The 2d power of3a6 is 3 aft X Sab = 9 a*b\ 

The 3d power of 2 o'6'is 2 a* 6' X 2 a* 6» X 2 a* 6' = 8 a* b\ 

Hence, when a quantity consists of several letters j it may be rais- 
ed to any power by multiplying the exponents of each letter by the 
exponent of the power required; and if the^ quantity has a numeral 
coefficient, that must be raised to the pouter required. 

The powers of a fraction are found by raising both numera- 
tor and denominator to the power required ; for that is equiva- 
lent to the continued multiplication of the fraction by itself. 

1 What is the 5th power of 3 a* 6* m .** 

2 What is the 3d power of ^^ ? 

Powers of compound quantities are found like those of sim- 
ple quantities, by the continued multiplication of the quantity 
into itself. The second power is found by multiplying the 
quantity once by itself. The third power is found by two mul- 
tiplications, &c. 

The powers of compound quantities are expressed by enclos- 
ing the quantities in a parenthesis, or by drawing a vinculum 
over them, and giving them the exponent of the power. The 
third power of a -|- 2 6 — c is expressed (a -J- 2 6 — c)' ; or 



a -{- 2 b — c. 

The powers are found by multiplication as follows : 
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a + 2b — c 
a + 2b — c • 

a* + 2a6 — ac 

2ab + 4b* — 2be 

— ac — 2ic + c^ 



a* ^4ab + 4V — 2ac—4be+if = {a + 2b—c'* 
a-\-2b — c 

a^ + 4(fb+4aV—2a*e — 4abc'\-ad' 

2a*b + SaV+6V _4a6c— 8J*c + 2ic« 

— a^c — 4a6c— 46*c+2ac*+46c»-^ 

a" + 6 a* b + 12 mV +86»— Z c?c—l2abc—\2Vc 

4- 3ac« + 6 6 c« — (:• = (a + 26 — c)'. 

If the third power be multiplied by a -{- 2 i — c, it will pro- 
duce the fourth power. 

3. What is the second power of 3c +2 d? 

4. What is the third power of 4 a — be ? 

5. What is the fifth power of a — & ? 

6. What is the fourth power of 2 cfc-^c^f 

In practice it is generally more convenient to express the 
powers of compound quantities, than actually to find them by 
multiplication. And operations may frequently be more easily 
Derformed on them when they are only expressed. 

{a + byx{a + by = {a + b)'-^' = {a + bY " 
(3a — 5c)* X {2 a — bcV =z {3 a — 5 cY. 
16* 



i 
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That IS, when tme power of a compound quantUy is to be mulit 
plied hy any power of the same quantity ^ it may he expxessed by add 
ing the exponents^ in the same manner as simple quantities. 

The 2d power of (a + J)' is (a + 6)' X (a + hf 
= (a +6)H-' = (a + 6)'x« = (« + h)\ 

The 3d power of (2 a — df is 

(2a— d)*+*'*"*=(2a — d)*^' = (2a — rfy. 

That is, any quantity y which is already a power of a compound 
euantityj may be raised to any power by multiplying its exponent 
by the exponent of the power to which it is to be raised. 

7. Express the 2d power of (3 6 — c)*. 

8. Express the 3d power of (a — c + 2 d)*. 

9. Express the 7 th power of (2 a* — 4 c')*. 

Division may also be performed by subtracting the exponents 
as in simple quantities. 

(3 a — by divided by (3 a — hf is 

(3a-r6)*-' = (3a— 6)' 

. 10. Divide (7 m + 2 c)' by (7 m -i- 2 c)». 

If {a + 6)* is to be multiplied by any quantity c, it may be 
expressed thus i c{a-{- 6)*. But in order to perform the ope- 
ration, the 2d power of a + i must first be found. 

c (a + 6)* = c (a* + 2 a 6 + 6*) = a'c +2 a 6 c + 6*c 

If the operation were performed previously, aveiy erroneous 
result would be obtained ; for c{a'\- 6)* is very di&rent fi^om 

{ac-^h c)*. The value of the latter expression is o' c" + 2 a ft 

c« + ft»c«. 

11 • What is the vstlue of 2 (a + 3 6)' developed as above ? 

12. What is the .value of 3 ft c (2 a — c)* > 

13. What is the value of (a + 3 c*) (3 a — 2 ft)* i 
14- What is the value of (2 a — ft)* (a* + ft c)* ? 
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We have had occasion in the preceding pages to return from 
the second and third powers to their roots. We have shown 
how this can be done in numeral quantities ; it remains to be 
shown how it may be effected in literal quantities. It is fre- 
quently necessary to find the roots of other powers as well as 
of the second and third. 

The power of a literal quantity, we have just seen, is found 
by multiplying its exponent. by the exponent of the power to 
which it is to be raised. 

The second power of a* is o* ^ * = a* ; consequently the se- 

e 

cond root of «• is a^ = a*. 

The third power of a* is a'* ; hence the third root of a** 
must be a ^ = a* . 

m I 

The second root of €r", then must be a^. 

m am 

Proof. The second power of a* is a ^ = a*. 

In general, the root of a Vieral quantity may he found by divide 
tng its exponent by the number expressing the root ; thai is, by 
dividing oy 2 for the second root, by 3 jor the third rooty &o« 
This is the re verve of the method of finding powers. 

It was shown ul>ove, that any power of a quantity consisting 
of several factors is the same as the product of the powers of 
the several factors. From this it follows, that any root of a 
quantity consisting of several factors is the same as the pro- 
duct of the roots of all the factors. 

Thie third power of a* 6 c' is o* 6' c* ; the third root of o* 6' 
c* must therefore be a* i c". 

Numeral coefficients are factors, and in finding powers 
they are raised to the power ; consequently in finding roots, 
the root of the coefficient must be taken. 

The 2nd root of 16 a' 6' is 4 a* b. 
Proof. 4 a* 6 X 4 a» 6 = 16 a* 6«. 
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When the exponent of a quantity is divisible by the number 
expressing the degree of the root, the root can be found exactly ; 
but when it is not, the exponent of the root will be a fraction. 

The second root of a' is a^. The second root of a is cr. 
The third root of o is dr. The nth root of'a is a «. The nth 

m 

root of a^ is an . 

The root of a fraction is found by taking the root of its nu 
merator and of its denominator. This is evident from the me- 
thod of finding the powers effractions. 

The root of any quantity may be expressed by enclosing it in 
a parenthesis or drawing a vinculum over it, and writing a frac- 
tional exponent over it, expressive of the root. Thus 

The 3d root of 8 a' & is expressed 

(8a»6)*or8?6* 

The root of a compound quantity may be expressed in the 
same way. 

The 4th root of a' -|- 5 a 5 is expressed 

(a*+ 5a6)* or a* + 6 a 6^. 

When a compound quantity has an exponent, its root may 
be found in the same manner as that of a simple quantity. 

The 3d root of (2 i — «)• is (2 ft — a)* = (2 J— o)*. 

With regard to the signs of roots it may be observed, that all 
6ven roots must have me double sign db ; for since all even 
poweirs are necessarily positive, it is impossible to tell whether 
the power was derived from a positive or negative root, unless 
something in the conditions of the question shows It. An even 
root of a negative quantity is impossible. All odd roots will 
I. ::ve the same sign as the power. 

15. What is the second root of 9 a' 6* ? 

16- What is the third root of— 125 a* V c f 

17. What is the fifth root of 32 a" x^ r ? 
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18, What is the third root of 



a'b* p 



8 «3 



19. What is the fourth root of _— ? 

20 What is the second root of (2 m — a?)' ? 

21 What is the 6th root of (3 a + a?)» ? 

XXXVII. Roots of Compound Quantities. 

When a compound quantity is a perfect power, its root may 
be found ; and when it is not a perfect power, its root may be 
found by approximation, by a method similar to that employed 
for finding the roots of numeral quantities. 

First we may observe, that no quantity consisting of only two 
terms can be a complete power ; for the second power of a bi- 
nomial consists of three terms ; that of a -f" *> ^^^ example, is 
a* + 2 a a? + a?'. The quantity a* + 8* is not a complete se- 
cond power. 

Let it be required to find the second root of 

Ox^af" + 4a*b*+ 12a^a*6*. 

The root of this will consist of at least two terms. The se- 
cond power of the binomial a -|- 6 is a* -J- 2 a 6 + 6*. This 
shows that the quantity must be arranged according to the 
powers of some letter as in division, for the second power of 
either term of the root wijl produce the highest power of the 
letters in that term. 

Arrange the above according to the powers of cc. 

9x*a' + 12 x^ a* 6* + 4 a* b* 

The formula a* -J- 2 a 6 + 6* shows that we should find tke 
first term a of the root by taking the root of the first term ; the 
same must be the case in the given example. 

The root of 9 x* a* is 3 a?* a*. Write this in the place of a 
quotient, and subtract its second power. "Then multiply 3 «* «* 
by 2 for a divisor, answering to 2 a of the formula. 
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Divide the next term by the divisor. This gives 2ab* for 
the next term of the root. Raise the whole root then to the 
second power and subtract it. Or, which is the same thing, 
since the second power of the first term has already been sub- 
tracted, write the quantity 2 a 5' at the right of the divisor as 
well ts in the root. Multiply the whole divisor as it then stands 
by the last term of the root. This produces the terms corre- 
sponding to 2 a 6 -f 5*, = 5 (2 o -f 6) of the formula. This pro- 
duces 12a?*a*i' + 4o*i*, which being subtracted, there is no 
remainder. Consequently the root is ^a^ cf -{-2 aV or — 
3 a:* a' — 2 a i*. The second power of both is the same. If 
the double sign had been given to the first term of the root, the 
second would have had it also, and the positive and negative 
roots would have been obtained together. 

Let it be required to find the 2d root of 

36a'm* — 60txim' + 2j5 6*. 

36a*m* — 60a5 m« +25 &• (6 am« — 6 6 
36 a* m* 



* — 60a5m« + 255« (12a«i*— 6i 
— 60aim' + 25 5* 



«The process in this case is the same as in the last example. 
The seccHid term of the root has the sign — in consequence of 
the term 60 a & m' of the dividend being affected witli that sign. 
If the quantity had been arranged according to the powers of 
the letter 5, thus, 25 6" — 60 a 6 m* -f 36 a* w*, the root would 
have been 5 i — 6 a «i* instead of 6 a m* — 5 i. Both roots 
are right, for the second powers of the two quantities are the 
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same. The second power a — 6 is the same as that of 6 — a. 
One is the positive and the other the negative root. If the dou- 
ble sign be given to the first term of the root, both results will 
be produced at the same time in either arrangement. 

26i» — 60a6m' + 36«*m* (zt:66=F6am* 
25 J* 



* — 60a6m* + 36a'w' (rfcl06=F6am« 



In dividing — 60 a J m^ by db 10 6, both signs are changed, 
the -j- to — , and the — to +• This gives to the second term 
the sign =F. The first value is 5 6 — 6am*, and the second is 
6am^ — 5 6. 

When the quantity whose second root is to be found, con- 
sists of more than three terms, it is not the second power of a 
binomial, but of a quantity consisting of more than two terms. 
Suppose the root to consist of the three terms wi + n + jp. If 
we represent the two first terms w + n by Z, the expression be- 
comes I -f- j9, the second power of which is 

Developing the second power Z« of the binomial «i + «) it 
J^ecomes m^ -^-^mn-^-n^. This shows that when the quantity 
is arranged according to the powers of some letter, the second 
root of the first term will be the first term m of the root. If m* be 
subtracted, and the next term be divided by 2 wi, the next term 
n of the root will be obtained. If the second power of m -j- n 
or l^ be subtracted, the remainder will be2Zp+i'*« If ^^ 
next term 2 / » be divided hy 2 1 equal to twice m + n, the 
quotient will be o, the third term of the root. The same prin- 
ciple will extend to any number of terms. ' 

It is required to find the second root of 

4 a* -f 12 a' a? + 13 a' a;' -f 6 a a:' + x\ 



Let this be disposed according to the powers of a or of op. 
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x^ + 6ax'+ 13aV+ 12a'a; + 4a* (a^ + Sax + 2 a* root, 
x' 

Ist dividend. 

♦ 6aa^+13a*x' (2a? » + 3aa? 1st divisor. 
6ax'+ 9a*a^ 



2ddivid. * 4a«a^ -f 12a»x + 4a* (2 a^ -f 6 a a? + 2 a* 2d. di, 
4a*ap'-f 12o'a?-f4a* 



The process is so similar to that of nmneral quantities that 
it needs no farther explanation. 

The double sign need not be given to the terms during the 
operation. All the signs may be changed when the work is 
done, if the other root is wanted. This will seldom be the 
case when all the terms are positive ; but when some of the 
terms are negative, if it is not known which quantities are the 
largest, the negative root is as likely to be found first as the 
positive. When this happens the positive will be found by 
changing all the signs. 

Examples, 

1. What is the second root of 

4 a'a- + 6 o*a?» + a* + x* + 4ax^f 

2. What is the second root of 

3ar la?, 1,4 o»> 
« — + — +x* — 2 a?* f 

2 2 ' 16 

" 3. What is the second root of 

— 4x* + 4x^ + 12ai' — 6x + x' + 9? 

4. What is the second root of 

jr« -f 20a?» + 25«* + 16 + 4i» +10a^ + 24 jpy 
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XXXVUI. Eociraction of the Roots of Compound ^antities 

of any Degree. 

By examining the several powers of a binomial, and observing 
that the principle may be extended to roots consisting of more 
than two terms, we may derive a general mle for extracting 
roots of any degree whatever. 

(a + x)' = a-\'X 
a -fa? 



a'-f ax 

ax -^-a^ 

{a+xy= a' + 2ax + x' 
a -{-x 



{a+xy = a' + 3a*a:-{-3a2!»+x' 
a +« 



fl» J? + 3 aV + 3 fl^ -j. a?* 

{a+xY = a* + 4a'a?-f 6a*a^+4aa?'+a?* 

a +x ^ 

fl» ^ 4a* jr ^ 6a'a?* -f 4a'a?' + a »* 

a* a: + 4 a V + 6 a* x» + 4 a a?* -{- «• 

(d + «)• = a* + 5a*a? + lOa^jc* + 10a*cr»+ 6a** +«• 

By examining these powers, we find that the jSrst term is the 
first term of the binomial, raised to the power to which the bi« 
nomial is raised. The second term consists of the first term 
of the binomial one degree lower than in the first teim^ multi 

17 
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plied by the number expressing the power of the binomial, and 
also by the second term of the binomial. This will hereafter 
be shown to be true in all cases. 

The application will be most easily understood by a particu- 
lar example. 

Let it be required to extriict the 5th root of the quantity 

32 o"— 80 o» 6»+ 80 a*6«— 40 a* ft* + 10 «• ft" — 6" (2 a* -^b* 

32 o" 

— : — Dividend. 
* _80a«6' 80 a» divisor. 

The quantity beinff arranged according to the powers of a, I 
seek the fifth root of the first term 32 a'\ It is 2 a*. This I 
write in the place of the quotient in division. I subtract tlie 
fifth power of 2 a', which is 32 a*°, from the whole quantity. 
The remainder is 

_ 80a« fe» + 80 a' V — &c. 

The second term of the fifth power of the binomid a '\- x 
being b a^ x shows that if the second term in this case be di- 
vided by five times the 4th power of 2 a", the quotient will be 
the next term of the root. The 4th power of 2 «* is l6 a* and 
5 times this 80 a*. Now — 80 o* 6' being divided by 80 a* 
gives — 6' for the next term of the root. Raising 2 a* — 6* 
to the fifth power, it produces the quantity given. If the root 
contained more than two terms it would be necessary to sub- 
tract the 5th power of 2 a* — 6' fi'om the whole quantity ; and 
then to find the next term of the root, divide the first term 'of 
the remainder by five times the 4th power of 2 a* — 6*. The 
first term only however would be used which would be the 
same divisor that was used the first time. 

When the number expressing the root has divisors, the roots 
may be found more easily than to extract them directly. The 
second root of a^ is a*, the second root of which is a. Hence 
the 4th root may be found by two extractions of the second 
root. The second root of a' is a", or the 3d root of a' is a'. 
Hence the 6th root may be fotmd by extracting the 2d and 3d 
roots. The 8th root is ftmnd hf tfairee extra^tons of the 2d 
root, (&c. 
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Ecoan^ks. 

1. What is the 3d root of 

6 0?* + a?' —40a:' + 96a? — 64? 

2. What is the third root of 

1 5 a?* — 6 a: + a?* — 6 a?* — 20 a?* + 1 5 a?* + 1 ? 

3. What is the 4th root of 

216 a' a?» — 216 a a?' + 81 a?* + 16a* — 96 a* a? ? 

4. What is the 6th root of 

80 a?' — 40 a;' + 32 a?* — 80 a?* — I + 1 a? ? 

XXXIX. Extraction of the Roots of Numeral Quantities cf any 

Degree. 

By the above expression of the several powers, we may ex- 
tract any root of a numeral quantity. Let us take a particular 
example. 

What is the 5th root of 5,443,532,400,000 ? 

In the first place we observe that the 5th power of 10 is 
100000, and the 5th power of 100 is 10000000000. Therefore 
if tlie root contains a figure in the ten's place, it must be sought 
among the figures at the left of the first five places countmg 
fi-om the right. Also if the root contains a figure in the hun- 
dred's place, it must be i^ought at the left of the first ten figures. 
This shows that the number may be divided into periods of 
five figures each, beginning at the right. The number so pre- 
pared will stand 

544,35324,00000 (340 
243 



Dividend. 3013 (405 Divisor. 

544 35324 

* 00000 
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In the first place I find the greatest 5th power in 544. It is 
243, the root of which is 3. I write 3 in the root, and subtract 
243, the 5th power of 3, from 244. The remainder must con- 
tain 5 rt* J? + 10 a'x* +, &c. The 3, that part of the root al- 
ready found, and which, by the number of periods, must be 
300, answers to a -in the formula. 5 a^, that is, five times the 
fourth power of 300 will form only an approximate divisor, 
since the remainder consists of several terms besides 5 a^ x} 
still it will enable us to judge very nearly, and we shall find 
the right number after one or two trials. As the fourth power 
of 30 will have no significant figure below 10000, (we may 
consider 3 to be in the ten's place, witli regard to the next 
figure to be found,) we may bring down only one figure of the 
next period to the remainder for the dividend, and use 5 times 
the fourth power of 3 for the divisor. The dividend is 3013 
and the divisor 405. The dividend contains the divisor at 
least 6 times, but probably 6 is loo large for the nx^. Try 5. 
This gives for the first two figures 35. Raise 35 to the 5th 
power and see if it is equal to 544,25324. It will exceed it. 
Therefore try 4. The fifth power of 34 is 544,35324. Hence 
34 is right. Subtract this from the number, there is no re- 
mainder. There is still another period, but it contains no sig- 
nificant figure, therefore the next figure Ia 0, and the root is 
340. The 5th power of 340 is 5,443,532,400,000. If there 
had been a remainder after subtracting the 5th power of 34, it 
would have been necessary to bring down the next figure of 
the number to it to form a dividend, and then to divide it by 5 
times the 4th power of 34 ; and to proceed in all respects a9 
before. 

The process of extracting roots above the second is very te^ 
dious. A method of doing it by logaritluns will hereafter be 
shown, by which it may be much more expeditiously per* 
formed. 

Examples. 

1. What is the 5th root of 159^7022465957 f 

2. What is the 4th root of 36469158961 } 

For this, the fourth root may be extracted directly, or it may 
be done by two extractions of the second root Let the learner 
do it both ways. 
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3. What 13 the Ctli root of 481890304 f 

This may be done by extracting the 6th root directly, or by 
extracting first the second and then the third root. Let it be 
done both ways. 

4. What is the 7th root of 13492928512 ? 

XL. Fractional Exponents and ^rational Quafttities. 

The method explained above, Art. XXXVI, for extracting 
the roots of literal quantities, gives rise to fractional exponents, 
when they cannot be exactly divided by the number expressing 
the root. Since quantities of this kind frequently occur, ma- 
thematicians have invented methods of performing the differ- 
ent operations upon them in the same manner as if the roots 
could be found exactly ; and thus putting off the actual ex- 
tracting of the root until the last, if it happens to be most con- 
venient. The expressions also may often be reduced to others 
much more simple, and whose roots may be more easily found. 

It has been already observed that the root of a quantity con- 
sisting of several factors, is the same as the product of the 
roots of the several factors. 

Hence (a* 5»)* = («•)* (5»)* = a* h. 

(a')* = («•)*. (a)* = (a)*, (a)*, (a)* 

= a^. a^. a^ ^= a. a^ =.a ^ =1 «'. 

We see that the same expression may be written in a great 
many diSerent fprms. The most remarkable of the above are 

I U 1+i i 

a' = a^ =ia ~^ = a.ar 

On this principle we may actually take the root of a part of 
the Actors of a quantity when they have roots, rnd leave the 
roots of the others to be taken by approxifnutiQn s^t a conve^ 
nient time. 

The quantity (72 a' V c)* may be resolved into fkctors thug. 

{^ X 360Vai*ic)* = (36 a' 6*)*. (2 a 6c)*. 

17* 
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The root of the first factor 36 cP b^ can be found exactly, 
and the expresBion becomes 

« 

6 a i» (2 o 6 c)*. 

This expression is much more simple than the other, for now 
it is necessary to find the root of only 2 a 6 c. 
The expression might have been put in this form, 

(72)* Jb^ c^ = (36.2)* a^* 6^* c* = 6.2* a o* V J* c* 

= 6 o i* (2 a i c)* 

Examples. 

i. Reduce (IG ct* Vy to its simplest form. 

Am. 2ab{2a^ i)*. 

2. Reduce (^4 a x'y to its simplest form. 

3. Reduce ■ -- — rr- ■ * to its simplest form. 

\147 6'c/ 

.4n,. I'll ( \iL\*. 
i% \3 b cf 

4. Reduce (16 a' &" -|- 32 a'i* my to its simplest form. 
(16tf'6» + 32a'6^«)*=:(lGn*i*)* (ab*4 26m}* 

•4»w. 4 a 6 (a i» + 2 6 my 

5. Reduce /135flV— lOBfl^^VV ^^ j^^ simplest form. 
\ 64 m'n* / ^ 

Sometimes it is convenient to multiply a root by another 
quantity, or onb root by another. 

If it is required to multiply (3 a* by by a 6, it may be express- 
ed thus :ab{Sa* by. But iPit is required actually to unite 
them, a b must first be raised to the second power, and the pro- 
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duct becomes {3 a^b^y. This will appear more plain in the 
following manner, 

(3a'6)* = 3* a 6* 
This multiplied by a 6 is 

If instead of enclosing the quantity in the parenthesis and 
writing the exponent of the root over it, we divide the expo- 
nent of all the factors by the exponent of the root, all ttie ope- 
rations will be very simple. 

Let a* be multiplied by a^. 

a^ X a = a^"^ = a. 

a^ Xa^ = o*"*"^ z=ij =<f. 

as 8 4 9_L_6 3_1_4 7 T 

a^ b^ X o» i^ =a»"T"^ 6'+^ =:a* 6*. 

That is multiplication is performed on similar quantities bj 
adding the exponents, as when the exponents nrc whole num- 
bers. In like manner division is perfomiixi by >:ubtracting the 
exponents. 

It must be observed that a^ mny be read, the rhi'^d root of*he 
second power ofa^ or t',e second power of the third root of a. For 

the 3d root of a' is a* } and 

a* X «* = a*^"* = a^ 
The 3d power of of is 

That is, a power of a root may be finmd by multiply- 
ing the fiiictional exponent by the exponent of the power* 



.« 
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Cansequently a root of a root may be found by dividing th^ 
fractional index bv the exponent of the root. In maitipTying 
and dividing the fractional exponents, we must apply the same 
mles that we apply to coounon fi actions. 

The 3d root of J is aJ. 

Theddiootc^a^is J. 

The 5th root of a^ b^ is aJ^ 6". 

If the numerator and denomifiator both be multiplied or di- 
vided by the same number, the value of the quantity will not 
be altered ; for that is the same as raising it to a power, and 
then extracting the root. 

If it is required to multiply aJ by a , the fracticms may be 
reduced to a common denominator and added : thus, 

a* X a* = a* X a^ =a^ = « * = a a^. 

The same may be done in division and the exponents siili- 
tracted. 



«* 
«* 


aV 


=«v 


•^— 


V^ 


«v- 




a* 




«T*»- 


'ji. 

m 


= a 


■H = 


1 



In fact, quantities with fractional exponents are subject tp 
precisely the same rules, as when the exponents are whole 
numbers ; but the rules must be applied as to fractions. The 
fractions may be reduced to decimals without altering tho 
value ; thus 

= a X a^*^ X a^^^. 
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a^ X J = a^''^^ X a^ = a^'^^ =: a^ X ^^'^ X a^^^' 

It is very important to remember how these quantities may 
be separated into factors. Since multiplication is performed 
by adding the exponents, and division by subtracting them, any 
quantity may be separated into as many factors as we please, 
by separating the exponent into parts. Thus, 

a* = a^ X a* = a X a* = a X a* X a* 

= a^ X a X a' X «^ X a* X «^ X a^. 

The sum of all the exponents in the last expression is 5. Lo- 
garithms arc of the same nature as these exponents, and afford 
as great a facility in operating upon numbers, as these do upon 
letters. And the operations are performed in the same way, 
as will be explained hereafter. 

If the learner should ever have occasion to read other trea- 
tises on mathematics, he will generally find the roots express- 
ed by what are called radical signs. The second root is ex- 

, 3 

pressed" with the sign ^ , the third root y' the same sign 
with the index of the root over it. The 4th root is y'"" , &c. 

a-' z=i y/ a 

X 3 — , 

a^ =z y/ a 

i * — 
a* =^ \/^ a 

3 5 

a* = y^o3 . 

2* a^ b^ =z j^JT'L^&c. 

They will be easily understood if the radical sign be remoyed, 
and the exponents divided by the index of the root or the quan- 
tity enclosed in a parenthesis, and the root written over it. 

The expression y^ 5 «* b^ becomes 

5* a^ //'■ =: (5 a» b^)^. 
The expression \^ (,i* -f- ^»' is equivalent to (a* -|- i*)* 
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XLL Binomial Theorem. 

It has already been remarked that the powers of any quanti- 
ty are found by multiplying the quantity into itself as many 
tunes, less one, as is expressed by the exponent of the power. 
Sir Isaac Newton discovered a method, by which any quantity 
consisting of more than one term may be raised to any power 
whatever, without going through the process of multiplication. 

The principle on which this method is founded is called the 
Binomial Theorem. Its use is very important and extensive in 
algebraic operations. ' 

Next to quantities consisting of only one term, binomials, or 
quantities consisting of two terms, are the most simple. 

Let a few of the powers of a -f a? be found and their forma- 
tion attended to. 

la + J?)* = a'\'X 



a'-|-aa? 

a J? + a:* 

f a -}- a?)* 55 a* + 2 a J? -f- ir* 
a -j-a? 



o* -f 2 a* a? + rt a:* 

a*x -\-2aa? -|-a?» 



(a-|-a?)*= a^ + 2cfx^^aa^ + x* 
a'\'X 



a'a? + 3a*a:' + 3aa?' + a?* 

[a + xy=i o*-f4a»a? + 6a'a?*-f4aa?»4-a7* 

a -{- X 

a* + 4a*a?-f6a'a^-|-4a*a?'-faa?* * 

a*a? + 4a'a^ + 6a'a:' + 4aa)* +«* 

(a + a?)*= a*-|- 6a* a:+ 10a'.r*+ 10a*a?» +6aa?* +«*. 
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The law of the foimation of the literal part is sufficiently 
manifest. 

In each power there is one term more than the number de- 
noting the power to which it is raised. The first power con- 
sicits of two terms, the second power of three terms, the third 
power of four terms, &c. 

In every power a is found in every term except the last, and 
x is found in every term except the first. The exponent of a in 
the first term is the same as the exponent of the power to 
which the binomial is raised, and it diminishes by one in each 
succeeding term. 

The exponent of a? in the second tenn is 1, and it increases 
by one in each succeeding term, until in the last term it is the 
same as that of a in the first term. 

The law of the coefficients is not so simple, though it is not 
less remarkable. 

The coefficients of the first power, viz. rt -^- a:, are 1, 1 ; those 
of the second power are 1, 2, 1. These are formed from the 
first as follows. When a is multiplied by a, it p/oduces o*, 
and no other term being produced like it, there is nothing add- 
ed to it, and it remains with the same coefficient as the a in t!:3 
multiplicand. In multiplying x by a and afterward a by x, 
two similar terms are produced, having the coefficients of the 
a and x in the multiplicand, viz. 1 and 1 ; and the addition of 
these forms the 2. The other 1 is produced like the first. 

The coefficients of the third power are 1, 3, 3, 1. The Is 
are produced from the second power, as tliose of the second 
power are produced from the first. In multiplying 2 a a? by a, 
the term produced is 2 a* a?, having the coefficient of the se- 
cond term of the multiplicand ; and in multiplying a* by j?, the 
term produced is a* x^ similar to the last, and having the coeffi- 
cient 1 of the first term of the multiplicand. The addition of 
the coefficients of these two terms produces the 3 before a* x. 
That is, the coefficient of the second term of the third power is 
formed by adding together the coefficients of the first and se- 
cond terms of the second power. In the same manner it may 
be shown, that the coefficient 3 of the third term of the third 
power is formed by adding together the coefficients of the se- 
cond and third terms of the second power. 

The following law will be found on examination to be ge- 
neral. 
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The coeffic'6nt of the first term of every power is 1. The 
coefficient of the second term of every power is formed by add- 
ing together the coefficients of the first and second terms of 
the preceding power. The coefficient of the third term of 
every power is formed by adding together the coefficients of 
the second and third terms of the preceding power. The co- 
efficient of the fourth term of every power is found by adding 
together the coefficients of the third and fourth terms of the 
preceding power. And so of the rest. 

This law, though perhaps sufficiently evident by inspection, 
may be easily demonstrated. 

Suppose the above law to hold true as far as some power 
which we may designate by n. The literal part of the nth 
power will be formed thus. 

We cannot write all the terms without assigning a particular 
value to n. We can write a few of the first aud last. The 
poniis between show that the number of terms is indeterminate ; 
there may or may not be more than are written. 

Suppose that A is tlie coefficient of the second term, B that 
of the third, 4&c. and let the vhole be multiplied by a + x, 
which will produce the next higher power, or tlic (w-f- l)tli 
power. 
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^ In this result we observe that the exponents of both a and x 
are increased by 1 in each term, and there is still one term 
without X and another without a. Before the terms of the pro- 
duct were added, there were twice as many terms in the pro- 
duct as in the inultiplicand, but they have all united two by 
two except the first and last. The terms C a*""' x^ and Fa' 
a?*~* have not united with any others, but it is evident that they 
would have done so, if all the terms could have been written. 
There is then one more term in this power than in the last. 

The coefficient of the first tarm is still 1. That of the se- 
cond is the sum of the coefficients of the first and second terms 
of the multiplicand, viz. 1 -f- A. That of the third is the sum 
of the coefficients of the second and third terms of the multi- 
plicand, viz. A -{- B ; &c. 

The above formula shows that if the law above mentioned is 
true for one power, it will be so for the next higher power. 
We have seen that it is true for the 6th power, therefore it will 
be true for the 6th ; being true for the 6th, it will be so for the 
7th, &c. 

Let the coefficients of several of the first powers be written 
without the letters, forming tKem by the above principle. 

First obojerve that (a -f- xf = 1. 

Adding to this 1 gives 1, and then again on the other 
side gives 1. Hence we have 1, 1 for the coefficients of the 
first power. 

Adding to the first 1 gives 1 ; adding 1 and 1 gi,ves 2, and 
then 1 and are 1. Hence the coefficients of the second pow- 
er are 1, 2, 1. . 

Again, 0-f 1 = 1; 1 +2=3;2 + l=3; 1+0=1. 
Hence 1, 3, 3, 1 are the coefficients of the third power, 

Agiin, + 1 = 1; l + 3 = 4;? + 3 = 6;3 + l = 4; 
and 1 + 0=1. Hence 1, 4, 6, 4, 1 are tlie coefficients of the 
fourth power. 

Again, 0+1=1; 1+4 = 6; 4 + 6 = 10; 6 + 4 = 10; 
4 + 1 = 6; and 1 + 0=1. Hence 1, 6, 10, 10, 6, I are the 
coefficients of the 5th power, &x. 
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The Coefficients of the first Ten Powers. 

1 
1 1 
12 1 
13 3 1 
14 6 4 1 
1 6 10 10 5 . 1 
1 6 15 20 15 6 1 
1 7 21 35 35 21 7 1 
1 8 28 56 70 56 28 8 1 
1 9 36 84 126 126 84 36 9 1 
1 10 45 120 210 252 210 120 45 10* I 

Here we observe that the first row of figures taken obliquely 
downward is the series of numbers 1, ly I9 <&c. 

The second row' is the series of natural numbers, 1, 2, 3, 4, 
5y &c. whose difierences die I. 

The third row is the series 1, 3, 6, 10, 15, &c. whose differ- 
ences are the last series, viz. 1, 2, 3, 4, <&c. 

The fourth row is tfie series 1, 4, 10, 20, 35, 6lc. whose dif- 
ferences are the last series, viz. 1, 3, 6, 10, &c. Each succes- 
sive row is a series, whose differences form the preceding row. 

We may .observe farther that the coefficient of the second 
term of any power is tlie term of the series 1, 2, 3, 4, &c. de- 
noted by the exponent of the power. That of the second pow- 
er, is the second term ; that of the third power, the third tefm ; 
that of the nth power, the nth term. But this being the series 
of natural numbers, the number which denote^ the place of the 
term is equal to the term itself, so that the coefficient of the 
second term will always be equal to the exponent of the 
power. 

« 

The coefficient of the third term of any power is the term of 
the series 1, 3, 6, 10, &c. denoted by the exponent of the pow- 
er diminished by 1. That of the third power is the second 
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term, that of the fourth power the tliird term, that of the nth 
power the (n — l)th term, Slc. * 

The coefficient of the fourth term of any power is the term 
of the series 1, 4, 10, 20, &c. denoted by the exponent of the 
power diminished by 2. That of the fourth power is the se- 
cond term, that of the fifth power is the third term, that of the 
nth power is the (n — 2)th term. And so on as we proceed to 
the right, the place of the term in the series is diminished 
by 1. 

We may observe another remarkable fact, the reason of which 
will be manifest on recurring to the formation of these series. 
We shall take the 7th power for an example, though it is equal- 
ly true of any other. 

The coefficient of the second term, viz. 7, is the sum of 7 
terms of the preceding series 1,1,1, <&c. and was in fact form- 
ed by adding them. 

The coefficient of the third term, 21, is thd sum of the first 
six terms of the preceding series, 1, 2, 3, &c. and was actually 
formed by adding them, as may be seen by referring to the for- 
mation. 

The coefficient of the fourth term, 35, as the sum of the first 
five terms 'of the preceding series, 1, 3, 6, 10, &c. and was 
formed by adding them. 

The same law continues through the whole. If now we can 
discover a simple method of finding the sums of these series 
without actually forming the series themselves, it will be easy 
to find the coefficients of any power without forming the pre- 
ceding powers. This will be our next inquiry. 

XLII. Summation of Series hy Differences. 

It is not my purpose at present to enter very minutely into 
the theory of series. I shall examine only a few of the most 
simple, of them, and those principally with a view of demon- 
strating the binomial theorem. 

A series by differences is several numbers arranged together, 
the successive terms of which differ from each other by some 
regular law. 
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I call a series of the first order that, in which all the terms 
are alike, as 1, 1, 1, 1, &c. 3, 3, 3, 3, &c. a, a, a, a, <&c. In 
these the difference is 2ero. 

The sum of all the terins of such a series is evidently found 
by multiplying one of the terms by the number of terms in the 
series. > Every case of multiplication is an example of finding 
the sum of such a series. 

The sum « of a number n of terms of any series a, a, a, (&c. 
is expressed 

na 



When a = 1, it becomes * = -. 

1 

A series in which the terms increase or diminish by a con- 
stant difference, is called a series of the second order. As 1,2, 
3, 4, 5, &c. 3, 6, 9, 12, &c. or 12, 9, 6, 3. A series of this 
kind is formed from a series of the fire\ order. The differences 
between the successive terms form the series from'which it is 
derived. 

At present I shall examine only the series of natural num- 
bers 1, 2, 3, 4, n. 

This series is formed as follows : 

+ 1 = 1 

1 + 1=2 
1+1+1=3 

1+1+1+1=4 
. 1 + 1 + 1 + 1 +1 = 6, &c. 

The sum of any number n of terms of the series 1,1,1,1, &c. 
is equal to the nth term of the seriea 1, 2, 3, 4, <&c. 

Write down two of these series as follows and add the cor- 
responding terms of the two together. 

1, 2, 3, 4, 6 
6, 4, 3, 2, 1 



6, 6) 6, 6, 6 
18* 
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1, 2, 3, 4, . . . (n— 3), (n— 2), («— 1,) n . 
n, (n— 1 ),(»*— 2), (n— 3) 4, 3, 2, 1 

(»+l),(n+l),(n+l),(n+l)...(n+l),(n+l),(n+l),(n+l) 

The 6th term of the series is 6, and it appears that 5 times 
6 will be twice the sum of 5 terms of the series. 

The (« + l)th term of the series 1, 2, 3, 4, &c. is rt -f- ^' '^ 
appears thatn times (n -j- 1) will be twice the sum of n terms of 
the scries. 

The sum ^ of any number n of terms may be expressed 
thus. 

^ = ^(^+ ^) 
1.2 

It is frequently convenient to use the same letter in similar 
situations to express different values. In order to distinguish 
it in different places, it may be marked thus, 5, sf^ ^'^ sf'\ which 
may be read 5, z prime, 5 second, s third, &c. 

How maify times does the hammer of a tlock strike in 12 
hours ^. 

In this example n = 12 n + 1 = 13. 

12 X 13 _^ 



1 X 2 



= 78. Ans. 73 times. 



The rule expressed in words is j To find the sum of any num- 
ber of terms of the series 1, 2, 3, 4, <fcc. find ike next succeeding 
term in the series^ and multiply it by the wumber of. {enns in the 
series, and divide the product by 2. ^ 

The same thing may be proved in another form which is 
more conformable to the method that will be used for the series 
of the higher orders. 



r ' 



S'ippose it is required to find the sum of the first five terms 
of the series. 

The sixth term of the series is the sum of 6 t6rms of the se- 
ries, 1, 1, 1, &c. thus 
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Let this series be written down five times, one under the 
other, thus. 



\ Xj 




- 1 

























































If this series be divided by a line passing diagonally through 
it, so that the part below and at thie left of the line may con- 
tain one term of the first series, two of the second, three of the 
third, four of the fourth, and five of the fifth ; the terms so se- 
parated will form the first five terms of the series 1, 2, 3, &c. 
There will be the same number of terms above and at the right 
of the line, which will form the same series, if the terms be 
added vertically instead of horizontally. 



1,\ 1, 1, 1, 1, 1 




1, 1, U 1, 1, 



It is easy to see that this series continued to any number of 
terms will be formed twice over in this way, if the number of 
series written under each other is equal to the number of terms 
required and the number of terms in each series exceed the 
number of terms by one. And the reason of it is manifest firom 
the manner in which the two series are formed. 

• Hence n times the series consisting of n+ 1 terms of the 
series 1,1,1,1, &c. will be twice the sum ^ of n terms of the 
series 1, 2, 3, 4, &c. 

That is, 2 ^ = n (n + 1) and / = ^ (^ + ^K 
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Mgtbru* 



XJJl. 



A series of the third order is one, the difference of the 8ucce»- 
sive terms of which is a series of the second order. I shall 
consider only the series formed from the series 1 1 2, 3 &c. 



Farmaiion. 



+ 1 



1+2 = 

1+2+3 = 

1+2+3+4 : 

1+2+3+4+5 
1+2 + 3 + 4 + 5 + 6 



+ 1: 
1+2 

3 + 3 

6+4 

10+5 

15 + 6 



1 

3 

6 
10 
15 
21, &c. 



The first term of the series 1, 2, 3, dz;c. forms the first term ; 
the sum of the first two terms forms the second ; the smn of 
the first three forms the third term, &c. and the smn of n terms 
will form the nth term of the series 1, 3, 6, 10, dz;c. 

Let it be required to find the sum of the first five terms of 
the series 1, 3, 6, 10, 15, 21, &c. 

The sixth term of this series is the sum of the first 6 terms 
of the series 1, 2, 3, (&c. 

1+2 + 3+4 + 5+6 = ^iLZ =21 =6th term. 

Write this series five times one under the other, and draw a 
line diagonally so as to leave on the left and below, the first 
term of the first, the first two of the second, the first three of 
the third, &c. and the first' five of the fifth. 

J,\2, 3, 4, 5, 6 

1, 2X3, 4, 5, 6 

2, 3\4, 6, 6 

3, 3, 4\5, 6 



3, 3, 4, 5,\6 



'• 
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The figures so cut off form the first five terms of the series 

1, 3, 6, 10, 15, &c. the sura of which we wish to find. It will 
now be shown that the sum of the terms on the right and 
above the line, is equal to twice the sum of those below and 
at the left. 

By the rule given above for finding the sum of the series 1, 

2, 3, &c. 



The sum of 1 term, orl 



The sum of 2 terms, or 1 + 2 



The sum of 3 terms, or 1 + 2 + 3 



The sum of 4 terms, or 1 -|- 2 -f 3 + 4 



_ 1 X 2 
2 

_2X3 
2 

_ 3x4 
2 

_ 4X 5 



Thesumof5terms, or 1 + 2 + 3 + 4 + 5 = ^-^- 

Helnce 2(1) =1X2 

. 2 (1 + 2) =2X3 

2(1+2 + 3) / ^3X4 

2(1+2+3 + 4) =4X5 

2(l+» + 3 + 4 + 5) =5X6 

That is, the 2 is twice the 1, 

The two threes are twice (1+2), 

The three fours are twice (1+2 + 3), 

The four fives are twice (1+2 + 3 + 4), and 

The five sixes are twice (1 +2 + 3 + 4 + 5). 

« 

Since the part below the line forms the series whose sum is 
required, and the part above the line is equal to twice that be- 
low, both parts together are equal to three times the series 1, 
3, 6, 10, 15. Therefore if 21, which is the next term in the 
series, and which is also the sum of the series 1, 2,^3, 4, 5, 6, 
l)e multiplied by 5, the number of terms to be summed, and 
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divided by 3, tlic quotient will be the sum of the series re- 
quired. 

It is easy to see that if the seriea 1,2, 3, ... (n 4- 1 ) be writ- 
ten n times and divided by a line like the above, yie part be- 
low the line will form n tenns of the series 1, 3, 6, 10, &c. 
And the part above the line will be equal to twice the part be- 
low, because the stun of n terms of the series (, 2, 3, &.c. is 

njn_±j) 

1X2 

Therefore to find the sum of n terms of the series 1 , 3, 6, 1 0, 
multiply the (n ■+■ l)th term of that series by n and (Uvide by 
3, and the quotient will be the sum required. 

But the (n -|- l)th term of the series is equal to the sum of 
(n+ 1) terms of the series 1,2, 3, 4, &c. The nth term of 

this series bemg IxLtJj, the (n + l)th term wilU>e 

(n + l)(«-t- 2) ^ 
1X2 

This being multiplied by n, the number of terms, and divided 
by 3, gives 



L 



Hence the sum t" of n terms of the series will be expressed 
thus, 

^,_ n(n+l){n + 2) 
1X2 X 3 

A series of the fourth order is one, the difference of wliose 
tenns is a series of the third order. 

ihall at present consider only the one formed from tKe 
i 1,3, 6, 10, 15, &c. 



I 
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Formaium. 

+ 1 = 0+ 1= 1 

1+3 =1+3=4 

1+3 + 6 =4+6= 10 

1 + 3 + 6+10 =10+10 = 20 

1 +3 +'6 + 10 + 1.5 = 20 + 15_= 35 

1+3 + 6 + 10-+ 15 +21 =35+21 =56 

The first term of the series 1, 3, 6, &.c. is the first term of the 
nelv series ; the sum of the first two terms forms the second ; 
&c. the sum of n terms will forfn the nth term of the new 
series. 

It is required to find the sum of five terms of this series. 

The sixth term of this series is equal to the sum of the first 
six terms of the preceding. 

1+3-1-6 + 10+15 +21 =^-.^l2U= 56. 
^^^ ^. 1X2X3 

Write this series five times, one under the other, and sepa- 
rate it into two parts by a line drawn diagonally in the same 
manner as was l^ne with the last, series. The terms below the 
line will form the series whose sum is required, and the terms • 
above the line will be equal to three times those below. That 

is, the whole will |^ four timQ9 the sum required* 

* 

6, 10, 16, 21 
1, 3,\^6, 10, 16, 21 

1, 3, eXio, \h, «1 

1, 3, 6, lo\l6, 21 
1, 3, 6, 10, 15^^21 
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By the rule given above for finding the sum of the series I 
3, 6, 10, (&c. 

The sum of one term, or 1 -i- = 1- 

3 

The sum of two terms, or 1 + 3 = -.^— = 4. 

3 

The sum of three terms, or 1+3 + 6 = 22il?= 10 

3 

The sum of four terms, or 1 + 3 + 6+10= l2lJi = 20, 

The sum of five terms, or 1+3+6+10+16 = ^^ — = 36. • 

The five 21s are 3 times, 1+3 + 6 + 10 + 15. 

The four 15s are 3 times 1+3 + 6+10 

and so of the rest. 

» 

It is easy to see that this principle will extend to any number 
of terms. 

Therefore to find the sum of » terms of die series I, 4, 10, 
20, &c., multiply the (n + l)th term of the series by n, ajid 
divide the product by^ 4, and the quotient will be tha sum re- 
" quired. • 

But the (71 + l)th term of thi^ series is equal to the sum of 
(n + 1) teiTTis of the preceding series. 
The nth term of the preceding series being * 

n(n4-l)(n + 2) .' * 

1X2X3' 

the (n ■)- l)th tettn will be 

• (n + l)(«-f2)(»» + 3) 
1X2X3' 

*T\aa being multiplied by n and divided by 4, givei 

y'. = »(n4-l)(» + 2)(» + 3) 
1X2 X 3 X 4 * 
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XLIII. The principle of soimning these series may De 
proved generally as follows : 

Let 1, a, 6, c, fif . . . . • • Z be a series of any order, such that 
the sum of n terms may be found by multiplying the (n + l)th 
term by «, and dividing the product by 7/i. If Z is the (n + 1) 
th term, and s the sum of all the terms, we ^all have by hy- 
pothesis 

s = — , and m s z=2 nl. 
m 

That iSf n IwiU be m times the sum of the series. The ne&t 
higher series will be formed from this as follows : 

I r . , , . = 1st term. 

1 + a . . . , z=: 2d « 

1 + a + b . . . =8d« 

I +a + b + e . . . =4th ** 

l+a + 6 + c + rf . . =5th« 

I +€t+b + c + d + ....k =nth " 
1 +a + b'^e + d + ....k + lz= (n + l)tb. 

The first term 1 of the original series 1, a, &, &c., forms the 
first term of the new series ; the sum of the first two forms the 
leoond term ; the sum of the first lliree forms the third term, 
&c., and the sum of (n + 1) terms forms the (n -}- l)th term. 

Let the series forming the (n + l)th term, be written n 
times, one under the other, term for term. And let a line be 
drawn diagonally, so diat the first term of the first row, the 
first two of the second row, and n terms of the nth row may be 
at the left, and below the line. 

19 
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1, \ o, 6, c, d, i, / 



XLIll 



.* 
1 



1, a, \ 6, c, d, . *, / 



If «f ft»\^ rf, - *, I 



1, a, 6, c, \4i • if / 



1, a, 6, c rf| \ . *, / 



h «, 6, C| 4i .\*, I 



ly a, bf Ct dj . A;,\ I 



The terms below and at the left of the line, form n terms of 
the new series. It is now to be shown that the terms abovei 
and at the right of the line, are equal to m times those below, 
and, consequently, that the whole together are equal to m + 
I times n terms of the new series. 



I 



By the hypothesis 

The sum of one term, or 1 

The sum of two tenns, or I + a 

The sum of three terms, or 1 + ^ + ^ 

The sum of four tenns, orl+a'^b + e 



1 a 
m 

2b 
m 

3c 
m 

4rf 
fit 

ft; 



The sum of n terms, orl-(-a4-&+^ + ^ + »*i = — • 



I • 
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Multiplying both members of the above equations by m : 
m. 1 =1 a 

m{l + a) =26 

f» (1 + a -I; 6) = 3 c 

m{i +a + b + c) =4rf 

»»(l-f-« + i + <^ + ^ + «"*) =ni 

Hence it appears, that a is m times 1 ; 2 5 is m times (1 4- a) 
&c. ; and n Z is m times (1 +^ + * + c + ^+*'*-*); that 
is, the part above and at the right of the line, is m times the 
part at the left and below ; consequently the whole, or n times 
the (n + l)th term of the new series, will be (m + 1) times 
the sum of n terms of the same series. 

We have already examined all the series as far as the fourth 
ord^r, and have found the above hypothesis true so far. Let 
us suppose the series 1, a, 6, &c. to be a series of the fourth 
order, in which we have found that the sum of n terms may be 
obtained by multiplying the (n -f- l)th term by n, and dividing 
the product by 4 ; in mis case m is equal to 4. The series 
formed from this will be a series of the 5th order, and m -]- 1 
= 4 + 1=6. Therefore by the above demonstration it ap- 
pears tliat the sum of n terms of a series of the 5th order may 
be obtained by multiplying the (n + l)th term by n, and 
dividing the product by 5. 

If now the series, 1, a, 6, &c., be considered a series of the 
5th order, m = 5 and m -[' 1 = 6. Hence the same princi- 
ple extends to the 6th order. 

If then we continue to make I, a, &, &c., represent one se- 
ries after another in this way, we shall see that the principle 
will extend to any order whatever of this kind of series. 

We have then this general rule ; 

To find the sum of n terms of a series of the order denoted 
by r, derived from the series 1,1,1, &c., multiply the (n + \)th 
term of the series by n and divide the product by r. 

Also, the nth term of the series of the order r, is equal to the 
sum of n terms of the series of the order r — 1. 
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When the series is of the first order, the sum of n terms is 



!L-lor^ 
1 1 



n -4- 1 
The sum of (» + 1 ) terms of this series is —L. — This is 

the (n + l)th term of the series of the second order. This 
multiplied by n and divided by 2 gives the sum of n terms of 
the series of the second order: 

n (n + 1) 



1 X 2 
The sum of (n -f- 1) terms of the same series is 

(n+l)(n + 2 ) 
1 X 2 

This is the {n + l)th term of the series of the third order. 
This multiplied by n and divided by 3 gives the sum of n tenns 
of this series: 

n(n-f l)(n-f 2) 
1X2X3 

The sum of (n -f- 1) terms of the last series ii 

(n + 1) (n-f2) (n + 3) 
1X2X3 

This is the (n + l)th term of the series of the fourth order. 
This multiplied by n and divided by 4 gives the sum of w terms 
of the series of the fourth order : 

n{n + l) (n + 2) {n + S) 
1 X2 X 3 X 4 

Hence for the series of the order r we have this formula : 

n (n + 1) (n + 2) (n + 3) (n + r — 1) 

1 X 2 X 3 X 4 X r 

We have examined only the series formed from the series 1, 
1,1,1, &c., which are sufficient for our present purpose. The 
principle may be generalized so an to find the sum of any series 
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of the kind, whatever be the original series, and whatever be 
the first terms of those formed firom it. 

XLIV. Binomial Theorem. 

Before reading this article, it is recommended to the learner 
to review article XLI. 

Let ti now be required to find the 7th power of a + a?. The 
letters without the coefficients stand thus ; 

a', a* Xj a* a?*, a* a?', a^ a?*, a* a?*, a a:®, a?'. 

The coefficient of the first term we observed Art. XLI, is 
always 1. That of the second term is 7, the exponent of the 
power, or the 7th term of the series 1, 2, 3, &c. 

The coefficient of the third term is the sixth term of the 
series of the third ordelr 1, 3, 6, 10, &c. which is the sum of six 
terms of the series 1, 2, 3, &c. This sum is found by multi- 
plying the 7th term of the series by 6 and dividing the product 
by 2. But the 7th term is 7, the coefficient last found. 

£2<J = 21. 
2 

The coefficient is 21. 

The coefficient of the fourth term is the 5th term of the 
series 1, 4, 10, (fcc, or it is the sum of five terms of the preced- 
ing series. The sum of five terms of the series 1, 3, 6, &c., is 
found by multiplying the 6th term by 5 and dividing the pro- 
duct by 3. The 6th term is the coefficient last found, viz. 21. 

l>i?l = 35. 

a 

The coefficient is 35. 

The coefficient of the fifth term is the fourth term of the 
series of the fifth order 1, 5, 15, &c., or it is the sum of 4 terms 
of the preceding series. The sum of 4 terms of the series 1, 
4, 10, &c. is found by multiplying the fifth term of the series 
by 4 and dividing the product by 4. The fifth term is the co- 
efficient last found, viz. 35. 

19* 
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lAi^ =: 35. 
4 

ITie coefficient is 35. 

The coefficient of the 6th term is the 3d term of the series 
of the sixth order, which is the sum of 3 terms of the series of 
the 5th order. The sum of 3 terms of this series is found by 
multiplying the 4th term by 3 and dividing the product by 6. 
The 4th term is the coefficient last found, viz. 35 

3 X 35 _ ^^ 
5 

The coefficient is 21. 

The coefficient of the 7th term is the 2d term of the series 
of the 7th order, which is the sum of two terms of the series of 
the 6th order. The 3d term of this series is the coefficient last 
found, viz. 21. 

2 X 21 _ « 
6 

The coefficient is 7. 

The coefficient of the last term is 1, though it may be found 
by the rule 

1 X 7_, 

7 

Hence the 7th power of a + a? is 

a' + 7 a« a? 4- 21 aV4-35 a*a?'+ 35a' Jt'+21 a*a?* 4-7aa?'4-a?^ 

Examining the formation of the above coefficients, we ob- 
serve, that each coefficient was found by multiplying the coef- 
ficient of the preceding term by the exponent of the leading 
quantity a in that term, and dividing the product by the num- 
ber which marks the place of that term. Thus the coefficient 
of the third term was found by multiplying 7, the coefficient of 
the second term, by 6, the exponent of a in the second term, 
and dividing the product by 2, the number which marks the 
place of the second term. This will be true for all cases, be- 
cause that exponent must necessarily show the number of terms 
of which the sum is to be found; the coefficient will always be 
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the term to be multiplied, because the number of terms al- 
ways diminishes by 1 for the successive coefficients, and the 
place of the term always marks the order of the series of which 
the sum is to be found. 

Hence is obtained the following general rule. 

Knowing the coefficient of any term in the power ^ the coefficient of 
the succeeding term is found by multiplyirtg the coefficient of the 
known term by the exponent of the leading quantity in that term, 
and dividing the product by the number which marks the place of 
that term from the first , 

The coefficient of the first term, being always 1, is always 
known. Therefore, beginning with this, all the others may be 
found by the rule. 

It nriay be farther observed, that the coefficients of the last 
half oif the terms, are the same as those of the first half in an 
inverted order. This is evident by looking at the coefficients, 
page 275, and observing that the series are the same, whether 
taken^ obliquely to the left or to the right. 

It is also evident from this, that a-{- x'ls the same as a? + *^ 
and that, taken from right to left, x is the leading quantity ii: 
the same manner as a is the leading quantity from left to 
right. 

Hence it is sufficient to find coefficients of one half of the 
terms when the number of terms is even, and of one more than 
half* when the number is odd. The same coefficients may then 
be written before the corresponding terms counted from the 
right. 

In the above example of the 6th power, the coefficients of 
the first four terms being found, we may begin on the right 
and put 6 before the second, and 15 before the third, and then 
the power is complete. 

Examples. 

1. What is the 7th power of a -j- ^ ? 

Ans. a* + la''x +21 a»a?» + 36 a*** + 35 o' a:* + 21 a* a?' 

+ 7ax^ '\-x\ 
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2. What is the 10th power of a + a: ? 

AnM. a»" + 10a*a? + 46a*a»+ 120a'a^ + 210a«j?* + •• . 
252a»a?» + 210 a*x» + 120 a*x' + 46 a*«^ + lOaa;' + a;»^ 

3. What is the 9th power of a + 6 ? 

4. What is the 13th power of m + n ? 

5. What is the 2d power of 2 a c + d ? 

Make 2 ac = b. 

The 2d power of A + rf is 6* + 2 6d + ^. 

Putting 2ac the value of b into this, instead of bj observing 
that 6* = 4 a* c*, and it becomes 

4 a* c* + 4 a c d + d*. 

6. What is the 3d power of 3 c*+ 2 6 d ? 
Make a = 3 c* and x =.2bd. 

The 3d power ofa + xis a^ + S(fjc -{-Saa^ -{-x*. 
Put into this the values of a and x and it becomes 
27 c» + 54 c* 6 d + 36 c* i* d« + 8 6' iP, 
which is the 3d power of 3 c* + 2 ft rf. 

7. What is the 3d power of a — b? 

• Make x =. — b, then having found the 3d power of o + cc 
put — J in the place of a? and it becomes 

a»_3a*6 + 3o6' — 6», 

which is the 3d power of d — J. 

In fact it is evident that the powers of a — b will be the 
same as the powers of a -f- ^9 with the exception of the signs. 
It is also evident that every term which contains an odd power 
of the term affected with the sign — must have the sign — , 
ii.iJ every term which contains an even powfer of the same 
quantity must have the sign +. 

8. What is the 7th power of m — n ? 

9. What is the 4th power of 2 a — 6 c*? 

10. What is the 5th power of a' c — 2 c*i 
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11 . What is the 3d power of a + 6 + <^ ? 
Make »» = i + c. Then a-|-m=:a + 6 + a 

The 3d power of a + m is o' + 3 a* m + 3 o m* + m'. 
But m = A 4" <^> m* =: J* + 2 J c + c*, and 

m» =6» + 3 6*c + 3 ic» + c'- 

Substituting these values of m, the third power of a -}- 6 -|- c 
will be 

a»+3a*6+3a*c+3aJ«+6a6c+3ac*+i'+36*c+36c«+c'. 

12. What is the 3d power of a — 6 + c? 

Makea — b = m, raise m -|-cto the 3d power, and then sub 
stitute the value of m. 

^7w. a»_3a«6^3a»c + 3a6*— 6aJc — 3ac* — ft"* 

+ 36»c — 36c* + c»; 

which is the same as the last, except that the terms which con- 
tain the odd powers ofb have the sign — . 

Hence it is evident that the powers of any compound quan- 
tity whatever, may be foifnd by the binomial theorem, if the 
quantity be first changed to a binomial with two simple terms, 
one letter bein^ made equal to several, that binomial raised to 
the power required, and then the proper letters restored in their 
places. 

13. What is the 2d power of a + 6 + c—d9 

Ans.cf + 2ab-\-b* + 2uc+2b€ — 2ad — 2bd+(f 

— 2cd-\-d^. 

14. What is the 3d power of 2 a — J -f- c* ? 
16. What is the 7th power of 3 a* — 2 a* rf? 

16. What is the 4th power of7i« + 2c — d»? 

17. What is the 13th power of o^ — 2 6* 9 
18 What is the 5th power of a* — e — 2d? 

19. What is the 3d power of a — 2 d + c* d9 



20. What is the 3d power of a — 6 — 2c* — d*? 

21. What is the 5th power of 7 a» 6* — 10 a* c*? 
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XLV. The rule for finding the coefficients of the powers of 
binomials may be derived and expressed more generally as 
follows : 

It is required to find the coefficients of the nth power of 
a -}- X. 

It has already been observed, Art. XLL, that tlie coefficient 
of the second term of the nth power is the nth term of the se- 
ries of the second* order, 1, 2, 3, &c., or, the sum of n terms 
of the series 1, 1, 1, &c. ; that the coefficient of the third 
term is the sum of (» — 1) terms of the series of the second 
order ; that the coefficient of the fourth term is the sum of 
(n — 2) terms of the series of the third order, &c. So that 
the coefficient of each term is the sum of a number of terms 
of the series of the order less by one, than is expressed by the 
place of the term ; and the number of terms to be used is less 
by one for each succeeding series. 

By Art. XLII. the sum of n terms of the series 1, 1,1, is 

I The sum of (n — 1) terms of the series of the second 
order is 

n {n — 1) 
1X2 

The sum of (n — 2) terms of the series of the third order is 

n{n — 1) (n — 2 ) 
1X2 X 3 "* 

Hence (a + x)» z= a« + - a*-' x + rt{n~\) ^ 
^ ' ^1 1X2 

n(n-l) (n-2) ^ >~, ^,3 ^ ^^, 
1X2X3 ^ 

It may be observed that n is the exponent of a in the first 

term, and that n or its equal - forms the coefficient of the se- 
cond term. 1 



ft 



\>^ ', 
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The coefficient of the third term is - multiplied by ?IIL., or 

multiplied by (n — I) and divided by 2. * But (n — 1) is the 

exponent of a in the 2d term, and 2 marks the place of the 
second term from the left. Therefore the coefficient of the 
third term is found by multiplying the coefficient of the second 
term by the exponent of a in that term, and dividing the pro- 
duct by the number which marks the place of that term from 
the left. 

By examining the other terms, the following general rule 
will be found true. 

Multiply the coefficient of any term by the exponent of the lead" 
ing quantity in that term^ and divide the product by the number that 
marks the place of that term from the left, and you wUl obtain the 
coefficient oftlie next succeeding term. Then diminish the exponent 
of the leading quantity by 1 and increase that of the other by i and 
the term is complete. 

By this rule only the requisite number of terms can be ob- 
tained. For a?*, which is properly the last term of (a -f- x)% 
is the same as a* a?*. If we attempt by the rule to obtain ano- 
ther term from this, it becomes X a~^ x *+' which is equal to 
zero. 

It has been remarked above, that the coefficients of tlie last 
half of the terms of any power, are the same as those of tlie 
first reversed. This may be seen from the general expression : 





• -J 


1 •• 


»^^M 


1 




T' 




2 




~2' 




3 




n 


4 


3 




4. 

4" 


= 


15 


n 


5 


4 


3 
~5' 


n 


— 


5 






6 












n 


7 


■6 


= 


1 

— '• 

7 













6' 



This furnishes the following fractions, viz. 



X 1 £ 4 3 a 1 
T5 TJ 3> T> 7> fj T* 
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The ficst of these is the coefficient of the second term ; the 
coefficient of the second multiplied by | fonns the coefficient 
of the third term, &c. 

f X f =21. 21 X f = 36. 

Now 35 multiplied by J = 1 will not be altered ; hence two 
successive coefficients will be alike. 21 multiplied by f pro- 
duced 35 ; so 35 multiplied by | must reproduce 21. In this 
way all the terms will be reproduced ; for the last half of the 
fractions are the first half inverted. 

This demonstration might be made more general^ but it is 
not necessary. 



XLVI. Progression by Difference^ or Arithmetical Progression. 

A series of numbers increasing or decreasing by a constant 
difference, is called a prosression by difference, and sometimes 
tax arUhta^tkd progresLif "" 

The first of the two following series is an example of an in- 
creasing, and the second of a decreasing, progression by dif- 
ference. 

5, 8, 11, 14, 17, 20, 23 

50, 45, 40, 35, 30, 25, 20 

It is easy to find any term in the series without calculating 
the intermediate terms, if we know the first term, the common 
difference, and the number of that term in the series reckoned 
from the first. 

Let a be the first term, r the common difference, and n the 
number of terms. The series is 

«, a + r, a4-2r,a4-3r....o+ (n — 2)r,a4-(« — l)*"- 

The points are used to show that some terms are left 

out of the expression, as it is impossible to express the whole 
until a particular value is given to «. 

Let I be the term required, then 

l=za-\-{n — l)r. 
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Hence, any term may be fomid by adding the product of the 
common difference by the number of terms less one, to the first 
term. 

Exampk. 

What is the 10th term of the series 3, 5, 7, 9, &c. 
In this a = 3, r = 2, and n — 1 =9. 

Z = 3 + 9X2=:21. . 
[n a decreasing series, r is negative. 

JErampfe. 

What is the 13th term of the series 48, 45, 42, &c. ? 

a = 48,r = — 3, and n — 1 = 12. 

Z=48 + (12 X —3) = 48 — 36 = 12. 

Let a, by c, be any three successive terms in a progression by 
difference. 

By the definition, 

b — a ==c — 6 

26=a + c 

b=zl±l. 

2 

That is, if three successive terms in a progression by differ- 
ence be taken, the sum of the extremes is equal to twice the 
mean. 

JExamjple, 

Let the three terms be 3, 5, and 7. 

2x5 = 7+3= 10. 

Example 2d. Let 7 and 17 be the first and last term, what 
is the mean ? 

20 
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2 

Let a^h^e cl, be four successive terms ^of a progression by 
difference. 

J — a=:d — c 

6 + c = a + cl. 

That is, the sum of the two extremes is equal to the sum of 
the two means. 

EocampU. 

Let 5, 9, 13, 17, be four successive terms. 

9 + 13 = 17 + 6 = 22. 

Let a^h^c^d^e A, i, A;, Z, be any number of terms in a 

progression by differences ; by the definition we have 

6 — a^=ic — 6 = d — c = c — d = i — A = A: — t = Z — k. 

h — a = I — k 
e — b = ft — f 
d — c =:» — A, &c. 

which by transposition give 

a -|- Z = 5 -j- ft, 

c -j- « = d + A, &c. 

That is, if the first and last be added together, the second 
and the last but one, the third and the last but two, the sums 
will all be equaL 

Eipampk. 
Let S, 5, 7, 9, 11, 13, be such a series. 
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3, 5,, 7, 9, 11, 13, 
13. 11, 9, 7, 6, 3, 



16, 16, 16, 16, 16, 16. 



It will now be easy to find the sum of all the terms in any 
progression by difference, and that even when but part of the 
terms are known. 

Let S represent the sum of the series, then we have 

Also iS=:Z + ft + i+A+....d + c4-i + ct- I 

Adding these term to term as they stand, 

2S=(a+J) + (H-t) + (c + i) + (d+A) + ....(d+A) + (e + ») + (»+*) + (a+l) \ 

But it has just been shown that I 

That is, all the terms are now equal, and one of them be- 
ing multiplied by the whole number of terms will give the 
whole sum : thus 

2S=:n{a + l) 

2 

Hence, iJie sum of a series of numbers in progression by differ-' 
ence is one hdf of the product of the number of terms by the sum of 
the first and last terms. 

t 
Example. 
ft 
How many strokes does the hammer of a clock strike in 12 
hours .'^ 

a = 1, Z = 12, and n = 12. 

S = 110-hHl == 78. ^7w. 78 strokes. 
2 

In the focmula I =z a *\^ {n — 1) r; substitute d instead of 
r to represent the difference ; thus 

? = a 4- (n — 1) d. 
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This formula and the following 

contain five different things, viz. a, Z, n, rf, and <S; any three 
of which being given, the other two may be found, by combin- 
ing the two equations. I shall leave the learner to trace these 
himself as occasion may require. 

Examples in Progression by Difference. 

1. How many strokes do the clocks of Venice, which go on 
to 24 o'clock, strike in a day ? 

2. Suppose 100 stones to be placed in a straight line 3 yards 
asunder ; how far would a person travel who should set a bas- 
ket 3 yards from the first, and then go and pick them up one 
by one, and put them into the tasket ? 

3. After A, who travelled at the rate of 4 miles an hour, had 
been set out 23 hours, B set out to overtake him, and in 
order thereto went four miles and a half the first hour, four and 
three fourtlis the second, five the third, and so on, increasing 
his rate one fourth of a mile each hour. In how many hours 
will he overtake A } 

The above example is solved by using both the above for- 
mulas. The known quantities are the first term, the difference, 
and the sum of all the terms. The unknown are the last term, 
and the number of terms. It involves an equation of the se- 
cond degree. It is most convenient to use <r, y, &c. for the 
unknown quantities. 

4. A and B set out from London to go round the world, 
(24990 miles,) one going East and the other West. A goes 
one mile the first day, two the second, three the third, and so 
on, increasing his rate one mile per day. B goes 20 miles a 
day. In how many days will they meet, and how many miles 
will each travel ? m 

5. A traveller sets out for a certain place, and travels 1 mile 
the first day, 2 the second, and so on. In 5 days afterwards 
another sets out, and travels 1 2 miles a day. How long and 
how far must he travel to overtake the first ? 
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6. A and B 165 miles distant from each other set out with a 
design to meet; A travels 1 mile the first day, 2 the second, 
3 the third, and so on. B travels 20 miles the first day; 18 the 
second, 16 the third, and so on. How soon will they meet ? 

Ans. They will be together on the 10th day, and continuing 
that rate of travelling, mey may be together again on the 33d 
day. Let the learner explain how this can take place. 

7. A person makes a mixture of 51 gallons, consisting of 
brandy, rum, and water ; the quantities of which are in arith- 
metical progression. The number of gallons of brandy and 
rum together, is to the number of gallons of rum and water 
together as 8 to 9. Required the quantities of each. 

Let X = the number of gallons of rum 

and y = the common difference. 

Then x — y, a?, and a? + y will express the three quantities. 

8. A number consisting of three digits which are in arith- 
metical progression, being divided by the sum of its digits, gives 
a quotient 48 ; and if 198 be subtracted from the number, the 
digits will be inverted. Required the number. 

9. A person employed 3 workmen, whose daily wages were 
in arithmetical progression. The number of days they worked 
was equal to the number of shillings that the second received 
per day. The whole amount of their wages was 7 guineas, and 
the best workman received 28 shillings more than the worst. 
What were their daily wages ? 

Progression by difference is only a particular case of the 
series by difference, explained Arts. XL. and XLL All the 
principles and rules of it may be derived from the formulas 
obtained there. It would be a good exercise for the learner 
to deduce these rules from those formulas. 
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Progression by quotient is a series of numbers such, that if 
any term be divided by the one which precedes it, the quotient 
is the same in wfiatever part the two terms be taken. If the 

20* 



234 v%e6ra- XLVIl. 

series is increasing, the quotient will be greater than unity, if 
decreasing, the quotient will be less than unity. 

The following series are examples of this kind of progres- 
sion. 

3, 6, 12, 24, 48 &c. 

72 24. ft • 8 8 

In the first the quotient (or ratio^ as it is generally called,) is 
2, in the second it is i. 

Let a, &, c, d, . . . . k, Z, be a series of this kind, and let g re- 
present the quotient. 

Then we have by the definition, 

b c d c I 

From these equations we derive 

h =z aq^ c^=b q, d =ic q, e =z dq lz=z kq. 

Putting successively the value of 6 into that of c, and that of 
c into that of £?, (fee, they become 

b = aqy c=:aq*y d =: a^y c =z a q*j . . . , I =: a q *""*, 

designating by n, the rank of the term Z, or the number of terms 
in the proposed progression. 

Any term whatever in the series may be found without find- 
ing the intem^ediate terms, by the formula 



Example, 

What is the 7th term of the series 3, 6. 12| &c. f 
Here a = 3, j = 2, and n — 1 =:; 6. 

Z 1=3 X 2'= 192. Arts. 192 
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We may also find the sum of any number of terms of the 
progression 

a, 6, c, df &c 

If we add the equations 

b =:aq^ c = bq^ d=:.cqy e = dq i=:kq, 

we obtain 

Observe that the first member is the sum of all the terms of 
the progression except the first, a, and the part of the second 
member enclosed in the parenthesis, is the sum of all the terms 
except the last, I ; and this, multiplied by 9, is equal to the 
first member. 

Now putting S for the sum of all the terms, we have 

ft4-c + </-f-e + 1=1 S — a 

a + b + c + d + e + k=zS — l 

Hence we conclude that 

S-a = (S-l)q, 

which gi^^s 

j-1 

Example. 

What is the sum of seven terms of the series 

5, 15, 45, &c. 
/= 5X3* = 3645 

S = iX551£zzi = 5465. 
3—1 

The two equations 



Z z= a}»~S and S = 2izif, 

5—1 
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contain all the relations of the five quantities a, /, 9, n, and <Si / 
any three of which being given, the other two may be found. 
It would however be difficult to find n, without the aid of lo- 
garithms, which will be explained hereafter. Indeed loga- 
rithms will greatly facilitate the calculations in most cases of 
geometrical progression. Therefore we shall give but few ex- 
amples, until we have explained them. 

If we substitute a q*"^ in place of Z, in the expression of 5, it 
becomes 

q—l 

When q is greater than unity, the quantity 9" will become 
greater as n is made greater, and S may be made to exceed 
any quantity we please, by giving n a suitable value ; that is, 
by taking a sufficient number of terms. But if 9 is a fraction 
less than unity, the greater the quantity n, the smaller will be 

the quantity 9*. Suppose j = — , m being a number greater 

m 

than unity, then 

Substituting — in place of 9* in the expression of Hj and it 



becomes 



5=-^-: • 



1-1 

m 



Changing the signs of the numerator and denominator, and 
mi'.Iliplying both by m, • 

ami\ — l\ am — J!JL am ± 

m — 1 m — 1 m — \ *' 

It is evident that the larger n is or the more tefhis we take 
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in the progression, the smaller will be the quantity , and 



^ consequently the nearer the value of S will approach 



am 



m — 1 
from which it differs only by the quantity 

a 
(m— l)m«-~' 

But it can never, strictly speaking, be equal to it, for the 

quantity — will always have some value, however 

(m — l)7n*~* 

large n may be ; yet no quantity can be assumed, but this ex- 
pression may be rendered smaller than it. 

The quantity ^^ is therefore the limit which the sum 

m — 1 

of a decreasing progression can never surpass, but to which 

the value continually approximates, as we take more terms in 

the series. 

In the progression 

h h h h tV J &c- 

a = 1 — = J. 
m 

Rence S = -L2il — 1 = 2 — 



2—1 (2 — . 1) X 2*-' 1 X 2*-' 

In this example the more terms we take, the nearer the sum 
of the series will approach to 2, but it can never be strictly 
equal to it. Now if we consider the number of terms infinite » 

the quantity — will be so small that it may be omitted 

A X -^ 

without any sensible error, and the sum of the series may be 
said to be equal to 2. 

By taking more and more terms we approach 2 thus, 
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1 


= 2 — 1 


1+4 


= 2-4 


1+4 + 1 


= 2-4 


1+4+4+* 


= 2 — f 



1+4 + 4 + * + tV= 2 — a.&c- 

Examples, 

What is the sum of the series 1, i, i, ^V) ^^' continued to 
an infinite number of terms ? 

a=:l 1 = 1 

s =121^ = i =ij. 

3—1 2 

2. What is the sum of the series, 5, f, f, ^^y, &c. continued 
to an infinite number of terms ? 

3. What is the sum of the following series continued to in- 
finity ? 

35, 7, J, ij, &c. 

4. What is the sum of the following series continued to in 
finity? 

208, 26, 3i, If, (fee. 

5. What is the sum of the following series continued to in- 
finity ? 

38, 4*, HI, If, &c. 

6. What is the lOth term of the series 

5, 15, 45, &c.? 

7. What is the sum of 8 terms of thfi series 

35, 175, 875, &c. ? 

When three numbers are in geometrical progression, the 
middle term is called a mean proportional between the other 
two. 
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Let three numbers, a, 6, c, be in geometrical progression, so 
that 

We have V =ac 

and i = (a c)*. 

8 Find a mean proportional between 4 and 9. 

4 X 

Ic "9 

0^ = 36 

jj = 6. * .4n5. 6. 

9. Find a mean propoitional between 7 and 10. 
10 Find a mean proportional between 3 and 3. 

XLVIII. Logarithms. 



We have seen, Art. XXXVIII, with what facility multiplica- 
tion, division, the raising of powers, and the extraction of roots 
may be performed on literal quantities consisting of the same 
letter, by operating on the exponents. We propose now to 
apply the same principle, though in a way a little different, to 
numbers. 

Multiplication, we observed, is performed by adding the ex- 
ponents, and division by subtracting the exponent of the divisor 
from that of the dividend. 

Thus a» X a» is o^* = a*. And ij is J-^* = a\ 

or 

In the same manner 2* X 2» = 2*+* = 2', 

and i- = 2^^ = V. 

2» 

Let us make a table consisting of two columns, the first con- 
taming the different powers of 2, and the second the exponents 
of those powers. 
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Observe first that a* = 1, so also 2° = 
2* =z 8, 2* = 16, 2* = 32, 2* = 64, 2' = 



XLvni 

1, 2' = 2, 2« = 4, 
128, &c. 



TABLE. 



Powen. 

1 

2 

4 

8 
16 
32 
64 



Ezpon. 


Powers. 


Expon. 





128 


7 


1 


256 


8 


2 


612 


9 


3 


1024 


10 


4 


2048 


11 


5 


4096 


12 


6 


8192 


13 



Powers. 

16,384 

32,768 

66,536 

131,072 

262,144 

524,288 

1,048,676 



Ezpon. 
14 
16 
.16 
17 
18 
19 
20 



Suppose now it is required to multiply 256 by 64. We find 
by the table that 266 is the 8th power of 2, that is 2*, and that 
64 is 2\ Now 2* X 2' = 2H^ = 2". Returning to the- table 
again and looking for 14 in the column of exponents, against 
it we find 16384 for the 14th power of 2. Therefore the pro- 
duct of 256 by 64 is 16384. 



This we may easily prove. 



25a 
64 



1024 
1536 

16384 



Multiply 256 by 128. 

Finding these numbers in the table in the colunm of powers, 
and looking in the other column for the exponents, we find 
that 256 is the 8th power of 2, and 128 the 7th power. Add- 
ing the exponents 8 and 7, we have 15 for the exponent of 
the product. Now looking for 15 in the column of exponents, 
we find against it in the colunm of powers, S2768 for the 15th 

5>ower of 2, which is the product of 266 by 128. Let the 
earner prove this by multiplying 266 by 128. 

Divide 8192 by 32. 

Looking for these numbers in the column* of poweiB, and for 
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the corresponding exponents, we find 8192 is the 13th power 
of 2, and 32 is the 5th power. 

213 
2*3 —5 98 

¥ ^ ' '. 

Looking for 8 in the column of exponents, and for its corre- 
sponding number, we fincl 256 for the 8th power of 2, or the 
quotient of 8192 by 32. 

Divide 32768 by 512. 

The exponents corresponding to these numbers in the table 
are 15 and 9. 15 — 9 = 6. In the column of exponents, 6 
corresponds to 64, which is the true quotient of 32768 by 512 

What is the 3d power of 32 ? 

The exponent corresponding to 32 is 5. Now to find the 
3d power of a* we should multiply the exponent by 3, thus 
^5X3 _- a'\ So the third power of 2' is 2^X3 — 2". Against 

15 in tlie colamn of 'exponents we find 32768 for the 15th 
power of 2. Therefore the 3d power of 32 is 32768. 

What is tlK3 2d power of 128 ? 

The exponent corresponding to this number is 7. 7x2 = 
14. The number corresponding to the exponent 14 is 16384^ 
which is the second power of 128. 

What is the 3d root of 4096 ? 

The exponent corresponding to this number is 12. 

The 3d root of 2*' is 2 '^ = 2*. 

The number corresponding to the exponent 4 is 16, which 
is the 3d root of 4096. . 

What is the fourtfi root of 65,536 ? 

ft 

The exponent corresponding to this number is 16, which 
divided by 4 gfv«s for the exponent of the root 4, the number 
corresponding to which is 16. The answer is 16. 

21 
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Exampki. 
1 Multiply 512 by 256. 

2. Multiply 8192 by 128. 

3. Multiply 2048 by 256. 

4. Divide 262,144 by 128. 
6. Divide 1,048,576 by 512. 

6. Divide 524,288 by 131,072. 

7. What is the 2d power of 1024 ? 

8. What is the 3d power of 64 f 

9. What is the 5th power of 16 .^^ 

10. What is the 2nd root of 262,144 ? 

11. What is the 3d root of 262,144 f 

12. What is the 4th root of 1,048,576 ? 

13. What is the 5th root of 1,048,576 ? 

14. What is the 6th root of 262,144 ? 

The operations of multiplication, division, and the extrac- 
tion of rootsarevery easy by means of this table. This table 
however contains but very few numbers. But an exponent of 
2 may be found for all numbers from 1 as high as we please. 
For 2* == 2, and 2' = 4. Hence the exponent of 2 answering 
to the number 3 will be between 1 and 2 ; that is, 1 and a 
fraction. So the exponents answering to 5, 6, and 7, will be 2 

and a fraction, &c. 

« 

XLIX. A table may also be made of thepowers of 3, or of * 
4, or any other number except 1, which shall have the same 
properties. Exponents might ba found ansii^icing to every 
number from 1 upwards. 

3°=:1, y=:3, 3» = #, 3» = 27,&c. 

r 

The colunm of powers will always connst of the numbers 1, \ 
2, 3, &c. but the colunm of exponents will be different accord- 
ing as the numbers are considered powers of a different num- j 
ber. J 



• 



I 
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The formula a^ =.y will apply to every table of this kind. 

If any number except 1 be put in the place of a, and y be 
made successively 1 , 2, 3, 4, a suitable value may be found for 
Xy which shall answer the conditions. 

If a be made 1, y will always be 1, whatever value be given 
to X ; for all powers, as well as all roots of 1, are 1. 

But if any number greater than 1 be put in the place of a, y 
may equal any number whatever, by giving x a suitable value. 

Giving a value to a then, we begin and make y successively 
J , 2, 3, 4, (fee. and these numbers will form the first column or 
columns of powers in the table. Then we find the values of 
■ X corresponding to these values of y, and write them in the se- 
cond column against the values of y, and these form the column 
of exponents. These exponents are called hgariihrns. The 
first column is usually called the column of numbers, and the 
second, the column of logarithms. The number put in the 
place of a, is called the base of the table. Whatever number 
is made base at first, must be continued through the table. 

Observe that a° = 1 ; therefore whatever base be . usedj the 
logarithm of 1 is zero. And 1 will be the logarithm of the base, 
for a* := a. 

1 he most convenient number for the base, aiid the one ge- 
nerally used in the tables, is 10. 

l(f = 1, 10' = 10, 10" = 100, 10» = 1000, 10* = 10000, 
10" = IQOOOO, 10* = 1000000, &c. 

Now to find the logarithm of 2, 3, 4, &c. 

Make 10* = 2, 10* = 3, 10* = 4, &c. 

For all numbers between 1 and 10, x must be a fi^ction, be- 
cause 10° = 1 and 10* = 10. 

1 

Make a? = — , then it becomes 
z 

10* =2. 

As the process for finding the value ofzin this equation is 
long and rather too difficult for young learners, we vriU suppose 
it akcady found. 
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_ = .30103 very nearly. 

z 

3 10 5 

Hence lO^^^^^*^ = 2 very nearly. 

To understand this, we must suppose 10 raised to the 30103d 
power, and the^;i the 100000th root of it taken, and this will 
differ very little from 2. The number .30103 is the logarithm 
of 2. The fractional part of logarithms is always expressed in 
decimals. 

Having the logarithm of 2, we may find the logarithm of 4 
by doubling it, for 2» = 4. That of 8 = 2' is found by tri- 
pling it, and so on. 

The logarithm of 4 is .30103 X 2 = .60206. 

The logarithm of 8 is .30103 X 3 = .90309. 

The logarithm of 16 is .30103 X 4 = 1.20412, 8tc. 

Again lo^^'" «^^^^ = 3 very nearly. 

Hence the logarithm of 3 is .4771213. 

Since 2 X 3 = 6, the logarithm of 6 is found by adding the 
logarithm of 2 and 3 together. 

.30103 + .4771213 = .7781513 = logarithm of 6. 

Since 3* = 9, the logarithm of 9 is found by multiplying that 
of 3 by 2. With the logarithms of 2 and 3 the logarithms of all 
the powers of each, and of all the multiples of the two may be 
found. 

The logarithm of 5 may be found by subtracting that of 2 
from that of 10, since 5 =: y . The logarithm of 10 is 1. 

1 — .30 1 03 = .69897 = log. of 5. 

Now all the logarithms of all the multiples of 2, 3, 5, and 10 
may be found. Hence it appears that ic is necessary to find 
the logarithms of the prime numbers, or such as have no divi- 
sor except unity, by trial ; and then the logarithms of all the 
conjpound numbers may be found from them. 

The decimal parts of the logarithms of 20, 30, &c. are the 
same as those of 2, 3, 4, &;c. For, since the logarithm of 10 is 
I ; that of 100, 2 ; that of 1000, 3, &c., it is evident that add- 
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ing these logarithms to the logarithms of any other numbers, 
will not alter the decimal part. Hence 1 added to the loga- 
rithm of 2 forms that of 20, and 2 added to the logarithm of 2 
forms that of 200, &;c. 

Log. 2 = .30103, log. 20 = L30103, log. 200 = 2.30103, 
log. 2000 =1 3.30103. 

The logarithm of 25 is 1.39794 ; that of 250 =25 X 10 is 
1 + 1.39794 =: 2.39794 ; that of 2500 = 25 X 100 is 2 + 
1.39794 = 3.39794. 

The logarithms of all numbers below 10 are fractions, those 
of all the numbers between 10 and 100 are 1 and a fraction ; 
those of all numbers between 1 00 and 1 000 are 2 and a frac- 
tion ; those of all numbers between 1000 and 10000 are 3 and a 
fraction. That is, the whole number which precedes the fraction 
in the logarithm is always equal to the number of figures in the 
number less one. This whole number is called the index or 
characterisikoiihe logarithm. Thus in the logarithm 2.3576423, 
the figure 2 is the characteristic showing that it is the loga- 
rithm of a number consisting of three figures or between 100 
and 1000. 

As the characteristic may always be known by the number, 
and the number of figures in a number may be known by the 
characteristic, it is usual to omit the characteristic in the table, 
to save the room. It is useful to omit it too, because the same 
fractional part, with different characteristics, forms the loga- 
rithms of several different numbers. 

The logarithm of 37 is 1.568202. 

O/ Q « '■^ IQ.668S02. 

io~" ' ""To ■" 

The logarithm of 3.7 is .568202, which is the same as that 
of 37, with the exception of the index. 

»5nj^ :=: 37 62 :=: — =. 1 O***'***' 

100 ' 10* 

Zl2± = 3.762 = ir = ia'^«*' 

1000 10' 

21* 
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That is, all numbers which are tenfold, the one of the other 
have the same logarithm. 

376200 has for its logarithm 5.675419. 

37620 " « 4.575419. 

3762 « " 3.575419. 

376.2 " 2.575419. 

37.62 •* 1.575419. 

3.762 *^ 0.575419. 

When a number consists of whole numbers and decimal 
parts, we find the fractional part of the logarithm in the same 
manner as if all the figures of the number belonged to the 
whole number, but we give it the index corresponding to the 
whole number only. 

In most tables of logarithms they are carried as far as seven 
decimal places. Some however are only carried to five or six. 
The disposition of the tables is something different in different 
sets, but they are generally accompanied with an explana- 
tion. When one set of tables is well understood, all others will 
be easily learned. The logarithms for the following examples 
may be found in any table of logarithms. They are used here 
as far as six places. 



Examples, 



1. Multiply 43 by 25. 



Find 43 in the column of numbers, and against it in the co- 
lumn of logarithms you will find 1.633468, and against 25 you 
will find 1.397940. Add these two logarithms together and 
their sum is the logarithm of the product. 

log. 43 ... . 1.633468 

25 ... 1.397940 



(( 



u 



1075 .... 3.031408 



Find this logarithm in the column of logarithms, and against 
it in the column of numbers you find 1075 which is the product 
of 43 multiplied by 25. The index, 3, shows that the number 
must consist of four places. 
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Let the learner prove the results at firsj; by actual multipli- 
cation. 

2. Multiply 2520 by 300. 

By what was remarked above, the logarithm of 2520 is the 
same as that of 252 with the exception of the index, and that 
of 300 is the same a& that of 3 except the index. 

Find the number 252 in the left hand column, and against it 
in the second column you find .401401. The number 2520 con- 
sists of four places, therefore the index of its logarithm must be 
(4 — 1) or 3. The logarithm corresponding to 300 is .477121, 
and its index must be 2, because 300 consists of three places. 

log. 2520 • . . . 3.401401 

« 300 ... 2.477121 



« 756000 .... 5.878522 

Find this logarithm, and against it in the column of numbers 
you will find 756 ; but the index 5 shows that the number 
must consist of 6 places ; therefore three zeros must be annex- 
ed to the right, which makes the number 756000, which is the 
product of 2520 by 300. 

3. Multiply 2756 by 20. 

*To find the logarithm of 2756, find in the column of num- 
bers 275, and at the top of the table look for 6. In the co- 
lumn under 6 and opposite 275 you find .440279 for the deci- 
mal part of the logarithm of 2756. The characteristic will 
be 3. 

log. 2756 . • . 3.440279 
"20 . . , 1.301030 



« 55120 . ; . 4.741309 

Looking in the table for this logarithm, against 551 you will 
find .741152 and against 552 you will find .741939. The lo- 
garithm .741309 is between these two. Against 551, look 
along in the other colmnns. In the column under 2 you find 
the logarithm required. The figures of the number, then, are 

* In some tables the whole number 2756 may be found in the lefl hand co- 
lumn. 
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5512, but the characteristic being 4, the number must consist 
of five places ; hence annexing a zero, you have 55120 for the 
product of 2756 by 20. 

4. Divide 766342 by 27867. 

Both these numbers exceed the numbers in the tables, still 
we shall be able to find them with great accuracy. First find 
the logarithm of 756300, which is 5,878694. The difference 
between this logarithm and that of 756400 is 58. The differ- 
ence between 756300 and 756400 is 100, and the difference 
between 756300 and 756342 is 42. Therefore, if j%\ = .42 
of 58 be added to the logarithm of 756300, it will give the lo- 
garithm of 756342 suflliciently exact, 58 X .42 = 24, reject- 
ing the decimals. 6.878694 -f 24 = 5.878718. The 58, 
and consequently the 24, are decimals of the order of the two 
last places of the logarithm, but this circumstance need not be 
regarded in taking these parts. It is sufficient to add them to 
their proper place. 

The table generally furnishes means of taking out this loga- 
rithm more easily. As the differences do not often vary an 
unit for considerable distance among the higher numbers, the 
difference is divided into ten equal parts, (that is, as equal as 
possible, the nearest number being used, rejecting the deci^nal 
parts) and one part is set against 1, two parts against 2, &c. in 
a column at the right of the table. 

In the present case, then, for the 4 (for which we are to take 
tV of 58,) we look at these parts and against it we find 23, and 
for the 2 (for which we must take y|o of 58,) we find 11. But 
11 is y\, consequently to obtain y|^ we must take yV of 11 
which is 1, omitting the decimal. The operation may stand 
thus : 

log. 766300 5.878694 

yVofdiff. • 23 



2 

TT7 



1 



log. 766342 5.878718 

To find the logarithm of 27867, proceed in the same manner, 
first finding that of 27860, and then adding y''^ of the difference, 
which will be found at the right hand, as above. 
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log. 27860 4.444981 
s-V diff. 109 



log. 27867 

From log. dividend 
Subt. log. of divisor 



4.445090 

6.878718 
4.445090 



log. of quotient 27.141 1.433628 

We find the decimal part of this logarithm is between 
.433610 and .433770, the former of which belongs to the num* 
ber 2714, and the latter to 2715. Subtract 433610 from 
433628, the remainder is 18. Looking in the column of parts, 
the number next below 18 is 17, which stands against 1 or xV 
of the whole difference. 

Put this 1 at the right of 2714, which makes 27141. The 
characteristic 1 shows that the number is between 10 and 100. 
Therefore the quotient is 27.141. This quotient is correct to 
three decimal places. 

4 

If the table has no column of differences, take the whole 
difference between .433610 and .433770, which is 160 for a 
divisor, the 18 for a dividend, annexing one or more zeros. 
One place must be given to the quotient for each zero. 



180 
160 



160 



.1 



5. What is the 3d power of 25.7 i 

log. 25.7 
Multiply by 3 



log. 



16974.6 



6. What is the 3d root of 15 ? 
log. 15 

r 

log. 2.46621 



1.409933 
3 

4.229799 
Ans. 16974.6 — . 

1.176091 (3 

.392030 
Ans. 2.4662+. 



L. Since a fraction consists of two numbers, one for the nu- 
merator and the other for the denominator, the logarithm of a 
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fraction must consist of two logarithms ; and as a fraction ex- 
presses the division of the numerator by the denominator, to 
express this operation on the logarithms, that of the denomina- 
tor must be represented as to be subtracted from the nume- 
rator. 

The logarithm of f is expressed thus : 

log, 3 — log. 5 zii 0.477121 — 0,698970. 

The logarithm of a fraction whose numerator is 1, may be 

expressed by a single logarithm. For —^ is tHe same as a""*. 
If we would express the logarithm of J for example , 
lQ,477i2i _ 3^ consequently — ^^^^^^ = lO" *^"'' = J. 

That is, the logarithm of J is the same as the logarithm of 3, 
except the sign, which for the fraction is negative. Any frac- 
tion may be reduced to the form — , but the denominator will 



a" 



consist of decimals or still contain a fraction. 

1 1 



' If 1.666-1- 



If the subtraction be actually performed, on the expression of 
this fraction given above, it will be reduced to the logarithm 
of a fraction of this form. 

0.477121 — 0.698970 =: — 0.221849. 

The number corresponding to the logarithm 0.221849 is 1.666 
+, but the sign being negative, shows that the number is 



1.666 -f 

The logarithms of all common fractions may be obtained in 
either of the above forms, but they are extremely inconvenient 
in practice. The first on account of its consisting of two loga- 
ririlms would be useless as well as inconvenient; because 
though we might find a logarithm corresponding to any frac- 
tion, yet in performing operations, a logarithm would never be 
found in that form when it was required to find its number. 
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The second form is inconvenient because it is negative, and 
also because in seeking the number corresponding to the loga- 
rithm, a fraction would frequently be found with decimals in 
the denominator. It would be much better that the whole 
fraction should be expressed in decimals. If the fraction is 
used in the decimal form, the logarithms may be used for them 
almost as easily as for whole numbers. 

Suppose it is required to find the logarithm of .5 or y\« 

log. 5 — log. 10 = 0.698970 — 1 . z=- _ 1 + .698970. 

Suppose it is required to find the logarithm of .05 or yf ^. 

I rv,6d8970 —24-698970. 

-A- = =10 

'^* 10* 

log. 5 — log. 100 1= 0.698970—2 = — 2 +.698970. 

The logarithms of 10, 100, 1000, &c. always being whole 
numbers, we have the two parts distinct. The logarithm of .5 
is the same as that of 5 except that it has the number 1 joined 
to it with the sign — , which is sufficient to distinguish it, and 
show it to be a fraction. The logarithm of .05 also is the same, 
except that — 2 is joined to it. That is, the logarithm of the 
numerator is positive, and that of the denominator negative. 

This negative number joined to the positive fractional part, 
serves as a characteristic, and is a continuation of the principle 
shown above ; thus 

The log. 500 is 2.698970 

" " 50 1.698970 

" " 5 0.698970 

" " .5 T:698970 

" ^* .05 2'.698970 

The logaritlmi of a decimal is the same as that of a whole 
number expressed by the same figures, with the exception of 
the characteristic, which is negative for the fraction ; being — 
1 when the first figure on the left is tenths, — 2 when the first 
is hundredths, &c. Jx is^convenient to write the sign over the 
characteristic thus, i , 2, &c. It is not necessary to put the 
sign -f- before the fractional part, for this will always be un- 
defstood to be positive. 
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In operating upon these numbers, the same rules must be ob- 
served as in other cases where numbers are found connected 
with the signs + and — . 

When^the first figure of the fraction is tenths, the character- 
istic is 1, when the first is hundredths, the characteristic is "^ 
ifcc. 

The log. of .25 is log, 25 — log. 100 

= 1.397940— 2 = — 2 + 1.397940 =T.397940. 

This is the same as the logarithm of 25, except that the cha- 
racteristic T shows that its first figure on the left is lOths, or 
one place to the right of units. 



Multiply 325 by.23. 

log. 325 
log. .23 

log. 74.75 Ans. 

Multiply 872 by .097 . 

log. 872 
log. .097 

log. 84.584 Ans. 



2.511883 
T.361728 

1.873611 



2.940516 
"8.986772 

1.927288 



In adding the logarithms, there is 1 to cany from the deci- 
mal to the units. This one is positifVe, because the decimal 
part is so. 



Multiply .857 by .0093 
log. .857 
log. .0093 

log. .0079701 Ans. 

Divide 75 by .025. 

log. 75 
log. .025 

log. 3000 Ans. 






T.932981 

T.968483 

T901464 



1.875061 
"1:397940 

2.47712; 



j 



» 
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In subtracting, the negative quantity is to be added, as in 
algebraic quantities. 

Divide 275 by .047. 

log. 275 . . . 2.439333 
log. .047 . . 1:672098 

log. 5851.07 ^/w. . . . 3.767235 

'i 

Divide .076 by 830. 

log. .076 "2:880814 = "a + 1.880814 . 
log. 830 . . 2.919078 

log. .0000915662 Ans. . "6:961736 

In order to be able to take the second from the first, I change 
the characteristic "^ into ~3 + I which has the samq value. 
This enables me to take 9 from 18, that is, it furnishes a ten to 
borrow for the last subtraction of the positive part. In sub- 
tracting, the characteristic 2 of the second logarithm becomes 
negative and of course must be added to the other negative. 

Divide .735 by .038. 

log. .735 . . T866287 . 

log: .038 . . 2.579784 , 



log. 19.3422 w*n5. . 1.286503 

What is the 3d power of .25 f 

log. .25 . . "1:397940 

3 



og. 0.015625 dns. T + 1.193820 =^193820. 

What is the third root of 0.015625 .? 

The logarithm of this number is "2:193820. This character- 
istic "2 cannot be divided by 3, neither can it be joined with 
the first decimal figure in the logarithm, because of the differ- 
ent sign. But if we observe the operation above in finding the 
power, we shall see, that in multiplying the decimal part there 
was 1 to carry, which was positive, and after the multiplication 
was completed, the characteristic stood thus, "3" -}- 1 which was 

22 



.i 
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aftenvards reduced to "§7 Now if we add T + 1 to the "a" in 
the present instance, it will become ~3~ -{- 1, and at the same 
time its value will not be altered. The negative part of the 
characteristic will then be divisible by 3, and the 1 being posi- 
tive may be joined to the fractional part. 

log. .016626 "*:i93820 = "T + 1.193820(3 

log. .25 Ana. T397940 

In aU cases of extracting roots of fractions^ if the negative char 
racteristic is not divisible by the number expressing the rootj it must 
be made so in a similar manner. 

If the characteristic were *F and it were required to find the 
fifth root, we must add "2" + 2 and it will become "5" + 2. 

What is the 4th root of .357 ? 

log. .357 "1552668 = T+ 3.552668(4 

log. .77294 Ans. 1.888147 

Any common fraction may be changed to a decimal by its 
logarithms, so that when the logarithm of a common fraction is 
required, it is not necessary to change the fraction to a decimal 
previous to taking it. 

^ It is required to find the logarithm of J corresponding to i 
expressed in decimals. 

The logarithm of 2 being 0.30103, that of i will be —0.30103. 

Now — 0.30103 = — 1 4. 1 — .30103 

= _ 1 4. (1 _ .30103) .=^69897. 

The decimal part .69897 is the log. of 5, and — 1 is the log. 
of 10 as a denominator. Therefore 'T69897 is the log. of 
.5 = i. 

Reduce f to a decimal. 

log. 5 - 0.69897 ^ — 1 + 1.698970 

log. 8 0.903090 

log. 0.625 = I Ans. T.795880 
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When there are several maltiplications and divisions to be 
performed together, it is rather more convenient to perform the 
whole by multiplication, that is, by adding the logarithms. 
This may be effected on the following principle. To divide 
by 2 is the same as to multiply by J or .5. Dividing by 6 is 
the same as multiplying by \ or .2, &c. 

Suppose then it is required to divide 435 by 15. Instead of 
dividing by 15 let us propose to multiply by y'^. First find the 
logarithm of y*^ reduced to a decimal. 

log. 1 is = — 2 + 2,000000 

log. 15 subtract 1.176091 

log. yV in form of a decimal '2!823909 

log. 435 add ' 2.638489 

log. 29 = quotient of 435 by 15 1.462398 

The log. of yV viz. '2;823909 is called the Arithmetic Comple 
tnent of the log. of 15. 

The arithmetic complement is found by subtracting the logarithm 
of t fie number from the logarithm ofl, which is zero, but which may 
always he represented by T + 1, "§" + 2, fyc. It must always be 
represented by such a number that the logarithm of the number may 
be subtracted from the positive part. Thai is, it must always be 
equal to the characteristic of the logarithm to be subtracted, phut 1 ; 
far 1 must always be borrowed from it, from which to subtract the 
fractional part. 

It is required to find the value of x in the following equa 
tion. 



^ _ / 35 X 28 X 56.78 \^ 
\ 387 X 2.896 / 
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log. 35 1.544068 

log. 28 1.447158 

log. 56.78 1.754195 

log. 387 2.587711 Arith. Com. "3:412289 

log. 2.896 0.461799 " " T538201 



1.695911 
3 

5.087733(5 

log. 10.4123 very nearly answer 1.017546 

I multiply by 3 to find the 3d power, and divide by 5 to ob- 
tain the 5th root. 

ft 

LI. There is an expedient generally adopted to avoid the 
negative characteristics in the logarithms of decimals. I shall 
explain it and leave the learner to use the method he likes the 
best 

1. Multiply 253 by .37. 

log. .37 T.568202 

log. 253 . 2.403121 



log. 93.61 nearly answer 1.971323 

Instead of using the logarithm 1.568202 in its present form, 
add 10 to its characteristic and it becomes 9.568202. 

log. .37 9.568202 

log. 253 2.403121 

11.971323 
Subtract 10. 



log. 93.61 as above. 1.971323 

In this case 10 was added to one of the numbers and after- 
wards subtracted from the result ; of course the answer must 
be the same. 

2. Multiply .023 by .976. 
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Take out the logarithms of tliese numbers and add 10 to 
each characteristic. 

log. .023 8.361728 

log. .976 9.989450 

18.351178 
Subtract 20 



log. ,0224473 nearly ans. 2.351 178 

We may observe that, in this wqy, when the first left hand 
figure is tenths, the characteristic, instead of being T is 9, and 
when the first figure is hundredths, the characteristic is 8, &c. 
That is, the place of the first figure of the number reckoned 
fi-om the decimal point corresponds to what the characteristic 
falls short of 10. Whenever in adding, the characteristic ex- 
ceeds 10, the ten or tens may be omitted and the unit figure 
only retained. 

In the first example, one number only was a fraction, viz. 
.37. In addiiig, the characteristic became 11, and omitting 
the 10 it became 1, which shows that the product is a number 
exceeding 10. 

In the second example both numbers were fractions, of course 
each characteristic was 10 too large. In adding, the charac- 
teristic became 18. Now instead of subtracting both tens or 
20, it is suflicient to subtract one of them, and the characteris- 
tic 8, which is 2 less than 10, shows as well as 2" would do, 
that the product is a fraction, and that its first figure must be 
in the second place of fractions or hundredth's place. 

If three fractions were to be multiplied together, there would 
be three tens too much- used, and the characteristic would be 
between 20 and 30 ; but rejecting two of the tens, or 20, the 
remaining figure would show the product to be a fraction, and 
show the place of its first figure. 

3. What is the 3d power of .378 i 

log. .378 .... 9.577492 
Multiply by 3 

28.732476 
log. .05401 nearly ans. 8.732476 

22 * 
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Multiplying by 3 is the same as adding the number twice to 
itself. The chdractetistic becomes 28, but omitting two of the 
tens or 20, it bc^comes 8, which shows it to be the logarithm of 
a fraction wti6se first place is hundredths. 

If it is required to find the 3d root of a Section, it is easy to 
see, that having taken out the logarithm of the firaction, it^will 
be necessary to add two tens to the characteristic, for it is then 
considered the third power of some other fi-action, and in rais- 
ing the fraction to that power, two tens would be subtracted. 

In the last example the logarithni of the power, is *8.732476, 
but in order to take its 3d root, it will be necessary to add the 
two tens which were omitted. 

For the second root one ten must l)e previously added, and 
for the fourth root, three tens, &c, 

4. What is the 3d root of .027 .? 

log. .027 . . . . 8.431364 

or considered as a 3d power 28.431364 (3 



log. .3. .Jtw. . . . 9.477121 

5. What is the 2d root of .00 16? 

log. .0016 . ; . 7.204120 

or considered a second power * 17.204120 (2 

log. .04. Ans. • B.602060 

In dividing a whole number by a fracti<xi, if 10 be added to 
the characteristic of the dividend, it cancels the 10 supposed 
to be added to the divisor If both are fractions the ten in the 
one cancels it in the other j and if the dividend only is a frac- 
tion, the answer will of course be a less fi-action. Consequent- 
ly in division the results will require no alteration. 

6. Divide 57 by .018. 

log. 57 . . 1.766875 

log. .018 . . 8.255272 

log. 3166.7 nearly ans. • 3.500603 



LI. 
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Here in subtracting I suppose 10 to be added to the first 
characteristic, and say 8 from 11, &c. 



• Divide .2172 by .006. 

log. .2172 
log. .006 

log. 36.2 Ans. 



9.336860 
7.778151 

1.558709 



In taking the arithmetical complement, the logarithm of the 
number may be subtracted immediately from 10. The loga- 
rithm of 2 being .301030, its arithmetical complement is 
T698970. Adding 10 it becomes 9.698970. It would be the 
same if subtracted immediately from 10 thus 10 — .301030 
= 9.698970. 

8. It is required to find the yalue of x in the foIlo;ving ex- 
pression : 

x — Jl / 1 3.73 X .070 6 V^ 
112 \ .253 / 

log. 13.73 1.137670 

log. .0706 8.848805 

log. .253 9.403121 Arith. Com. 0.596879 



Sum 



Product by 3 



Quotient by 2 
log. 17 
log. 112 2.049218 Arith. Corti. 



0.583354 
3 

1.760062 (2 

0.875031 
1.230449 
7.950782 



9. 



log. X = 1.13835 nearly 0.056262 

Find the value of a? in the following equations. 

% 



^_ 7 38.47 X .463 Y 
V .037 X 576 / 
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10. « = 



11. x = 



_ 345 /872 X •0065\* 
4] 

25 
476 



417 \.038 X 4686 / 

25 / 873 \ ' / 278 \^ 

\956/ \1973/ 



12. 38* = 683. 

Observe that the 2d power of 38 is found by multiplying the 
logarithm of 38 by 2, the 3d power by multiplying it by 3, &c. 
which will give the logarithm of the result. Hence we have 
the following equation; the logarithm of 38 being 1.579784 
and that of 683 being 2.765669. 

X X 1.579784 = 2.765669 

X = ^J^^^ = 1.75066 + 
1.579784 

The value of x is found by dividing one logarithm by the 
.^ther in the same manner as other numbers. It might be done 
Dy logarithms if the tables were, sufficiently extensive to take 
out the numbers. By a table with six places an answer cor- 
rect to four decimal places may be obtained. 

In taking out the logarithms the right hand figure may be 
omitted without affecting the result in the first four decimals. 

log. 2.76567 . . 0,441794 

log. 1.57978 . , . 0.198588 

log. X = 1.75064 + . 0.243206 

13. What is the value of a? in the equation 1537* == 62.^ 
This gives first 1537 = 52*. 

This may now be solved like the last. 

LII. ^estions relating to Compound Interest. 

It is required to find what any given principal jp will amoufit 
to in a number n of years, at a given rate per cent, r, at com- 
pound interest. 

Suppose first, that the principal is $1, or £1, or one unit ci 
money of any kind. 
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1 \t T 

The interest of 1 for one year is — i— , or simply r, if r is 

considered a decimal. The amomit of 1 for one year then, 
will be 1 + '*• The amount of jp dollars will be jp (1 + 0* 

For the second year, p ( 1 + r) will be the principal, and the 
amount of 1 being (1 -|- r), the amount of jp (1 + r) will be p 
(l+r)(l+r)orp(l+r)'. 

For the third year p (1 + r)* being the principal, the amount 
will be p (1 + rf (1 + r) or p (1 + rf. 

For n years then, the amount will be jp (1 + r)«. 

Putting A for the amount, we have 

^z=p(l + r)*. 

This equation contains four quantities, A^ j7, r, and n, any 
three of which being given, the other may be found. 

Logarithms will save much labour in calculations of this 
kind. 

l^mmpUi, 

1. What will $753.37 amount to in 5| years, at 6 per cent, 
compound interest \ 

Here p = 763.37, r = .06, and n = 6|. 



^ 


log. 1 + r = 1.06 

log. 763.37 • 
log. $1030.457 AMi. 


• • 

N. 


a026306 
5| 




0.003163^ 
3 




0.009490 
0.126530 




0.136020 
2.877008 


3.013028 
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2. What principal put at interest will amount to $5000 ia 
13 years at 5 per cent, compound interest ? 

By the above formula 



» 


^ (1+r)- 




log. 1 + r = 1.06 




0.021189 




n = 


13 




.063567 




a 

Subtract 


21189 




.275457 


bg. Ji = 5000 


From 


3.698970 



log. p = $2651.60 nearly Jlns. 3.423513 

3. At what rate per cent, must $378.57 be put at compound 
interest, that it may amount to $500 in 5 years ? 

Solving the equation A=p {I -{• r)* making r the unknown 
quantity, it becomes 



r + 1 = 



= (f) 



log. A = 500 
log. p = 378.57 

, .Dividing by n = 5 



2.698970 
2.578146 

0.120824 (5 

0.024165 



log. (r+1) = 1.05722 
Consequently r = 0.05722 Ans. 

4. In what time will $284.37 amount to 750 at 7 percent..'^ 

Making n the unknown quantity, the equation dfl =|> (1 -f- rj» 
becomes 

log. — ziznx log. (1 + r), and 
P 
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.=^ll 



log.{l+r) 

log. wJ = 750 . . . 2.875061 ' 

log. p = 234.37 ... 2,453881 

log. J:^ 0.421180 

P 
log. 1 + r = 1.07, is 0.029384 

log. 0.421180 . . . . . 9.624467 

log. 0.029384 .... 8.4681 1 1 

log. n = 14.334 nearly Ans. 1.156356 

5. What will be the compound interest of $947 for 4 years 
and 3 months at 5 J per cent. ? 

6. What will $157.63 amount to in 17 years at 4f per cent.? 

7. A note was given the 15th of Mafch 1804, for $58.46, at 
the rate of 6 per cent, compound interest ; and it was paid the 
1 9th of Oct. 1823. To how much had it amounted ? 

8. A note was given the 13th of Nov. 1807, for $456.33, and 
was paid the 23d of Sept. 1819, The sum paid was $894.40. 
What per cent, was allowed at compound interest ? 

9. In what time will the principal p be doubled, or become 
2p, at 6 per cent, compound interest ? In what time will it 
be tripled ? 

J^oie. In order to solve the above question, put 2 » in the 
place of .4 for the first, 2 p for the second, and find the value 
of n. 

The principles of compound interest will apply to the follow- 
ing questions concerning the increase of population. 

10. The number of the inhabitants of the United States in 
A. D. 1790 was 3,929,000, and in 1800, 5,306,000. What rate 
per cent for the whole time was the increase ? What per 
cent, per year ? 
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11. Suppose the rate of increase to remain the same for the 
next 10 years^ what would be the number of inhabitants in 
1810? 

12. At the same rate, in what time would the number of in- 
habitants be doubled after 1800 ? 

13. The number of inhabitants in 1810 by the census was 
7,240,000. What was the annual rate of increase ? 

14. At the above rate, what would be the number in 1820 ? 

15. At the above rate, in what time would the number in 
1810 be doubled.? 

16. The number of inhabitants by the census of 1820, was 
9,638,000. What was the annual rate of increase from 1810 
to 1820.? 

17. At the same rate, what is the number in 1825 f 

18. At the same rate, what will be the number in 1830 i 

19. At the same rate, in what time will tlie number in 1820 
oe doubled i 

20. In Mhat time will the number in 1820 be triplied? 

21. When will the number of inhabitants, by the rate of the 
last census, be 50,000,000 ? 

LIII. I. Suppose a man puts $10 a year into the savings 
bank for 15 years, and that the rate of interest which the bank 
is able to divide annually is 5 per cent. How much money 
will he have in the bank at the end of the 15th year i 

Suppose a = the sum put in annually, 
r =: the rate of interest^ 
t = the time, 
A = the amount. 

According to the above rule of compomid interest, the sum 
a at first deposited will amount to a (r + 1)*; that deposited 
the second year will amount to a{r '\' 1)*"* ; that deposited 
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the third year will amount to a (r + IV"* ; that deposited the 
last year will amount to a (r + 1)*. Hence we have 

A =z a {r + ly + a {r + ly-' + a {r + l)"^ .... a {r+ I) . . 
= al{r + iy + {r+ ly-' +{r + l)^\ . ..{r+1)] 

But (r + 1)S {f + 1)*~"S &c. is a geometrical progression, 
whose largest term, is (r -f- 1)S the smallest r + 1? and the 
ratio r + 1. The sum of this progression, Art. XL VII. is 

(r + l)[(r+l)'-l] 
r 

Hence A = « (^ + 1) [(r + 1)' - 1]^ 

r 

The same result may be obtained by another course of rea- 
soning. 

The amount of the sum a for one year is a + a r. Adding 
a to this, it becomes 2 a -{- ar. 

The amount of this at the end of another year is 2 a + a r 
+ 2 ar -{- ar^y or 2a-j;'Qar'\-aT^. Adding a to this it 
becomes 

Sa + Sar + ar'. 
The amount of this for 1 year is 

= 3a + 6ar + 4ar* + ar', 
= a(S + 6r + 4t* +r^). 

This is the amount at the end of tlie third year before the 
ddition is made to the capital. The law is now sufficiently 
manifest. With a little alteration, the quantity 3 -f- 6 r -f- 4 r* 
+ r' may be rendered the 4th power of 1 + r. The three last 
coefficients are already right. If we add 1 to the quantity it 
becomes 

4+6r + 4r* + r\ 
Multiply this by r and it becomes 

4 r + 6 r* + 4 r» + r*. 
23 
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Add 1 again and it becomes 

This is now the 4th power of 1 -f- ^s ^^^ ^^ ^i^y ^ written 

(1 + ry. 

Subtract tie 1 which was added last, and it becomes 

(1 +rY- 1. 

Divide this b} because it was multiplied by r, and it- be* 
comes 

(1 + rV - 1 



r 



Subtract 1 a^ain, because 1 was added previous to multiprlj- 
mg by r; and it becomes 

(i±.!01=±_l - (1+0 -(l+O - (t +r) [(1+r)*— 1] 
r r r 

Substitute i in place of the exponent 3, and multiply by a, 
and it becomes 

aa+r) [(l+r>-l] _^ 
r 

which is the same as before. 

The particular question given above may now be solved by 
logwithms, using this formula. 



log. (l+r) = 1.05 

Multiply by t = 15 


- \ 

• « 


0.021189 
15 


^' 


, 105945 
^1189 


log. (1 + r )" = 2.079 
Subtract! 1 


.317835 


log. 1.079 
log. (1 + r) . . 
log. a = 10 
Arith. .Com. log. r = .05 


0.033021 
0.021189 
1.000000 
1.301030 


Ans. <ft326.59 


2.355240 



^' '■'■ 
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2. A man deposited annually $50 in a bank from the time 
his son was born, until he was 20 years of age; and it was 
taken out, together with compound interest on each deposit at 
3 per cent., when his son was 21 years of age, and given to him. 
How much did the son receive ? 

3. How much did the bankers gain by receiving the money, 
supposing they were able to employ it all the time at 6 per 
cent, compound interest ? 

4. A man has. a son 7 years old, and he wishes to give him 
$2000 when he is 21 years old ; how much must he deposit 
annually at 4 per cent, compound interest, to be able to do it ? 

5. If a man deposits in a bank annually $35, m how long a 
time will it amount to $500 at 6 per cent, t^ompound intei'est ? 

6. The first slaves were brought into the American Colonies 
in the year 1685. Suppose the first number to have been 50, 
and that 50 had been brought each year for 100 years, and the 
rate of increase 3 per cent. How many would there have been 
in the country at the end of the hundr^ years i 

LIV. Annuities, 

1. .A man died leaving a legacy t6 a friend in the following 
manner ; a sum of money was to be put at interest, such that, 
the person drawing 10 dollars a year, at the end of 15 years 
the principal and interest should both be exhausted. What 
sum must be put at interest at 6 per cent, to fiilfil the above 
condition.'^ 

Let the learner generalize this example and form a rule ; and , 
then solve the following examples by it. 

2. A man wishes to purchase an annuity which shall afford 
him $300 a year so long as he shall live. It is considered 
probable that he will live 30 years. What sum must he de- 
posit in the annuity office to produce this sum, supposing he 
can be allowed 3 per cent, interest ? 

H> B. The principal and interest must be exhausted at th^ 
end of 30 yean 
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3. If the man mentioDed in the last example should die at 
the end of 18 years, how much would the annuity company 
gain f 

4. If he were to live 43 years, how much would the company 
lose ? 

5. A man purchases an annuity for life, on the supposition 
tliat he shall live 45 years, for $15000, and is allowed 4 per 
cent, interest. How much must he draw annually that the 
whole may be exhausted i 

C. A man has property to the amount of $35000, which 
yields him an income of 5 per cent. His annual expenses are 
$5000. How long will his property last him ? 

7. The number of slaves in the United States in 1810 was 
1,191,000, and in 1820 the number was 1,531,000. What is 
the number at present, 1825, allowing the rate of increase to 
be the same f 

8. There is a society established in the United States for the 
purpose of colonizing the free people of colour. Suppose the 
slaves to be emancipated as fast as this society can transport 
them away ; how many must be sent away annually, that the 
number may be neither increased nor dinunished ? 

9. How many must be sent away annually that the country 
may be cleared in 100 years.'* 

10. If the colonization is not commenced till the year 1840, 
supposing the rate of increase to remain the same as from 1810 
to 1 820, how many must then be sent awajr annually, that the 
number remaining may continue the same ^ 

1 1 . How many must then be sent away annually, that the 
country may be cleared of them in 100 years ? 

Miscellaneous Examples. 

1. An express set out to travel 240 miles in 4 days, but in 
consequence of the badness of the roads he found that he must 
go 5 miles the second day, 9 the third, and 14 the fourth, less 
than the first. How many miles must he travel each day f 
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2. Two workmen received the same sum for their labour ; 
but if one had received 27 shillings more and the other 19 
shillings less, then one would have received just three times a» 
much as the other. What did they receive f 

3. Two persons, A and B worked together, A worked 15 
and B 18 days, and they received equal sums for their work. 
But if A had worked 17 J and B 14 days, then A would have 
received 35 shillings more than B. What was the daily wages 
of each f 

4. Two merchants entered into a speculation, by which one 
gained 54 dollars more than the other. The whole gain was 
49 dollars less than three times the gain of the less. What 
were the gains ? 

5. A man bought a piece of cloth for a certain sum, and on 
measuring it, found that it cost him 8 dollars, but if there had 
been 4 yards more, it would have cost him only $7 per yard. 
How many yards were there } 

6. Divide the number 46 into two such parts, that one of 
them being divided by 7, and the other by 3, the quotients may 
together be equal to 10. 

7. A farm of 864 acres is divided between 3 persons. C has 
i|s many acres as A and B together ; and the portions of A 
and B are in the proportion of 5 to 11. How many acres had 
each } 

8. There are two numbers in the proportion of i to |, the 
first of which being increased by 4 and the second by 6, they 
will be in the proportion of a to J. What are the numbers ? 

9. A farmer has a stack of hay, from which he sells a quan- 
tity, which is to the quantity remaining in the proportion of 4 
to 5. He then uses 15 loads, and finds that he has a quantity 
left, which is to the quantity sold as 1 to' 2. How many loads 
did the stack at first contain f 

10. There are 3 pieces of cloth, whose Iengt{;is are in the 
proportion of 3, 5, and 7 ; and 8 yards being cut off from each, 
the whole quantity is diminished in the proportion of 15 to 1]. 
What was the length of each piece at first ? 

11. The number of days that 4 workmen were employed 
were severally as the numbers 4 5, 6,7 j theijr wages were the 

23* 
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same, viz. 3 shillings, and the sum received by the first and 
second was 36 shillings less than that received by the third and 
fourth. How much did each receive i 

12. There are two numbers, the greater of which is three 
times the less ; and the sum of their second powers is five times 
the sum of the numbers. What are the numbers t 

13. What two numbers are those, of which the less is to the 
greater as 2 to 3 5 and whose product is six times the sum of 
tlie numbers ? 

14. There are two boys, the difference of whose ages is to 
their sum as 2 to 3, and their sum is to their product as 3 to 5 
What are their ages i 

15. A detachment of soldiers from a regiment being ordered 
to march on a particulaf service, each company fiirnished 4 
times as many men as there were companies in the regiment ; 
but these being found insufiicient, each company fiirnished 
three more men, when their number was found to be increased 
in the proportion of 17 to 16. How many compames were 
there in the regiment f 

16. Find two numbers which are in the proportion of 8 to 5, 
and whose product is 360. 

17. A draper bought 2 pieces of cloth for $31.45, one being 
50 and the other 65 cents per yard. He sold each at an ad- 
vanced price of 12 cents per yard, and gained by the whole 
$6.36. What were the lengths of the pieces i 

18. Two labourers, A and B, received $43.85 for their wages; 
A having been employed 15, and B 14 days; and A received 
for working four days $3.25 more than B for 3 days. What 
were their daily wages i 

19. Having bought a certain quantity of brandy at 19 shil- 
lings per gallon, and a quantky of rum exceeding that of the 
brandy by 9 gallons, at 15 shillings per gallon, I find that I 
paid one shilling more for the brandy than for the rum. How 
many gallons were there of each i 

20. Two persons, A and B, have each an annual income of 
$1200. A spends every year $120 mbre than B, and at the 
end of 4 years the amount of their savings is equal to one year's 
income of either. What does each spend annually i 



\ 
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21. In a naval engagement, the number of ships taken Was 
7 more, and the number burnt was 2 fewer, than the number 
sunk ; 15 escaped, and the fleet consisted of 8 times the num- 
ber sunk. Of how many did the fleet consist .** 

22. A cistern is filled in 50 minutes by 3 pipes, one of which 
conveys 10 gallons more, and the other 8 gallons less than the 
third, per minute. The cistern holds 1820 gallons. How 
much flows through each pipe per minute ? 

23. A farm of 750 acres is divided between three persons, 
A, B, and C. C has as much as A and B both, wanting 1 
acres ; and the shares of A and B are to each other in tlie 
proportion of 7 to 3. How many acres has each ? 

24. A certain sum of money being put at interest for 8 
months, amounts to $772.50. The same sum put out at the 
same rate for 15 months aixiounts to 792.1875. Required 
the sum and the rate per cent. 

25. From two casks of equal size are drawn quantities which 
are in the proportion of 5 to 8 ; and it appears that if 20 gal 
Ions less had been drawn from the one which now contains the 
less, only f as much would have been drawn from it as from 
the other. How many gallons were drawn from each ? 

26. There are two pieces of land, which are in the form of 
rectangular parallelograms. The longer sides of the two are 
in the proportion of 6 to 11, and the adjacent sides of the less 
are in the proportion of 3 to 2. The whole distance round tlie 
less is 135 yards greater than the longer side of the larger 
piece. Required the sides of the less, and the longer side of 
the greater. 

27. A person distributes forty shillings amongst fifty people, 
giving some 9d. and the rest 15d. each. How many were 
there of eacfr? 

28. Divide the nimiber 49 into two such parts, that the quo- 
tient of the greater divided by the less, may be to the quotient 
of the less divided by the greater as f to |. 

29. A person put a certain sum to interest for 5 years, at 6 
per cent, simple interest, and found that if he had put out the 

>^ i 'same^sum for 8 years at 4J per cent, he would hare received 
^60 hiofe. What was the sum put out ? 
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30. A regiment of niilitia containing 830 men is to be raised 
from three towns, A, B, and C. The contingents of A and B 
are in the proportion of 3 to 5 ; and of B and C in the propor- 
tion of 6 to 7. Required the numbers raised by each. 

31. At what time between 6 and 7 o'clock are the hour and 
minute hands of a watch together f 

32. There is a number consisting of two digits, the second 
of which is greater than the first ; and if the number be divided 
by the sum of the digits, the quotient will be 4 ; but if the digits 
be inverted and that number divided by a number greater by 2 
than the difference of the digits, the quotient will be 14. Re- 
quired the number. 

33. There is a fraction whose numerator being tripled, and 
the denominator diminished by 3, the value becomes § ; but if 
the denominator be doubled and the numerator increased by 
2, its value becomes |. Required the fraction. 

34. A merchant bought a hogshead of wine for $100. A 
few gallons having leaked out, he sold the remainder for the 
original sum, thus gaining a sum per cent on the cost of it, 
equal to twice the number of gallons which leaked out. How 
many gallons did he lose ?. 

35. There are two pieces of cloth, differing in length 4 
yards ; the first is worth as many shillings per yard as the se- 
cond contains yards ; th^ second is worth as many shillings per 
yard as the first contains yards ; and both pieces are worth 
£72. 10s. How many yards does each contain ? 

36. A merchant bought a piece of cloth for $180, and sell- 
ing it at an advance of $1 a yard on the cost, he gained 15 
per cent. Required the number of yards. 

37. There are two rectangular pieces of land, whose lengths 
are to each other as 3 : 2, and surfaces as 5 : 3 ; the smaller one 
is 20 rods wide. * What is the width of the other f 

38. There is a cistern to be filled with a pump, by a man 
and a boy working at it alternately ; the man would do it in 
15 hours, the boy in 20. They filled it in 16 hours 48 minutes. 
How long did each work ? 

39. In a bag of money there is a certain number of ea^es, 
as many quarter eagles, | the number of half eagles, together 
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with dollars sufficient Jo make up the number of coins equal to 
J of the value of the whole in dollars ; and the number of ea- 
gles and dollars diminished by 2, is half the number of coins. 
What is the number of coins of each sort f 

40. Suppose a man owes $1000, what sum shall he pay 
daily so as to cancel the debt, principal and interest, at the end 
of a year, reckoning it at 6 per cent, simple interest ? 

41. A merchant bought two pieces of linen cloth, containing 
together 120 yards. He sold each piece for as many cents per 
yard as it contained yards, and found that one brought him in 
only ^ as much as the other. How many yards were there in 
each piece ? 

42. A criminal having escaped from prison, travelled 10 
hours before his escape was known. He was then pursued so 
as to be gained upon 3 miles an hour. After his pursuers had 
travelled 8 hours, they met an express going at the same rate 
as theniselves, who met the criminal 2 hours and 24 min. be- 
fore. In what time from the commencement of the pursuit will 
they overtake him } 

43. A and B enter into partnership with a joint stock of 
$900. A's capital was employed 4 mont hs, and B 's 7 months. 
WTicn the stock and gain were divided, A recelvecl 40 1^^ and 
B $469. What was each man's stock } 

44. A gentleman bought a rectangular* lot of valuable land, 
giving 10 dollars for every "foot in the perimeter. . If the same 
quantity had been in a square, and he had bought it in the same 
way, it would have cost him $33 less ; and if he had bought a 
square piece of the same perimeter he would have had 12^ rods 
more. What were the dimensions of the piece he bought f 

45. A and B put to interest sums amounting together to 800 
dollars. A's rate of interest was 1 per cent. , more than B's, 
his yearly interest | of B's ; and at the end of 10 years his prin- 
cipal and simple interest amounted to 4 of B's. What sum was 
put at interest by each, and at what rate ? - 

46. Two messengers, A and B, were despatched at the same 
time to a place 90 miles distant ; the former of whom riding one 
mile an hour more than the other, arrived at the end of his jour- 
ney an hour before him. At what rat© did each travel per hour ? 

47. A and B lay out some money on speculation. A dis- 
poses of his bargain for $11, and gains as much per cent, as B 
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lays out ; B's gain is $36, and it appears that A ^ins four 
times as much per cent, as B. Required the capital of each ? 

48. A afid B hired a pasture, into which A put four horses, 
and B as many as cost him 18 shillings a week. Afterwards B 
put in two additional horses, and found that he must pay 20 
shillings a week. At what rate was the pasture hired i 

49. A vintner draws a certain quantity of wine out of a full 
vessel that holds 256 gallons ; and then filling the vessel with 
water, draws off the same quantity of liquor as before, and so 
on for four draughts, when there were only 81 gallons of pure 

'wine left. How much wine did he draw each time f 

50. Three merchants. A, B, and C, made a joint stock, by 
which they gained a sum less than that stocK by $80. A's 
share of the gain was $60, his contribution to the stock was $17 
more than B's. B and C together contributed $325. How 
much did each contribute ? 

51. A grocer sold 80lb. of mace and lOOlb. of cloves for 
£65 ; but he sold 60 pounds more of cloves for £20 than he 
did of mace for £10. What was the price of a pound of each ? 

52. A and B, 165 miles distant from each other, set out with 
a design to meet. A travels one mile the firRt day, two the 
second, three the third, and so on ; B travels 20 miles the first 
day, 18 the second, 16 the third, and so on. In how many 
days will they meet ? 

53. A and B engage to reap a field for $20 ; and as A alone 
could reap it in 9 days, they promise to complete it in 5 days. 
They found however that they were obliged to call in C to as- 
sist them for the two last days, in consequence of which, B re- 
ceived I of a dollar less than he otherwise would have done. 
In what time could B or C alone reap the field f 

54. A mercer bought a piece of silk for $54 ; and the num- 
ber of shillings which he paid for a yard was ^ of the number 
of yards. How many yards did he buy, and what was the 
price of a yard ? 

55. The fore wheel of a carriage makes 6 revolutions more 
than the hind wheel in going 120 yards ; but if the periphery 
of each wheel be increased one yard, it will make only 4 revo- 
lutions more than the hind wheel in the same space Requiiv 
ed the circumference of each. 
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66. There are three numbers, the difference of whose differ- 
ences is 5 ; the sum of the numbers is 20, and their continual 
product 130. Required the numbers. 

57. From two towns, C and D, two travellers, A and B, set 
out to meet each other ; and it appeared that when they met, 
fi had gone 35 miles more than f of the distance that A had 
travelled ; but from their rate of travelling, A expected to 
reach C in 20f hours ; and B to reach D in 30 hours. Re- 
quired the distance from C to D. 

58. Two men, A and B, entered into a speculation, to whicn 
B contributed $15 more than A. After four months, C was 
admitted, who added $50 to the stock ; and at the end of 12 
months from C's admission they had gained $159; when A 
withdrawing received for principal and gain $88. What did 
he originally subscribe f 

59. The number of deaths in a besieged garrison amounted 
to 6 daily ; and allowing for this dimmution, their stock of pro- 
visions was sufficient to last 8 days. But on the evening of the 
sixth day, 100 men were killed in a sally, and afterwards the 
mortality increased to 10 daily. Supposing the stock of pro- 
visions unconsumcd at the end of the sixth day to support 6 
men for 61 days; it is required to find how long it would sup- 
port the garrison, and the number of men alive when the pro- 
visions were exhausted. 

60. There was a cask containing 20 gallons of brandy ; a 
certain quantity of this was drawn off into another cask of equal 
size, and this last filled with water, and afterwards the first 
cask was filled with the 'mixture. It now appears that if 6f 
gallons of the mixture be drawn off fipom the first into the se- 
cond cask, there will be equal quantities of brandy in each. 
Required the quantity of brandy first drawn off. 

61. From two towns, C and D, which were at the distance 
of 396 miles, two persons, A and B, set out at the same time, 
and meet with each other, travelling as many days as are equal 
to the difference of the numWr of miles they travelled per day ; 
when it appeared that A has travelled 216 miles. How many 
miles did each travel per day 1 

62. A tailor bought a piece of cloth for $200, from which 
he cut 5 yards for his own use. and sold the remainder for 
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$175, gaining 75 cents per yard. How many yards w^rc 
there, and what did it cost him per yard ? 

63. There is a rectangular field containing 10 acres, 1 quar- 
ter, 5 rods, and the lengtli of it exceeds the breadth "by 12 rods. 
Required the dimensions of the field. 

64. A man travelled 96 miles, and then found that if he had 
travelled 2 miles faster per hour, he should have been 8 hours 
less in performing the same journey. At what rate per hour 
did he travel i 

65. A regiment of soldiers, consisting of 900 men, is formed 
into two squares, one of which has 6 men more in a side than 
the other. What is the number of men in a side of each 
square f 

66. A and B travelled on the same road and at the same 
rate from Huntingdon to London. At the 50th mile stone 
fi'om London, A overtook a drove of geese which were pro- 
ceeding at the rate of three miles in two hours ; and two 
hours afterwards met a stage waggon, which was moving at 
the rate of 9 miles in 4 hours. B overtook the same drove of ^ 
geese at the 45th mile stone, and met the same stage waggon 
exactly forty minutes before he came to the 31st mile stone. 
Whe*^ was B when A reached London i 

67. Two men, A and B, bought a farm consisting of 200 
acres, for which they paid $200 each. On dividing the land, 
A says to B, if you will let me have ray part in the situation 
which I shall choose, you shall have so much more land than I, 
that mine shdll cost 75 cents per acre more than yours. B ac- 
cepted tlie proposal. How much land did each have, and 
what was the price of each per acre i 

68. A person bought two cubical stacks of hay for 4 1 £ ; each 
of them cost as many shillings per solid yard as there were yards 
in a side of the other, and the greater ^tood on more ground than 
the less by 9 square yards. What was the price of each? 

69. Two partners, A and B, dividing their gain $60 B 
took $20 ; A's money was in trade 4 months, and if the num- 
ber 50 be divided by A's nioi»^> the quotient will give the 
number of months that B^s money, which was $100, continued 
in trade. What was A's money, and how long did B's con- 
tinue in trade i 

END. 
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